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FOREWORD 


-llie  Seventh  Symposium- 

Enclosed  herein  are  the  Proceedings  of  the  Seventh  U.S.  Army  Symposium  on  Gun  Dynamics 
held  at  Newport,  Rhode  Island,  11-13  May  1993.  These  Proceedings  contain  thirty-three  papers  by  authors 
from  the  military,  academia,  and  industry.  Papers  from  the  U.S.,  England,  and  Canada  are  included 
covering  the  topics  of  fluid  dynamics,  gun  accuracy,  projectile  motion,  weapon  simulation,  tube 
deformation,  controls  theory  and  application,  vibrations,  and  mathematical  methods. 

While  past  symposiums  have  been  sponsored  by  a  single  laboratory  or  organization,  this 
symposium  was  the  collaborative  effort  of  three  U.S.  /\rmy  organizations:  the  U.S.  Army  Research  Office, 
the  U.S.  Army  Armament  Research,  Development,  and  Engineering  Center,  and  the  U.S.  Army  Research 
Laboratory.  The  result  was  a  wider  scope  of  scientific  and  engineering  topics  providing  for  a  greater  cross¬ 
fertilization  between  academia  and  the  military. 

Tnce  more,  I  am  grateful  to  everyone  who  submitted  a  paper  for  inclusion  in  these  Proceedings. 

As  in  previous  years,  I  am  delighted  by  the  number  of  scientific  and  technical  people  who  have  gathered  to 
share  their  knowledge  and  experience. 


Thomas  H.  Sintkins,  Chairman 

Seventh  U.S.  Army  Symposium  on  Gun  Dynamics 
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ABSTRACT : 

The  flow-rate  of  the  propellant  gases  from  the  gun  tube 
through  the  bore  evacuator  holes  controls  the  cannister  charging 
process  and  determines  the  maximum  pressure  available  for  tube 
evacuation.  In  an  attempt  to  model  this  complex  flow  in  simple 
mathematical  terms  the  holes  are  often  treated  as  orifices. 
Formulations  of  this  type  introduce  dimensionless  "orifice 
coefficients"  which  are  intended  to  embody  the  collective  effect 
of  the  details  of  the  actual  flow.  The  determination  of  these 
coefficients  is  the  central  issue  in  the  modeling.  They  are 
expected  to  vary  with  changes  in  the  hole  configuration,  fluid 
properties  and  gross  measures  of  the  fluid  motion.  There  have 
been  a  few  attempts  to  predict  these  coefficients  analytically, 
and  even  fewer  to  determine  them  experimentally.  The  results 
presented  here  are  a  modest  attempt  to  extend  the  empirical 
database  and  verify  previous  mathematical  predictions. 
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INTRODUCTION: 

A  cannon  bore  evacuator  system  consists  of  a  cannister 
surrounding  a  portion  of  the  gun  tube  and  a  ring  of  small  holes 
through  the  tube  wall  which  connect  the  cannister  cavity  to  the 
tube  bore.  The  cannister  is  charged  with  high  pressure 
propellant  gases  via  these  holes  following  the  passage  oi  the 
projectile  and  during  a  portion  of  the  blow-down  period.  Since 
these  holes  are  angled  backward  toward  the  breach,  the  tube  gases 
must  turn  through  an  obtuse  angle  as  they  pass  from  the  tube  to 
the  cannister.  The  charging  process  is  further  complicated  by 
the  generally  high  velocity  down-tube  gas  flow  passing  the  hole 
entrances . 

While  there  is  some  experimental  information  available  for 
flow  through  right  angled  holes  [1],  [2]  and  down-stream  inclined 
holes,  upstream  inclined  holes  do  not  seem  to  have  been 
investigated.  The  results  of  tests  performed  by  the  author  on 
such  holes  using  the  USAF  Academy  Trisonic  Wind  Tunnel  are 
reported  here.  The  flow  coefficients  calculated  from  these  tests 
are  compared  with  the  previous  theoretical  predictions  [3].  An 
empirical  correlation  is  presented  which  is  suitable  for  coupling 
Internal  ballistics  to  the  cannister  pressurization  process. 


TEST  FACILITIES 

The  Aeronautical  Laboratory  of  the  Department  of  Ae_cAautics 
at  the  USAF  Academy  has,  among  other  facilities,  a  large  blow¬ 
down  wind  tunnel  capable  of  producing  Mach  numbers  in  the  range 
of  0.24  to  4.5.  Air  at  pressures  ranging  from  20  to  250  psia  can 
be  supplied  to  the  stilling  chamber  from  temperature  stabilized 
storage  tanks.  This  quiescent  air  then  accelerates  through 
nozzJe  blocks  to  a  downstream  straight  1.0'  by  1.0'  test  section. 
The  tunnel  air  is  returned  to  the  atmosphere  via  an  adjustable 
diffuser  following  the  test-section. 
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To  test  bore  evacuator  holes  one  of  the  test  section  viewing 
windows  was  removed  and  replaced  with  a  metal  plate.  Three  1/8" 
inch  diameter  3/4"  long  holes  were  drilled  through  this  plate  at 
30*,  45’  and  60’  to  the  tunnel  centerline  so  that  test  section 
air  could  flow  through  them,  one  at  a  time,  into  an  external 
plenum.  Each  hole  was  counter-bored  on  the  downstream  plenum 
side  to  simulate  actual  evacuator  holes.  The  plenum  was 
connected  to  the  ambient  air  via  a  short  length  of  pipe  and  a 
flow  control  valve.  Flow  rates  were  measured  by  a  rotameter 
attached  to  the  atmospheric  pressure  end  of  the  pipe  downstream 
from  the  control  valve.  Plenum  pressures  were  regulated  by 
opening  and  closing  the  throttling  valve.  Figure  1  shows  a 
schematic  of  the  test  system. 


FIGURE  1  -  Schematic  of  the  Test  System 


TEST  PROCEDURES 

Three  different  test  section  Hach  number  ranges  were  run. 
These  were  obtained  by  adjusting  tlie  wind  tunnel  nozzle/block  and 
diffuser  configurations.  Twenty  to  thirty  second  long  tests  were 
performed  for  each  hole  angle  and  throttle  valve  setting. 

The  wind  tunnel  settling  chamber  pressure,  settling  chamber 
temperature,  test  section  pressure,  and  test  section  temperature 
were  measured  during  each  run.  The  plenum  pressure  and 
temperature  were  also  measured,  as  well  as  the  ambient  pressure 
and  temperature.  All  of  these  were  acquired  via  a 
Kiethly  data  acquisition  system  and  stored  for  further 
processing.  The  rotameter  reading  was  observed  visually  and  via 
a  video  camera  -  TV  system  and  recorded  on  VCR  tape  for  later 
conversion  to  hole-flow  rates. 

A  separate  high  pressure  apparatus  was  used  for  the  static 
tests,  14^=0.  For  these  tests  the  wind  tunnel  was  replaced  by  a 
supply  plenum  connected  to  the  wind  tunnel  air  supply.  The 
supply  plenum  pressure  and  temperature  were  measured  instead  of 
the  wind  tunnel  test  section  pressure  and  temperature.  The 
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results  of  these  tests  form  a  baseline  for  the  wind  tunnel  tests 
so  that  the  effect  of  the  tube  Mach  number  could  be  assessed. 

TEST  OBJECTIVES 

The  test  data  was  used  to  calculate  the  hole  flow 
coefficient  K  [3]  defined  by  the  equation 

K  =  (1) 


The  coefficient  itself  is  expected  to  depend  upon  the  gas 
specific  heat  ratio  (y)  ,  the  tube  Mach  number  (M^),  the  hole 
angle,  and  pressure  ratio  (P^/Pp)  across  the  hole.  These  tests 
were  performed  to  investigate  the  affect,  if  any,  that  these 
variables  {except  y)  have  on  K. 

Because  of  the  large  number  of  variable  combinations  (Mach 
numbers,  hole  angles,  pressure  ratios)  only  a  limited  number  of 
tests  could  be  performed  on  a  given  combination.  Nevertheless, 
some  general  trends  did  emerge  from  these  tests.  These  are 
presented  in  the  following  sections. 


STATIC  TESTS 

Figure  2  shows  the  flow  coefficient  as  a  function  of 
pressure  ratio  for  three  hole  angles.  The  predicted  values  from 
[3]  are  shown  by  the  hatched  regions.  Hatched  region  B  is  for  a 
"long"  45*  hole,  and  hatched  region  C  is  for  a  .short  90’  hole. 


FIGUFtE  2.  Flow  Coefficient  vs  Pressure  Ratio  for  Mp  =  0 . 

Hole  Angles:  C-SO",  A-45°,  0-60° 
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Since  it  is  difficult  to  discern  trends  from  Figure  2  the 
data  for  each  hole  angle  was  least-square  fit  to  the  logarithmic 
form  of  the  equation 


K  = 


(2) 


The  correlation  coefficients  obtained  from  regression  analyses 
were  0.93  to  0.94,  The  values  of  K  computed  from  these  equations 
are  shown  in  Table  1.  As  the  hole  angle  is  varied  there  appears 
to  be  no  significant  variation  in  K  at  a  given  pressure  ratio. 

As  a  consequence,  variations  with  the  pressure  ratio  at  a  given 
hole  angle  are  also  not  significantly  influenced  by  hole  angle. 


TABLE  1 


K  vs  Pg/Pt  Calculated  from  Least-Squares  Correlation 


Mt 

=  0 

1-P,/Pt 

30* 

45* 

60* 

0.2 

0.38 

0.43 

0.40 

0.4 

0.48 

0.53 

0.51 

0.6 

0.55 

0.60 

0.59 

0.4 

0.2 

0.30 

0.27 

0.22 

0.4 

0.39 

0.38 

0.36 

0.6 

0.45 

0.47 

0.4  7 

M,  - 

o 

CO 

0.2 

0.24 

0.23 

0.25 

0.4 

0.33 

0.34 

0.36 

0.6 

0.40 

0.43 

0.45 
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SUBSONIC  TESTS,  =  0.4,  0.8 

Figure  3  shows  the  results  for  two  ranges  of  tube  Mach 
numbers,  a  low  range  of  0.35  <  <  0.45  and  in  the  high  range  of 

0 . 72  <  <  0 . 85 .  In  each  of  the  Mach  number  ranges  the 

variation  of  K  with  hole  angle  was  found  not  to  be  significant. 
However,  there  is  a  clear  reduction  in  K  with  increasing  Mach 
number.  Correlation  coefficients  for  the  logarithmic  regression 
analyses  of  this  data  range  from  0.91  to  0.99. 


Figure  3.  Flow  coefficient  vs  Pressure  Ratio. 

Mf.  ~  0.4:  Hole  Angles;  n-SO", 

A-45°,  0-60° 

Mj.  =  0.8:  Hole  Angles;  0-3  0°, 

A-45°,  0-60° 

The  test  results  are  clearly  not  in  agreement  with  curve  A 
for  a  90"  hole  [3]  except  at  low  pressure  ratios  near  and  at  the 
onset  of  hole  choking.  Since  t  le  major  portion  of  the  evacuator 
filling  is  expected  to  occur  under  choked  conditions,  the  low 
pressure  ratio  coefficients  are  important. 

The  least-squares  calculated  coefficients  for  each  Mach 
number  range  are  also  given  in  Table  1.  As  with  the 
M.J  =  0  case  no  significant  affect  of  hole  angle  is  noted. 

As  usual,  the  onset  of  choking  is  difficult  to  pinpoint  from 
the  data  with  certainty.  A  comparison  of  Figures  2  and  3  suggest 
that  the  choking  pressure  ratio  may  shift  toward  lower  vvlues 
{P^/P^  <  0.5)  with  increasing  tube  Mach  number. 
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SUPERSONIC  TEST,  «  lo3 

As  the  wind  tunnel  test-section  Mach  numbers  are  increased 
the  tunnel  test-section  pressure  decreases.  This  reduces  the 
range  of  pressure  ratios  that  can  be  tested.  Figure  4  shows  the 
test  results  for  pressure  ratios  in  the  range  0.64  i  Pg/P^  &  0.74. 


l.O  1.2  l.-i  1.6  -.J 

c 

Figure  4.  Flow  Coefficient  vs  Tube  Mach  Number  for 
0.64^  Pg/P^  S.  0.74, 

□  -30\  A-45°,  0-60°, 

Because  of  the  scarcity  of  data  the  only  thing  that  can  be  said 
for  certain  is  that  the  coefficients  are  substantially  less  than 
the  subsonic  values  for  the  same  pressure  ratios. 


TEST  CORRELATIONS 

The  variations  of  K  and  n  in  Equation  (2)  were  least-squares 
curve  fit  obtain  a  relationship  with  the  Mach  number.  These 
empirical  equations  are 

==  0 . 690  (1-0. (3) 

n  =  0 . 331  (1+0 .643^^/° (4) 

A  least-squares  correlation  of  seventy  six  measured  K,  vs 
calculc'ted  K^.  using  equations  (2),  (3)  and  (4)  yields 

=  0.035+0,92A'.  (5) 
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At  high  pressur  '  ratios  the  correlation  equations  over-estimate 
the  least-squares  measured  K,.  Very  little  data  was  obtained  in 
this  range.  At  the  lower  pressure  ratio  ( >  0.2)  the 
correlation  is  within  10%  of  the  least-squares  K,  Since  most  of 
the  cannister  filling  is  probably  accomplished  at  lower  pressure 
ratios,  a  high  degree  of  correlation  is  desirable  in  this  range. 
Extrapolation  of  the  empirical  equation  into  the  supersonic 
regime  yields  values  of  which  are  30%  to  50%  higher  than 
K, .  The  few  supersonic  test  results  obtained  make  it  difficult 
to  assess  the  general  accuracy  of  the  correlating  equation  for 
>  0.8. 

Because  sub  and  supersonic  flows  fields  are  so  different 
there  is  no  reason  to  believe  that  extrapolation  from  one  to  the 
other  is  possible.  It  is  gratifying  to  find  that  the  supersonic 
coefficients  are  not  substantially  different  from  the  low  values 
predicted  (Figure  4)  but  that  may  just  be  fortuitous. 

Supersonic  tube  flows,  when  they  exist,  last  for  only  a 
short  period  of  time  compared  to  blow-down  duration.  However, 
very  small  pressure  ratios  accompany  these  Mach  numbers  so  that 
there  will  probably  be  high  flow  rates  despite  the  lower  values 
of  K. 


SUMMARY 

1  Correlation  between  theory  and  experiment  appear  to  be  in 
relatively  good  agreement  for  =  0 . 

2.  The  same  cannot  be  said  for  the  correlation  for  0  <  <  1.0, 

where  theory  generally  over-estimates  K  for  a  given  pressure 
ratio. 

3.  Theory  and  experiiiient  are  in  good  agreement  for  small 
pressure  ratios  corresponding  to  choking  when  Rj  <  1.0. 

4.  The  subsonic  flow  coefficients  do  not  seem  to  be 
significantly  influenced  by  hole  angles  in  the  range  30*  to 

60*  . 

5.  Increasing  tube  Mach  numbers  are  accompanied  by  decreasing  K. 

6.  Supersonic  flow  coefficients  follow  the  subsonic  trend  of 
decreasing  K  with  increasing  M, . 

7.  The  few  experimental  supersonic  coefficients  obtained  are  in 
reasonable  agreement  with  theory. 

0.  Limited  supersonic  tests  do  not  permit  correlation  with  the 
test  variables . 
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RECOMMENDATIONS 

The  following  simgesi" ions  are  made  bared  on  the  existing 
state -of -knowledge . 

Subsonic  Tube  Flow,  <  1.0 

1.  When  PjP^  >0.?  estimate  the  flow  coefficient  from  equations 
2,  3,  and  4. 

2.  When  PjP^  <0.3  estimate  the  flow  coefficient  from  equations 
2,  3,  and  4  with  a  constant  PjPt  =  0.3. 

Supersonic  Tube  Flow,  >  1.0 

1.  Conservatively  estimate  the  flow  coefficient  as  approximately 
0 . 2  for  1.0  <  <  1.3. 

NOMENCLATURE 
a  hole  area 

g  gravity  acceleration 

K  flow  coefficient 

Kg  least-squares  coefficient  correlation  with 
Kg  least-squares  calculated  flow  coefficient 

K,  least-squares  measured  flow  coefficient 

ih  mass  flow-rate 

tube  Mach  number 

n  least-squares  exponent  correlation  with  M^ 

P,  hole  exit  pressure  (absolute) 

Pj  tube  gas  pressure  (absolute) 

p(.  tube  gas  density 
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ABSTRACT : 

Bore  evacuator  holes  are  angled  toward  the  muzzle  end  of  a 
gun  tubo  so  that  the  small  jets  created  during  the  evacuator 
discharge  will  entrain  bore  gases,  forcing  them  to  move  toward 
the  muzzle.  A  control  volume  analysis  of  the  gas  in  the  tube 
with  an  open  breech  shows  that  the  only  force  acting  in  the 
direction  of  the  muzzle  occurs  at  the  nozzle  entrance  to  the 
tube.  The  pressure  distribution  at  the  nozzle  entrance  is 
investigated  theoretically  and  experimentally  in  this  paper.  An 
empirical  method  of  calculating  the  nozzle  pumping  force 
component  is  presented  for  30’,  45'  and  60*  nozzle  angles. 
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INTRODUCTION 

During  the  discharge  of  u  bore  evacuator  very  small  diameter 
jets  issue  into  the  bore  from  the  evacuator  nozzles.  These  jets 
are  angled  toward  the  muzzle  end  so  that  they  can  entrain  the 
bore  gases  and  pump  them  out  of  the  muzzle  and  away  from  the 
breech.  The  process  is  similar  to  a  jet-pump,  i.e.  jet  momentum 
/ s  imparted  to  the  bore  gas,  albeit  very  inefficiently. 

One  would  assume  that  decreasing  the  angle  between  the 
nozzle  centerline  and  the  tube  centerline  would  increase  the 
pumping  effect.  That  is  generally  true.  Such  reasoning  is  based 
on  the  belief  that  the  jet  and  nozzle  centerlines  are  coincident, 
which  is  not  true.  Reference  [1]  shows  that,  depending  on  the 
angle  of  the  nozzle  and  its  pressure  ratio,  the  two  centerlines 
can  be  deflected  by  as  much  as  12'  toward  the  breech.  For  a  45' 
nozzle  that  would  mean  that  the  effective  jet  angle  is  57*  at  a 
nozzle  pressure  ratio  of  4  [1]. 

The  cross  section  of  a  deflected  jet  is  also  Influenced  by 
the  nozzle  angle.  Photographs  show  that  the  jet  is  wider  in  the 
plane  of  the  deflection  angle  than  in  the  plane  perpendicular. 

The  resulting  cross-section  is  oval,  becoming  more  so  in  the  flow 
direction.  When  the  jet  ex^ts  the  nozzle  supersonically  complex 
shock  patterns  appear  which  only  vaguely  resemble  the  classical 
shock  diamonds  produced  by  90'  nozzles. 

The  detailed  analysis  of  such  jets  and  their  pumping 
properties  would  clearly  be  a  major  computational  undertaking, 
and  one  to  be  avoided  if  possible.  One  way  to  do  that  is  tc 
adopt  c  control  volume  approach  closing  the  boundary  so  that  the 
complex  flows  are  within  the  control  volume.  If  the  problem  can 
be  solved  using  only  the  continuity  and  momentum  equations  then 
there  is  no  need  to  study  the  details  of  the  flow  within  che 
control  volume.  If  an  energy  equation  must  also  he  considered, 
then  the  internal  details  of  the  flow  need  to  be  exi.Tilned.  Since 
the  Jets  add  very  little  thermal  energy  to  the  control  volume, 
energy  affects  can  be  safely  Jgn''red. 
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In  the  case  of  a  gun  tube  the  breech  end,  muzzle  end,  and 
tube  wall  forces  can  be  evaluated  using  well  known  fluid 
mechanics  techniques.  The  only  region  where  new  information  is 
required  is  at  the  nozzle  entrance  to  the  tube.  The  importance 
of  the  nozzle  entrance  is  apparent  if  the  control  volume  encloses 

the  muzzle  and  breech  planes,  the  tube  internal  surface,  and  the 
hole  entrance.  Since  the  breech  entrance  pressure  is  below 
atmo.sphere  while  the  muzzle  exit  pressure  is  at  atmosphere,  they 
combine  to  create  a  net  force  toward  the  breech.  Drag  forces  on 
the  tube  surface  also  result  in  a  force  toward  the  breech.  The 
only  portion  of  the  control  volume  boundary  when  a  force  toward 
the  muzzle  can  be  produced  is  at  the  nozzle  entrance.  The 
component  of  this  force  toward  the  muzzle  must  exceed  the  other 
two  forces  for  pumping  to  occur.  Thus,  the  success  of  a  control 
volume  analysis  depends  on  determining  the  forces  at  the  nozzle 
exit . 


If  it  is  assumed  that  the  pressure  inside  the  nozzle  is  uniform 
across  its  cross  section  near  and  at  the  exit  cross  section,  then 
the  force  at  the  exit  cross-section  can  be  easily  calculated.  For 
most  of  the  evacuator  discharge  phase  the  flow  will  be  choked  with 
an  exit  plane  Mach  number  of  unity.  The  remainder  of  the  exit 
surface  is  the  lip  portion  beyond  the  exit  plane  out  to  the  tube 
surface.  The  pressure  at  the  exit  plane  produces  a  force  component 
toward  the  muzzle,  while  the  lip  surface  yields  a  force  component 
toward  the  breech.  The  net  of  these  is  the  pumping  force  referred 
to  earlier. 


OBJECTIVE 

The  purpose  of  the  research  reported  her"'  is  o  obtain  a  simple 
method  for  determining  the  force  exerted  on  the  fluid  by  the  lip. 
That  force,  combined  with  the  exit  plane  force  determines  the  total 
hole  force,  and  Its  down-tube  component  is  the  pumping  force. 

The  approach  here  is  two-fold,  i.e.,  analytical  and 
experimental.  A  derailed  three  dimensional  analysis  of  that  portion 
of  the  Jet  adjacent  to  the  lip  is  possible.  The  hope  is  it  that  may 
not  be  necessary  if  the  lip  forces  can  be  reasonably  well  predicted 
by  simpler  means,  in  this  case  using  the  two-dimensional  method  of 
characteristics  techniques. 

The  experimental  portion  of  this  effort  was  designed  to  measure 
lip  pressures  so  that  they  could  be  compared  with  the  results 
obtained  from  the  two  dimensional  method -ol -characteristics 
analysis,  as  wel.l  as  to  gain  insight  into  the  lip  pressure 
distribution . 


TEST  PROCEDURES 

Figure  1  is  a  Schematic  of  the  Test  Apparatus. 
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FIGURE  1  -  SCHEMATIC  OF  TEST  APPARATUS'. 


The  nozzle  angles  were  tested  30',  45’  and  60  .  The  nozzle 
diameter  was  ■“ppro''lmately  ten  times  the  diameter  of  the  actual 
nozzle  exit  so  that  small  pressure  taps  could  be  ised  along  the 
bottom  and  on  the  side  of  the  lip.  , 

The  flow  in  the  lip  portion  was  cxaminea  usually  using  a 
shadow  graph.  Although  it  was  not  the  purpose  of  these 
experiments  to  study  th«)  flow  field,  the  oblique  'hock  patterns 
observed  were  similar  t.o  those  shown  in  reference  [1].  The 
presence  of  shocks  in  the  shadow  graphs  served  to  confiirm  that 
sonic  conditions  had  been  reached  at  the  exit  plane. 


EXPERIMENTAL  PRESSURE  DISTRIBUTIONS 

Figures  2-13  are  typical  of  the  pressure  measurements. 
Pressures  at  the  tip  of  the  lip  are  at  the  left.  Test  points 
proceed  upstream  to  the  right  along  the  lip  and  into  the  nozzle. 
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FIGURE  10  -  60*  HOLE  PRESSURE  DISTRIBUTION,  EPR  =  1.8 
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FIGURE  11  -  60*  HOLE  PRESSURE  DISTRIBUTION,  EPR  =2.86 
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FIGURE  12  -  60*  HOLE  PRESSURE  DISTRIBUTION,  EFR  =»  3.68 
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FIGURE  13  -  60*  HOLE  PRESSURE  DISTRIBUTION,  EPR  =  4.54 
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Several  interesting  patterns  emerge  from  these  plots.  In 
general  the  pressure  declines  from  the  nozzle  exit  toward  the  lip 
as  expected.  For  the  higher  pressure  ratios  this  decline  is 
continuous,  even  to  sub-ambient  pressures  at  the  tip  of  the  lip. 
At  lower  pressure  ratios  the  downward  trend  is  interrupted  by 
jumps  in  the  pressure  distribution.  This  effect  is  especially 
noticeable  for  the  longer  lipped  nozzles,  i.e.  45*  and  60*.  These 
jumps  correlate  with  visually  observed  oblique  shocks  near  these 
locations.  ^pparently  the  longer  the  lip,  the  more  likely  is  the 
formation  of  a  shock,  especially  at  low  pressure  ratios. 

Jince  most  of  the  bore  evacuator  discharge  will  occur  at 
high  pressure  ratio.*:  shock  formation  and  sub-ambient  pressures 
are  probably  of  no  concern. 

Space  constraints  did  not  permit  the  inclusion  of  very  many 
side-lip  pressure  taps.  It  is  gratifying  to  see  that  the  side 
pressures  measured  do  not  differ  significantly  from  the  bottom- 
lip  pressures  at  the  same  axial  position.  This  would  indicate 
that  at  least  on  the  lip  surface  the  bottom-lip  pressure  is 
typical  of  the  circumferential  pressure  distribution  at  each 
axial  station.  Symmetry  at  each  station  makes  the  summing  of  lip 
forces  straight  forward. 


ANALYl'ICAL  RESULTS 

Prior  to  testing  two-dimensional  method  of  characteristics 
analyses  were  performed,  first  by  hand  and  then  using  a  computer. 
The  computed  lip-bottom  pressures  were  normalized  to  the  nozzle 
exit  plan  pressure  where  the  Mach  number  was  set  to  1.01  to 
initiate  the  calculations.  Distances  along  the  lip-bottom, 
measured  from  the  nozzle  exit  plane,  were  normalized  to  the  exit 
diameter.  The  results  tor  six  different  pressure  ratios  are 
shown  in  Figure  14  for  all  pressure  ratios.  Computations  were 
performed  to  cover  all  lip  angles,  up  to  60*. 

The  only  distinguishing  feature  of  the  predicted  pressure 
distribution  is  the  distance  at  which  the  pressure  stops 
declining  and  levels  off.  This  point  is  a  function  of  the  exit 
pressure  ratio. 

Computations  were  continued  beyond  this  point  until  they 
indicated  that  the  formation  of  an  oblique  shock  was  Imminent. 
(The  computer  code  was  not  capable  of  crossing  an  oblique  shock). 
The  calculations  indicated  that  the  tendency  to  levf>L-off  and 
subsequencly  shock  decreases  with  increasing  EPR  until  the  EPR 
was  slightly  above  3.16.  For  higher  pressiire  ratios  all  three 
nozzle  lips  are  predicted  to  be  shock-free. 
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FIGURE  14  -  LIP  PRESSURE  DISTRIBUTION  y  =  1.4,  2-D  METHOD  OF 
CHARACTERISTICS 


Probably  the  most  interesting  feature  of  the  theoretical 
curves  is  the  universality  of  the  pressure  distribution  for  all 
pressure  ratios  up  to  the  onset  of  the  uniform  pressure  region. 


COMPARISON  OF  EXPERIMENT  AND  ANALYSI.S 

Experimental  and  theoretical  results  are  compared  in  Figures 
15-18.  Since  it  is  difficult  to  control  experimental  conditions 
the  EPR's  are  not  exactly  equivalent.  Despite  this  it  appears 
that  agreement  is  reasonably  good  near  the  nozzle  exit  plane. 

This  is  expected  since  both  theory  and  test  pressures  are 
initially  normalize  to  unity.  Farther  along  the  lip  the  theory 
tends  to  underestimate  the  experimental  pressures.  The  onset  of 
the  uniform  pressure  region  occurs  farther  out  on  the  lip  than 
predicted . 
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FIGURE  15  -  ANALYTICAL  LIP  PRESSURE  DISTRIBUTION; 
•  -  EPR  *  2.1  {Exp&ximencaD  .  a  -  EPR  =  2.18,  o  -EPR 
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FIGURE  16  -  ANALYTICAL  LIP  PRESSURE  DISTRIBUTION; 

•  -  EPR  =  2.55  {Experimental)  ,  °  -  EPR  =  2.49, 

JHT  -  EPR  =  2.65,  □  'EPR  -2.54 
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FIGURE  17  -  ANALYTICAL  LIP  PRESSURE  DISTRIBUTION 
•  -  EFU  =2.8  (Experimencal)  ,  a  -  EPR  =2.98,  °  -  El 
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FIGURE  18  -  ANALYTICAL  LIP  PRESSURE  DISTRIBUTION; 
•  -  EPR  -3.36  (Expesiwencal)  ,  °  -  EPR  -3.11,  a  -  E 
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AVERAGED  LIP  PRESSURES 

Figure  19  shows  the  average  pressure  on  the  lip,  P^, 
relative  to  the  nozzle  exit  pressure  P, .  These  averages  were 
obtained  by  integrating  the  experimental  lip  pressure  distribu¬ 
tions  over  the  lip  area.  The  lip  area  in  this  case  is  the  area 
seen  when  the  nozzle  exit  is  viewed  normal  to  the  nozzle  center 
line.  P^  times  this  area  is  the  force  the  lip  exerts  on  the  gas 
perpendicular  to  the  nozzle  centerline.  Smaller  values  of  P*/P, 
result  in  larger  pumping  forces  extended  on  the  tube  gases . 


1.2 


1.0 


P,/  ? 

*  0.8 


0.6 


0.4 

1  2  3  4  6 

NPR 


FIGURE  19  -  NORMALIZED  LIP  PRESSURE  VS  NPR 

P  =  30“  -X,  p  =  45“  -  o,  P  =  60“  -  a 

Below  the  critical  NPR  of  approximately  1.9  the  wall 
pressure  ( extrapolated  and  shown  as  a  dashed  line  in  Figure  19) 
is  only  slightly  less  than  the  nozzle  exit  pressure.  Substantia 
decreases  in  P*/P,  occur  when  the  NPR  is  increased  to  about  three 
or  four,  but  beyond  that  increasing  the  NPR  yields  no  further 
increase  in  P*/P,. 
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HOLE  THRUST  FORCES 

The  pumping  force  component 
is  given  by; 


F  ■=  P  s  ^ 


proi/ided  by  the  nozzle  pressures 


The  factor  (l-P^/P^)  cosp  is  the  fraction  of  the  maximum  force 
available  as  a  pumping  force.  Figure  20  sho\/s  this  term  as 
a  function  of  the  NPR. 


FIGURE  20  -  NORMALIZED  PUMPING  FORCE  VS  NPR 
P  =  30°  -A',  P  =  45°  -  o,  p  =  60“-  Q 

There  is  a  dramatic  increase  in  the  pumping  force  as  the  NPR 
is  increased  to  a  level  which  eliminates  shocks  from  the  lip. 

For  NPR  >  1.9  the  exit  pressure  is  theoretically  related 
to  the  reservoir  pressure  Pj,  by  P,  =  Pp/1.893.  Thus  incre  ising 
and  NPR  (to  a  limited  extend)  increases  Fp.  Once  P^/P,  reaches 
its  asymptotic  value  Fp  increases  linearly  with  P„ . 
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OBSERVATIONS 

1.  The  two-dimensional  method  of  characteristics  analysis 
underestimates  the  lip  pressures.  It  also  predicts  a  uniform 
pressure  region,  and  the  subsequent  onset  of  an  oblique  shock, 
much  closer  to  the  nozzle  exit  plane  then  observed. 

2.  The  universal  character  of  the  shocJ.less  wall  pressure 
distribution  predicted  by  theory  appears  to  be  at  least 
approximately  true  for  the  actual  flows 

3.  The  result  of  thirty  tests  indicates;;  that  the  hole  lip  will 
be  shockless  if  EPR  >  1.5  for  30*  nozzlt^ss,  EPR  >  2.5  for  60* 
nozzles , 

4.  The  pressu.re  along  the  bottom  of  the  lip  appears  to  be  very 
nearly  the  same  as  the  circumferential  pressures  at  that  axial 
location.  This  finding  makes  the  calculation  of  the  axial  force 
component  straight  forward. 

5.  The  ratio  of  the  average  wall  pressure,  P^,  to  the  nozzle 
exit  pressure,  P,,  decreases  with  increasing  nozzle  angle  p, 
reaching  asymptotic  values  as  NPR  is  increased. 
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NOMENCLATURE 

a,  nozzle  exit  area 

D  nozzle  diameter 

EPR  exit  pressure  ratio  =  P,/P, 

NPR  nozzle  pressure  ratio  =  Pfl/P, 

P  lip  pressures 

P,  ambient  pressure 

P,  nozzle  exit  plane  pressure 

area  averaged  lip  wall  pres inre 
Z  axial  distance  from  the  norcie  :xit  plane 

P  nozzle  angle 

Y  specific  heat  ratio 
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INTRODUCTION 

The  design  of  artillery  projectiles  has  been  based  upon  the 
presumed  use  of  solid  propellant  as  the  propelling  charge  [1].  The 
pressure  profile  across  the  base  is  typically  uniform  for  solid 
propellants.  Also,  the  pressure-time  history  is  smooth.  However,  with 
the  nonconventional  propelling  charges  now  under  consideration,  neither 
of  these  conditions  is  necessarily  true.  Consequently,  it  is  vital  that 
the  capability  of  existing  munitions  to  survive  these  new  launch 
environments  be  determined. 

One  means  of  addressing  this  issue  is  to  conduct  large  scale  firing 
tests  using  representative  samples  from  all  current  munitions.  This 
approach  is  time  consuming.  Also,  limited  infoirmation  concerning  the 
causes  of  failure  is  obtainable  from  this  approach  for  munitions  which 
do  not  survive  the  launch  environment.  Another  approach  is  to  use 
finite  element  (FE)  methods  to  analytically  determine  the  probable 
response  of  a  projectile  to  the  expected  launch  environment.  This 
approach  allows  the  determination  of  potential  deleterious  effects  of 
the  launch  environment  provided  the  FE  model  accurately  represents  the 
essential  structural  dynamic  characteristics  of  the  real  projectile.  For 
simple  structures  it  is  relatively  straightforward  to  generate  an 
appropriate  FE  model.  However,  complex  structures  such  as  artillery 
projectiles  which  have  numerous  internal  components  are  a  much  more 
difficult  task.  Validation  of  these  FE  models  is  essential  if 
confidence  in  the  analytical  results  is  expected. 

Experimental  Modal  Analysis  (EMA)  has  proven  to  be  an  extremely 
useful  tool  for  validating  complex  FE  models.  In  its  simplest  function, 
EMA  determines  the  basic  structural  characteristics  such  as  natural 
frequencies  and  modes  of  vibration  of  a  structure.  These  measui*ed 
characteristics  can  be  compared  with  the  predicted  values  obtained  from 
an  FE  analysis  to  determine  the  accuracy  of  the  model .  Good  agreement 
indicates  that  the  FE  model  can  be  expected  to  realistically  capture  the 
basic  dynamic  behavior  of  the  actual  structure.  For  many  FE  models, 
this  is  all  that  is  required  for  validation.  Additional  concerns  such 
as  the  refinement  of  the  FE  model  to  account  for  stress  concentrations 
are  a  separate  issue  and  cannot  be  addressed  by  EMA.  However,  if  the  FE 
model  cannot  even  reproduce  the  gross  dynamic  behavior  of  the  structure 
correctly,  then  these  additional  concerns  are  moot. 
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Prior  analyses  [2,J,4,5]  of  projr^ctiies  typically  used  either  the 
same  FE  model  for  the  dynamic  ana]ysis  as  was  used  for  the  static 
analysis  or  relied  upon  the  eyperience  of  the  FE  analyst  to  generate  an 
acceptable  FE  model.  For  cor ventioual  solid  propellant  these  approaches 
normally  produced  reasonable  results.  This  success  is  due  in  part  to  the 
ract  that  the  response  of  the  projectile  can  be  approximated  as  quasi¬ 
static  when  the  loading  is  due  to  solid  propellant.  This  is  not  true 
for  analyses  which  attempt  to  simulate  the  liquid  propellant  (LP)  launch 
environment.  As  is  seen  in  Figure  1,  the  pressure-time  curve  exhibits 
high  frequency  oscillations.  These  oscillations  can  cause  significant 
structural  response  if  the  frequency  of  the  oscillations  is  near  a 
fundamental  frequency  of  some  component  of  the  projectile. 
Consequently,  it  is  imperative  for  dynamic  analysis  that  the  FE  model 
faithfully  reproduces  the  correct  dynamic  response  of  the  projectile. 
This  paper  examines  the  use  of  EMA  in  the  development  of  an  FE  model  of 
the  PXR63  5'J  instrumented  projectile  for  use  in  dynamic  analysis. 


BACKGROUND 

The  basic  goal  of  dynamic  analysis  is  the  determination  of  the 
dynamic  response  of  a  structure  to  a  defined  forcing  function.  For 
complex  structures  this  often  entails  the  development  of  an  appropriate 
FE  model.  The  discretized  FE  model  yields  a  system  of  n  equations 
describing  the  dynamic  behavior  of  the  structure.  These  equations  can 
be  written  in  the  form 


Figure  1.  LP  Pressure  Histor-y 
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Afx(t)  +  exit)  +•  X  x(t)  =  £{t)  ,  (1) 


where  M,  C,  and  K  are  the  mass,  damping  and  stiffness  matrices,  f(t)  is 
a  defined  forcing  function,  and  x(t)  is  the  response.  For  linear 
structural  analysis  M,  C,  and  K  are  symmetric  and  time  invariant. 
Equation  1  can  be  rewritten  in  the  Laplace  domain  as 

M  Xis)  +  S  C  X{s)  *KX{S)  =  F{s)  (2) 

X(s)  and  P(s)  are  the  transformed  responses  and  forces,  respectively. 
This  equation  represents  an  eigenvalue  problem.  For  lightly  damped 
structures,  it  is  not  unusual  to  neglect  the  damping  and  instead 
consider  undamped  free  vibration  response.  The  nontrivial  solution  of 
for  this  case  is  given  by 

|s2  jf  r  !  =  0  (3) 

Solution  of  Equation  3  yields  n  natural  frequencies,  s^=j(i)j^,  and  n  modal 
vectors  These  can  then  be  used  in  a  normal  mode  analysis  to  solve 

the  forced  vibration  problem  given  by  Equation  1.  Also,  the  predicted 
natural  frequencies  and  mode  shapes  can  be  compared  with  the 
corresponding  experimentally  determined  quantities  to  determine  the 
accuracy  of  the  FE  model. 

The  experimental  determination  of  the  natural  frequencies  and  modal 
vectors  constitutes  EM^  [6].  As  with  FEA,  EMA  starts  with  a  system  of 
equations  written  as  in  Eejuation  2.  However,  M,  C,  and  K  are  now 
unknown.  Instead,  the  response,  x(t) ,  and  the  applied  load,  f(t), 
vectors  are  the  known  quantities.  Accordingly,  neglecting  damping. 
Equation  2  is  rewritten  as 

B{s)  X{s)  =  F(s)  (4) 

\/here  B  ( s )  -Ms^+K . 

The  transfer  function  H(s)  is  then  defined  as 

J5r(s)  =  [E(s)]-'  (5) 

Therefore,  Equation  4  can  be  expressed  as 

H(s)  F{s)  =  X{s)  (6) 

The  transfer  function  H(s)  relates  the  input  to  the  system,  F(s)  ,  to  the 
output,  X(s) .  In  component  form.  Equation  6  relates  the  input  at  some 
point  q  to  the  output  at  a  point  p  by  the  relation 

H„(s)  =.  ^  (7) 


pq' 


The  individucil  components  of  H(s),  H 


are  assumed  to  have  the  form 
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_  ^  rOr^r  0/  T/  T/^, 

V  -  2^  f — "■ — . . 

r-1  *  °n  S„ 


(8) 


where  is  a  scaling  factor,  is  the  rth  modal  vector,  and  Sj.=j<i)^  is 
the  r**’  pole.  This  representation  is  based  upon  a  simple  one  degree-of- 
freedom  oscillator  [7], 

Assumptions  in  the  derivation  of  Equation  1,  and  consequently 
Equation  6  imply  that  the  entire  transfer  function  matrix  H(s)  can  be 
reconstructed  by  measuring  the  transfer  functions.  Equation  7,  of  a 
single  row  or  column  of  H(s) .  To  increase  accuracy,  it  is  common 
practice  though  to  measure  several  rows  or  columns.  These  data  are  then 
used  to  determine  the  natural  frequencies  and  modal  vectors  by  curve 
fitting  the  data.  Also,  if  multiple  modes  at  a  single  frequency  are  to 
be  resolved,  then  multiple,  rows  or  columns  must  be  measured.  As 
mentioned,  agreement  between  the  predicted  and  measured  natural 
frequencies,  and  the  corresponding  mode  shapes  is  an  indication 
of  the  accuracy  of  the  FE  model . 


MihLYSlS 

Experimental  Modal  Analysis 

The  PXR6353  instrumented  projectile  was  analyzed  both  as  a  complete 
structure  and  as  three  separate  components.  In  this  paper  discussion  is 
limited  to  the  results  obtained  for  the  separate  components.  The 
subdivision  of  the  projectile  into  three  components  was  made  because 
these  components  represent  logical  substructures  of  the  overall 
projectile.  Section  A  consisted  of  the  boattail  and  motor  body.  Figure 
2.  Section  B  was  the  body  section.  Figure  3.  Section  C  consisted  of  all 
parts  between  the  antenna  section  and  nose  inclusive,  Figure  4.  Section 
B  was  the  simplest  component  consisting  essentially  of  a  cylinder  with 
one  end  closed,  while  Section  C  was  the  most  complex.  All  modal  tests 
conducted  simulated  ‘'free-free"  boundary  conditions  by  suspending  the 
test  sections  by  elastic  cords  with  the  axis  of  symmetry  of  the  sections 
oriented  horizontally.  The  "rigid  body"  frequencies  for  the  test 
sections  are  substantially  below  150  Hz  which  is  well  below  the  first 
flexural  modes  of  all  the  sections.  Data  was  coll  ?cted  in  the  frequency 
range  of  0  to  10,000  Hz.  Mode  Indicator  Functions  (MIF)  are  shown  in 
Figures  5-7  for  Sections  A,  B,  and  C,  respectively.  Minimums  in  the 
value  of  the  MIF  indicate  the  location  of  a  potential  modes.  The 
results  of  the  modal  test  are  summarized  in  Table  1. 

Finite  Element  Analysis 

The  EMA  results  were  used  to  validate  both  2D  and  3D  FE  models  of 
the  PXR6353  instrumented  projectile.  For  the  2D  model,  four-node 
axisymmetric  harmonic  elements  were  used,  while  eight-node  trilinear 
hexahedron  elements  were  used  in  the  3D  FE  model  [8].  The  2D  and  3D  FE 
meshes  were  generated  such  that  in  the  r-z  plane  the  mesh  pattern  was 
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Figure  3.  FEA  Solid  Model  of  Section  B 


Figure  4  . _ FEA  Solid  Model _ of _ Section  C 
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Figure  7.  EMA  MIF  for  Section  C 


the  same.  The  mesh  for  Section  B  is  shown  in  Figure  8  for  illustration. 
The  harmonic  elements  allow  the  specification  of  the  mode  shape  in  the 
circumferential  direction  by  specifying  the  number  of  circumferential 
waves.  The  3D  FE  model  used  24  elements  per  180  degrees  in  the 
circumferential  direction.  This  number  was  arrived  at  by  considering 
the  effect  of  increasing  the  number  of  circumferential  elements  upon  the 
frequency  predictions  for  a  simple  hollow  cylinder.  The  results  of  this 
cylinder  problem  are  summarized  in  Table  2.  It  is  seen  that  24 
circumferential  elements  give  reasonable  agreement  with  the  same  problem 
using  quadratic  elements.  While  increasing  the  number  of 
circumferential  elements  would  increase  the  accuracy,  the  results  of 
this  simple  test  problem  indicate  that  the  gains  in  accuracy  would  be 
minimal . 


DISCUSSION 

Frequency  Comparisons 

As  mentioned,  Section  A  consisted  of  the  boattail  and  the  motoir 
body  components  of  the  projectile.  The  mass  of  the  model  for  this 
section  is  7,424.1  grams  while  the  actual  Tiass  is  8,065  grams.  The 
difference  in  mass  is  primarily  due  to  the  absence  of  the  rotating  band 
in  the  FE  model.  Inclusion  of  the  rotating  band  mass  in  the  FE  model 
increases  the  model's  mass  to  7,935  grams.  This  indicates  the  model  is 
approximately  1.6%  lighter  than  the  actual  structure.  In  this  study, 
this  is  considered  an  acceptable  error.  The  FE  frequency  predictions 
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Table  2 .  Convergence  Examples 
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are  also  included  in  Table  1.  It  is  seen  that  the  predicted  froquencies 
are  in  good  agreement  with  the  experimental  values. 

The  mass  of  the  FE  model  of  Section  B  is  11,024.2  grams  while  the 
actual  mass  of  this  section  is  10,735  grams  which  constitutes  an  error 
of  2.7%.  The  difference  in  mass  is  due  to  the  presence  of  transverse 
thru-holes  in  the  base  of  Section  B  which  are  not  included  i  i  the  FE 
model.  However,  because  the  location  of  this  extra  mass  in  th«i  FE  model 
is  in  the  base  which  is  relatively  rigid  compared  to  the  rest  of  the 
structure,  the  predicted  natural  frequencies  are  in  good  agreement  with 
the  experimentally  measured  frequencies. 

Section  C  was  the  most  complex  section  of  the  three  sections.  Each 
individual  component  of  Section  C  though  could  be  easily  modelled. 
Consequently,  the  mass  estimate  is  very  good.  The  estimated  mass  is 
10,033  grams  while  the  measured  mass  is  10,007  grams  which  is  an  eiror 
of  only  0.26%.  This  agreement  is  fortuitous  since  it  is  impossible  to 
disassemble  Section  C  to  determine  exactly  which  internal  components  are 
present.  The  close  agreement  between  the  FE  model's  mass  and  the  actual 
structure's  mass  provides  a  measure  of  confidence  that  all  inte’~nal 
components  are  included  in  the  FE  model .  Despite  the  very  good  mass 
estimate,  the  predictions  of  the  natural  frequencies  of  Section  C  are 
not  as  accurate  as  might  be  expected.  In  particular,  the  second  natural 
frequency  is  in  error  by  -27.3%,  It  has  since  been  dctenr.ined  that 
Section  C  was  obtained  from  a  round  which  had  been  used  in  a  prior 
firing  test  and  had  sustained  some  internal  damage.  Therefore,  it  is 
highly  unlikely  that  the  FE  model  represents  the  actual  internal 
boundary  conditions  between  the  internal  components  of  this  particular 
Section  C  correctly.  Such  errors  in  the  internal  boundary  conditions 
can  easily  cause  the  large  error  in  the  predicted  value  of  the  second 
natural  frequency  since  the  second  mode  involves  primarily  components  in 
the  potentially  damaged  part  of  Section  C. 

Mode  Shapes 

Ore  merhod  of  assessing  the  accuracy  of  the  mode  shapes  determined 
using  EMA  is  the  modal  assurance  criterion  (MAC)  [9].  Ideally,  for 
linearly  dependent  modal  vectors,  the  MAC  value  should  approach  unity, 
while  for  linearly  independent  modal  vectors  the  MAC  value  approaches 
zero.  However,  theie  are  ether  considerations  that  can  also  lead  to  MAC 
values  of  zero  or  one  [9].  Some  of  these  reasons  include  non- 
stationarity  of  the  structure,  nonlinearity  of  the  structure,  noise,  and 
an  invalid  n.odal  parameter  estimation.  During  the  EMA,  appropriate 
precautions  were  taken  to  minimize  chese  possibilities  so  that  the 
computed  MAC  values  should  indicate  whether  two  modal  vectors  are 
linearly  independent.  The  MAC  values  for  the  first  three  modes  of 
Sections  A,  3,  and  C  are  shown  in  Tables  4-6.  It  is  seen  that  the 
experimentally  determined  mode  shapes  used  to  validate  the  FE  model  are 
orthogonal.  Tht  fundamental  mode  shapes  determined  by  EMA  for  these 
sections  are  shown  Figvires  9-11.  The  corresponding  mode  shapes 
predicted  by  the  FEA  are  shown  in  Figures  12-14,  The  close  agreement 
between  the  predicted  and  measured  mode  shapes  is  evident. 
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CONCLUSIONS 

The  natural  frequencies  aiid  mode  shapes  of  the  PXR63  53  instrumented 
projectile  and  its  components  have  been  determined  using  EMA.  Linear 
independence  of  the  mode  shapes  obtained  by  EMA  has  been  verified. 
These  experimentally  determined  natural  frequencies  and  mode  shapes  have 
been  used  to  validate  an  FE  model  of  this  projectile.  The  agreement 
between  the  FEA  and  EMA  results  indicate  that  an  acceptable  FE  model  has 
been  developed.  The  FE  model  can  therefore  be  used  with  confidence  to 
predict  the  structural  response  of  the  projectile  when  subjected  to  the 
LP  interior  ballistic  environment. 
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ABSTRACT: 


Pressure  measurements  were  recorded  at  the  Weapons  Technology  Directorate  (WTD) 
of  the  Army  Research  Laboratory  to  verify  predictions  of  a  blaist  model  used  at  Benet 
Weapons  Laboratory  (BWL).  An  array  of  eleven  piezoelectric  gages  was  placed  in  a  vertical 
line  perpendicular  to  the  gun  barrel  and  positioned  at  various  locations  behind  the  muzzle 
during  the  testing  of  two  perforated  muzzle  brakes.  The  two  muzzle  brakes  were  designed 
and  fabricated  to  fit  on  to  a  20mm  Mann  barrel.  The  two  brakes  were  compared  to  a  third 
device  with  no  perforations  that  served  as  a  baseline.  The  first  muzzle  brake  wets  a  scaled 
down  version  of  the  EX35  and  the  second  was  a  special  design  that  haul  two  rows  of  holes 
relocated  between  7.5  and  9  calibers  behind  the  muzzle  (“split  brake”).  The  pressure  gage 
array  was,  used  to  measure  the  portion  of  the  blast  profile  that  affected  the  area  behind  the 
gun. 

This  test  was  performed  in  conjunction  with  the  first  phase  of  the  test  where  faj  field 
pressure  measurements  and  blast  wave  shadowgraphs  were  obtained.  This  paper  will  present 
the  characteristics  of  the  blast  pressure  wave  as  it  travels  back  along  the  gun  axis  correlit- 
ing  the  pressure  profile  data  with  the  shadowgraphs  that  were  taken  at  the  same  locations. 
Results  from  the  present  blast  profile  test  provided  quantitative  information  for  precise  com¬ 
parisons. 
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1.  Introduction 

Pressure  measurements  were  recorded  at  the  Weapons  Technology  Directorate  (WTD) 
of  the  Army  Research  Laboratory  to  verify  predictions  of  a  blast  model  developed  at  Benet 
Weapons  Laboratory  (BWL)  [1].  An  array  of  eleven  piezoelectric  gages  was  placed  in  a 
vertical  line  perpendicular  to  a  20mm  gun  barrel  and  positioned  at  various  locations  behind 
the  muzzle  during  the  testing  of  two  perforated  muzzle  brakes.  The  pressure  gage  array  was 
used  to  measure  the  portion  of  the  blast  profile  that  affected  the  area  behind  the  gun.  The 
eleven  gages  were  set  at  certain  increments  from  the  barrel’s  exterior  wall. 

This  test  was  performed  in  conjunction  with  the  first  phase  of  the  test  where  far  field 
pressure  measurements  and  blast  wave  shadowgraphs  were  taken  [2].  This  report  will  include 
the  blast  pressure  data  in  comparison  with  the  shadowgraphs  that  were  taken  at  or  about  the 
same  locations.  The  results  from  the  blast  profile  test  were  useful  in  providing  quantitative 
information  for  precise  comparisons  to  the  BWL’s  blast  model  [1]. 


2.  Setup 

The  test  was  performed  at  WTD’s  indoor  Aerodynamics  Range.  A  schematic  drawing  of 
the  test  setup  is  shown  in  Figure  } .  The  firings  and  measurements  took  place  in  an  anechoic 
chamber  to  eliminate  reflecting  blast  waves  that  strike  the  range  walls  near  the  gun,  as  seen 
in  the  photograph  of  the  test  setup  (Figure  2). 

Two  muzzle  brakes  (devices  5  and  7)  were  tested  and  compared  to  a  baseline  device 
(device  1)  that  had  no  perforations  (Figure  3).  Each  device  was  designed  and  fabricated  to 
fit  on  to  a  20mrn  Mann  barrel  that  was  threaded  at  the  muzzle.  Each  device  had  the  same 
dimensions  (approx.  28  cm  in  length)  aside  from  their  individual  hole  patterns.  Device  5  is 
the  scaled  dov/n  version  of  the  105  mm  EX35  perforated  muzzle  brake  design  that  is  being 
supplied  as  government  furnished  equipment  for  the  Armored  Gun  System,  currently  in  full 
development.  Device  7  was  tested  for  the  105mm  gun  and  is  of  special  interest  because  of 
its  unique  design  as  being  a  “split  brake”  (two  rows  of  holes  are  spaced  upstream  from  the 
other  perforations).  The  ammunition  used  for  this  test  was  Cartridge,  20mm,  TP,  M55A2. 

An  array  of  piezoelectric  gages  was  mounted  in  a  steel  block  that  was  fabricated  into  a 
wedge  shape  (see  Figure  4).  The  wedge  was  used  to  ?a3sure  that  the  flow  of  the  blast  wave 
was  not  obstructed  or  interfered  with  before  reaching  the  gages.  The  gages  were  fixed  in  the 
the  wedge  to  measure  static  pressure  with  their  measuring  surfaces  positioned  flush  to  the 
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surface  that  the  flow  passed  over.  The  array  '.vas  adjustable  to  incremental  distances  behind 
the  muzzle  for  the  test  requirements.  The  array  consisted  of  eleven  gages  that  were  postioned 
in  a  line  perpendicular  to  the  gun  barrel  with  the  first  six  gages  positioned  at  increments  of 
12.7  mm  (.5  in)  from  the  barrel  exterior  and  the  remaining  five  were  at  increments  of  25  mm 
(1  in).  Nicolet  oscilloscopes  recorded  and  stored  the  required  data. 


3.  Procedure 

Pressure  data  were  recorded  for  the  three  muzzle  devices  at  various  distances  behind  the 
muzzle.  The  pressure  gage  array  was  initially  positioned  over  the  original  muzzle  (muzzle 
location  when  devices  are  absent,  cis  seen  in  Figure  5)  and  repositioned  at  predetermined 
locations  behind  the  original  muzzle  after  each  device  had  been  tested  at  that  location. 
Each  device  had  2-4  rounds  fired  through  it  for  each  location  to  establish  a  valid  sample  for 
averaging.  The  pressure  was  recoided  at  the  following  locations  behind  the  muzzle:  0  cm, 
5  cm,  10  cm,  15  cm,  20  cm,  25  cm,  30  cm,  40  cm,  and  50  cm.  The  data  were  reduced  and 
peak  overpressure  was  analyzed  and  compared. 


4.  Analysis 

4.1  Blast  Pressure  and  Shadowgraphs  Figures  6-16  represent  the  peak  overpres¬ 
sures  of  the  three  muzzle  devices  at  specified  locations  along  the  gun.  Each  figure  displays 
the  peak  overpressure  of  each  individual  probe  beginning  with  probe  1  (Figure  6).  From 
these  figures,  the  strength  of  the  peak  pressure  could  be  studied  as  the  blast  wave  traveled 
behind  the  muzzle  and  away  from  the  barrel.  From  these  figures,  the  following  was  observed. 
The  pressures  for  device  1  have  a  consi‘:tent  pattern  in  every  figure.  Most  of  the  blast  travels 
ahead  of  device  1 ,  therefore  the  pressure  sensed  by  each  probe  behind  the  muzzle  was  low 
at  each  location.  Devices  5  and  7  produced  higher  pressures  behind  the  gun  than  device  1 
due  to  the  geises  emanating  from  the  sides. 

When  the  peak  overpressures  are  mieasured  behind  the  muzzle  from  10-50  cm,  device  7 
produced  weaker  pressures  than  device  5  From  Savick  [2),  it  is  found  that  the  interaction 
between  the  two  blast  waves  of  device  7  weaken  the  strength  of  the  blast  wave  as  it  travels 
rearv/ard  of  the  muzzle.  This  interaction  can  be  observed  in  the  shadowgragh  of  the  blast 
waves  of  device  7  taken  after  the  projectile  exited  the  device  (Figure  17).  The  blast  wave  of 
the  front  vents  that  travels  rearward  is  intercepted  by  the  blast  wave  of  the  rear  vents  that 
is  traveling  forward. 

In  the  region  before  10  cm,  device  7  had  a  stronger  peak  ov<  rpres.sure  than  device  5  (for 
probes  1-7).  This  was  due  to  the  orobes  being  almost  over  top  of  the  the  rear  vents  of  device 
7.  In  this  position,  the  gages  we"e  measuring  pressure  that  traveled  outwardly  as  well  as 
towards  the  back.  As  the  probes  were  positioned  further  rearward  (10  cm  and  beyond),  the 
gages  measured  only  the  part  of  the  b.-ast  wave  th.at  traveled  towards  the  rear  of  the  gun. 

To  demonstrate  the  difference  in  blast  waves  of  devices  5  and  7,  shadowgraphs  of  each 
blast  wave  taken  separately  at  approximately  the  same  location  along  the  gun  barrel.  Figure 
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18  shows  the  blast  wave  for  device  5  and  Figure  19  shows  the  blast  wave  (rom  device  7. 
The  blast  wave  from  device  5  ir  thicker  and  more  defined  in  strength  than  the  blast  wave  of 
device  7. 


4.2  Blast  Overpressure  and  Blast  Code  Analysis  The  experimental  results  were 
compared  to  analytical  data  produced  by  BWL’s  blast  code  [1].  The  code  calculated  the 
peak  overpressure  of  each  pressure  probe  for  four  different  locations  behind  the  the  muzzle. 
The  locations  include  0  cm,  15  cm,  30  cm,  and  50  cm  behind  the  muzzle.  Figures  20-22  show 
the  comparison  of  the  calculated  data  with  the  corresponding  experimental  data. 

The  predictions  seem  to  be  more  accurate  for  the  locations  that  are  further  aw’ay  from 
the  muzzle  (i.e.  30  and  50  cm)  for  all  three  devices.  The  pressures  that  were  measured  at  cr 
near  the  muzzle  are  a  result  of  a  more  complex  flow  field  than  could  be  predicted.  Device  7 
(Figure  22)  is  especially  complicated  due  to  the  holes  of  the  “split  brake”  being  much  closer 
to  the  p»'obes  than  the  other  devices.  The  pressures  at  the  30  and  50  cm  positions  for  device 
7  were  also  difficult  to  predict.  It  appears  that  the  interaction  between  the  two  blast  waves 
from  the  “split  brake”  have  a  larger  effect  on  each  other  than  could  be  predicted.  The  30 
and  50  cm  predictions  do  become  consistent  with  the  experimental  data  at  the  probes  6  and 
7  region. 


5.  Summary  and  Conclusions 

1.  Device  1  showed  little  variation  in  peak  overpressure  for  any  probe  and/or  any  location. 

2.  Device  7  had  lower  blast  overpressures  than  device  5  from  10-50  cm. 

3.  The  two  vent  are2is  of  device  7  provided  interactions  between  blast  waves  that  lessened 
the  rearward  overpressure. 

4.  The  shadov'graph  for  device  5  showed  a  thicker  and  stronger  looking  blast  wave  than  the 
shadowgraph  of  the  blast  wave  from  device  7. 

5.  The  blast  code  provided  close  predictions  for  each  device  at  locations  30  cm  and  beyond. 

().  The  predictions  that  were  made  closer  to  the  muzzle  were  not  able  to  account  for  all  of 
the  complexities  of  that  flow  fi^ld  region. 
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Figure  6.  Peak  Overpressure  at  Testing  l.orations  for  Probe  1. 
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Figure  7.  Peak  Overpressure  at  Testing  Locations  for  Probe  2. 
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Figure  tO.  Peak  Owruressure  a.  Testing  Locations  for  Probe  f). 
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Figure  11.  Peak  Overpressure  at  Testing  Locations  for  Probe  6. 
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Ff^ure  13.  Peak  Overpressure  at  Testing  Locations  for  Probe  8. 


12 


Figure  14.  Peak  Overpressure  at  Testing  Locations  lor  i^robe  9. 


55 


SAVICK 


Figure  16.  Peak  Overpressure  at  Testing  Locations  for  Probe  ]1. 
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Figure  19.  Shadowgraph  of  the  Blcist  Wave  of  Device  7  at  Approximately  50  cm 
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Figure  21.  Computed  and  Empirical  Peak  Overpressure  Comparisons  for  Device  5. 
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Figure  22.  Computed  and  Empirical  Peak  Overpressure  Compari.sons  for  Device  7. 
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ABSTRACT : 

We  observe  that  at  first  launch  of  the  day,  e.g.,  after  the  bore  evacuator 
reservoir  is  resioved  and  resealed,  peak  reservoir  pressures  can  double.  As  reported 
in  Ref  1,  the  measured  peak  reservoir  pressure  was  about  1.4  MPa  (200  psi)  for  the 
M256  firing  an  M831  training  projectile,  whereas  the  next  firing  produced  a  reservoir 
peak  of  about  0.7  MPa  (100  psi) .  The  explanation  proposed  is  that  abock  wave  Icmition 
occurs  in  the  evacuator  ports:  fuel  rich  propellant  gas  in  contact  with  heated  air 
at  the  shock  contact  interface  reacts  exothezmally  at  the  elevated  states.  Since 
post’-shock  states  must  be  established  within  |is  of  projectile  arrival  at  the  ports, 
the  proposed  secondary  cooibuation  initiates  during  projectile  travel.  Air  in  the 
reservoir  is  depleted  for  subsequent  firings,  replaced  by  burnt  propellant  gas,  so 
that  secondary  combustion  is  not  likely  then  and  evacuator  pressures  are  predictable 
by  gas  dynamical  methods. 

The  initiation  of  1*^  round  secondary  combustion  in  the  bore  evacuator  is  the 
subject  of  this  paper.  We  first  cite  further  field  test  data  for  the  120  mm  M256 
evacuator.  Then,  using  equilibrium  thermochemistry,  we  perform  shock  tube  analyses 
that  predict  1*‘  round  ignition  in  the  evacuator  ports  of  the  155  am  M284/185  at  high 
xone.  To  examine  the  hypothesis  of  1*^  round  secondary  combustion  in  the  M284/185 
evacuator,  and  obtain  aieasuremants  of  the  evacuator  charge  coefficient,  a  laboratory 
investigation  by  Nagamatsu  et.  al..  Ref  2,  was  established  in  which  pressure  and  heat 
transfer  gauges  confirm  that  shock  processes  occur  in  the  injector  ports  at  the  port 
opening  event. 
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IirrRODUCTlON 

Bore  Evacuator  Design 

1-  The  Discharge  Cycle.  To  promote  the  rertuction  toxic  gases  and  to  better 
understand  how  a  flarebaok  event  occurs,  several  aspects  of  the  design  of  bore 
evacuators  are  being  investigated.  Simple,  ona-dlmensiona].  techniques  for  the 
evacuator  pump  flow  were  applied  for  the  first  time  after  WWII,  based  cn  Reynolds' 
Momentum  Theorem  -the  control  volume  approach.  Thus,  References  3  and  4,  and  more 
recently,  other  investigations.  References  5-7,  have  established  usa  of  control  volume 
methods  for  the  flovj  of  room  temperature  air  and/or  propellant  gases  in  the  evacuator. 
More  simplifications  apply  when  inviscid  air  is  assu^ned  for  the  discharge  cycle 
because  the  energy  and  mass-flow  equations  uncouple  and  tlie  resulting  moine mum,  n\ass 
and  state  equations  combine  in  an  exact  coiq>re&sible  flow  algorithm,  albeit  nonlinear, 
that  can  be  solved  iteratively  with  a  hand  calculator  to  obtain  the  Induced  flow 
speeds  at  the  breech  and  muzzle,  given  quasi-steady  pressure  iu  the  reservoir  for  a 
given  ejector  geometry.  This  technique  was  extended  to  an  idea^.  propellant  gas  in 
which  initial  co.nposition  is  established  with  a  thermochemical  code  such  as  BLAKE, 
Reference  8.  '’hen  the  higher  energy  state  of  the  gas  is  given  uy  the  ratio  of 
specific  heats  deduced  from  the  composition.  In  this  case,  the  energy  and  mass-flow 
equations  must,  both  be  accounted  for,  together  with  the  I’lomentum  and  state  equations, 
at  each  surface  bounding  the  control  volume.  Reference  9.  The  addition  of  mixing- 
length  losses.  Reference  10,  and  experimentally  obtained  flow  di.scharge  coefficient, 
completes  the  .steacy-state  discharge  the.»ry  as  ,,pplied  to  the  120  mm  M256  and  155  ittm 
M28^  or  M185  evacuators.  Reference  11. 

2  .  The  Charge  Cycle  Modeling  Problem.  The  bore  evacuator  charge  cycle  modeling 
presented  an  anomaly.  It  was  found  that  the  peak  reservoir  pressure  could  not  be 
predicted  for  all  firings.  Since  ballistics  must  drive  all  of  the  charge  processes, 
the  approach  taken  was  to  model  the  bore  evacuator  reservoir  fill  cycle  by  charging 
it  with  propellant  gas  from  the  dynamically  variable  3iigh  pressure  reservoir  bounded 
by  the  gun  tube  and  projectile  base  prior  to  uncorking.  Then,  subsequent  to  tlie 
uncorking,  charge  it  with  gasdynamically  expanding  gas  in  tlve  gun  tube  during  gun 
blowdown.  The  process  to  peak  reservoir  pressure  takes  -  generrcally  for  artillery 
and  tank  ca.inon  -about  50  ms.  This  approach  wo r lad  for  all  but,  so  called,  1**'  round 
firings  since  the  computations  fail  tc  predict  the  peak  charge  pressure  in  that  ccse. 
As  reported  in  Reference  1  [Andrade  and  Haas]  the  measure-i  peak  reservoir  pressure 
was  about  1.4  MPa  for  the  M256  firing  a  1*‘  round  "warmer"  M'-  ll  training  projectile, 
whereas  subsequent  MSSl  firings  produced  a  reservoir  peak  of  about  0.7  MPa.  Further 
evidence  of  elevated  evacuator  pressures  in  1''  round  M256/M8  >1  firings  is  given  with 
recently  obtained  measurements  summarized  on  Table  1. 
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Tabl«i  X.  Paak  Bvacuatos  Praaauira,  rlring  120  ran  M256/li831/DIGL  "Warowirs" 
(Data  -jbtainiiid  at  Olin  Oxdnanc*  Rang*,  Socorro,  NM,  12-16  J^rlJ.  1993) 

Year _  1993  _ 1990 


Date  13  April 


16  April 


Chaanbar  Pressure 

10 

>  65 

kpsl 

Round  No. 

1“ 

Veak 

1 

2 

r 

1 

T" 

Gauoe  at  6  O'c-lock 

382 

188 

160 

186 

115 

pal 

Gauce  at  12  O'clock 

275 

119 

125 

141 

67 

pai 

Averacre 

328 

153 

142 

164 

91 

psi 

Comibuation  Preaa  (Difference  of  Avo)  : 

98.5  73  psi 

1  115  pai 


♦ENDEVCO  gauges  not  torqued  to  specif icat.ron  for  first  I”"  firing. 


We  note  that  "normal"  evacuator  peak  pressures  range  from  91  to  160  psi  and  that 
the  combustion  pressures  measured  for  the  downloaded  firing  are  about  2/3  that  of  the 
full  charge  rounds.  Also,  the  asymmetric  distribution  of  the  ports,  Figure  la,  favor 
a  high  pressure  reflected  shock  wave  region  at  the  six  o'clock  gauge.  The  explanation 
proposed  .for  these  pressure  observations  i.s  that  the  five  reservoir  injection  ports 
accommodate  shock  wave  ignition:  by  which  the  fuel  rich  propellant  gas  components 
react  with  shock  heated  air  at  the  shock  contact  interface.  Since  post-shock  states 
are  established  within  Us  of  projectile  arrival  at  the  ports,  a  Mach  7.8  shock  wave, 
computed  in  Ref  1,  must  traverse  the  58  mm  port  length  long  before  projectile  exit. 

Subsequent  analysis  and  laboratory  experiments  aim  at  understanding  the  bore 
evacuator  gas  dynamic  and  reaction  processes  for  possible  applications  to  Advanced 
Field  Artillery  Systems.  Fig  lb  illustrates  the  process  at  the  M284  charge  valve. 


THE  SHOCK  VtAVB!  AS  IGNITION  SOU>^  IN  i55  MM  M284/185  BORE  EVACUATOR  PORTS 

Analysis ■ 

1.  Interior  b  llistics.  (IBHVG2i .  To  examine  the  hypothesis  of  secondary 
combustion  at  1*  round  firing,  as  an  explanation  of  evacuator  reservoir  pressures 
exceeding  the  gasdynamic  prediction,  a  laboratory  investigation  was  established.  Ref 
2,  in  which  pressure  and  heat  transfer  gauges  are  to  confirm  that,  at  the  port  opening 
event,  high  Mach  nunber  (M,  7)  shock  processes  can  occur  in  the  injector  ports. 

These  measurements  and  the  ex.' sting  reaction  kinetics  data,  should  then  indicate  that 
the  port  shocks  are  indeed  the  .so’uxce  of  ignition  of  fuel  rich  propellant  gas  in  the 
postshock  state.  IBsilistic  calculations  for  the  1L.5  mm  M2 8  4 /M8 64,  using  M203A1  stick 
propellant  give  the  gasdynamic  state  In  the  gun  tube  required  for  both  the  laboratory 
shock  tube  simulation  at  the  charge/discharge  ports  anfi  analyses  of  these  process  to 
be  presented  first.  suir.iary  of  th»j  ballistic  database  is  shown  on  Figure  2  and 

Table  II.  These  data  ar.e  the  basis  of  our  work. 
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Table  II. 

INTERIOR 

BALLISTICS  DATA  .!’OR  THE  155  MM  M2  8  4 /Ml  35/M203A1 . 

(IBi(VG2) 

PROJECTILE 

M864 

• 

PROPELLANT 

M131  single  ^arf  slot  stick,  12.7 

kg 

CHARGE  WT. 

(Total) 

13.7 

kg* 

COVOL 

.00  19837 

mV  kg 

TEMP 

2587. 

K 

FORC 

981908.4 

mVs= 

GAMMA 

1.25L3 

RHO 

1641.418 

kg/m’ 

Position : 

Pmax 

mrz2.;.e 

charge 

discharge 

port 

port 

Time 

3.98 

11.88 

8.91 

9.81 

ms 

Pres  . 

365.8 

84.52 

127.7 

108.7 

MPa 

Temp . 

1792.0 

1742.0 

K 

Vel. 

69f  .7 

736.3 

m/s 

*  For  nicrh 

2  -  Initial  Co-iditions  iior  the  IbS  mn  Bore  Evacuator.  At  the  time  of  passage  of 
the  projectile  over  the  charge  portS/  e.g.  Figs  la  and  lb,  the  physical  properties 
of  the  propellant  gases  are  given  by  IBHVG2,  Table  II,  and  the  BLAKE/NASA  Chemical 
&  Transport  Code  (CET86)  results  Apje-ndix  I,  summarized  as  follows: 

Pb  “  127.7  MPa  «  1.2478 

'4  -  1792  K  in,,  -  22.262 

Where  subscripts  b  or  4  will  be  used  interchangeably  for  the  propellant  gas  at  the 
port  opening;  aka  the  shock  tube  stat^..-  4.  .'likewise,  subscripts  1,  2,  3,  5  and  6  are 
for  states  ahead  of  the  incident  shock,  behind  the  shock,  in  the  expanded  propellant 
gas,  behind  the  reflected  shock  and  in  the  Chapimin-Jouguet  (C-J)  burned  gas  regions, 
respectively.  Prior  to  a  1*  firing,  the  ev'acuator  reservoir  is  filled  with  air  at 
normal  temperature  and  pressure  (NTP) r 

P,  =  14.7  psia  y  “  1.40 

T.  -  700  K  n,  -  28.8 


3 -Ideal  Gas  Analysis  of  Shock  Waves  in  the  Ports  and  Evacuator  Reservoir. 

incident  Shock .  ssumirig  the  initial  starting  process  in  the  charge 
ports  at  the  txme  of  rro^ectile  arri-al  at  the  opening  of  the  ports  to  be  similar  to 
the  diaphragm  burst  of  a  .^hock  tube  driver  (Fig  3  is  generic)  the  shock  wave  Mach 
number,  M,,  created  by  the  sudden  burst  at  port  opening  is  obtained,  Ref.s  12  and  13, 
by  solving 


^4  - 

(Y-l) 

! 

1  Yd-i  34! 

r  1 

M  I' 

r4'i 


(1) 


where  E,,  T,,  y,,  a,,  and  ni,  are  the  pressure,  temperature,  ratio  of  specific  heats, 

velocity  of  sound,  and  molecular  weight,  respectively,  of  the  driver  gr.s .  The 
corre-spondinq  phy.sical  parame*^er3  in  the  driven  tube  a-e  P,,  T,,  Yi<  <'nd  m, .  The 

gas  constant,  R„,  tor  tha  propeilant  gas  at  1792  K  ana  molecular  weight  of  ,22.3  g/tnole 
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is  Rj,  =  2220  ft^/sec^/'R,  and  for  air  at  NTP  in  the  evacuator  reservoir,  the  gas 
constant,  R,,  is  1716  ft^/sec^/*R.  Using  these  values  in  the  equation  for  the 
acoustical  speed,  and  continuing  with  mixed  Engineerir  i  and  SI  units, 


a  -  <2) 

the  sound  speeds  in  the  bore  and  the  evacuator  reservoir  are,  respectively, 

ai,  =•  2230  ft/sec  and  a,  «  1128  ft/sec 

The  pressure  ratio  across  the  M284/M185  charge  poif  entrance  for  *  18,500  psi 

and  Pi  •=  P,  -  14.7  psi  .Is 


P4^Pi  “  Pb/P.  ■=  1260 

Assuming,  as  a  first  approximation,  that  propellan*-  gas  in  the  gun  bore 
corresponds  to  the  shock  driver  gas  and  that  air  in  the  evacuator  port  is  driven,  the 
shock  Mach  number  in  the  charge  port  passage  is  determined  frotu  Eq.  (1)  to  be 

M.  -  6.96 


As  shook  waves  propagate  through  the  evacuator  ports  of  any  gun,  Fig  1,  or  the  porta 
of  a  laboratory  simulation  model,  Fig  4,  the  pressure  jump  across  the  shook  wave  is 
given.  Ref  14,  by 


_£:i  _  2Yi  ^  Yi  1 

Pi  '  '  Yi^l 


C3) 


where  Pi  =  14.7  psia  is  the  initial  pressure  ir  the  evacuator  reservoir.  For  a  shock 
Mach  number  of  6.96  in  the  charge  ports,  the  pressure  jump  across  the  shock  wave  is 


Pj/Pi  -  56.39 

thus,  the  pressure  behind  the  shock  wave  (state  2)  i  Pj  •  828  psi.  The  corresponding 
temperature  jump  is 

h  .  f2YiW;-(Yx-l)T(Yi-l)w;*2) 


where  T,  “  T,  “  300  K  Is  the  remp-.’rature  in  the  evacuator  reservoir.  For  a  shock  Mach 
number  of  6.96  the  temperature  jump  across  the  shock  wave  is 


T,/T,  -  10.36 

so  that  the  charge  port  gas  temperature  in  the  shock  heateo  state  2  is  T,  -  3100  K. 

The  velocity  imparted  to  hoated  air  by  shock  waves  propagating  through  the 
evacuator  ports,  Figs  1  and  4,  is 


Ui  =  Uj  = 


(5) 


>ihere  a,  =  a,  for  initial  conditions  at  NTP .  Thus,  f  :.ir  a  shock  Mach  number  of  6.96 
and  3;  “  1128  ft/sec,  the  imparted  velocity  is,  u,  “  6410  ft/sec  in  tho  charge  port 
for  a  shock  velocity, 

u,  “  M,  S;  ■“  7854  ft /sec 


6.5 


Assuming  that  propellant  gases  in  the  bore  expand  adiabatically  like  the  driver 
gas  in  a  shock  tube.  Fig  3,  temperature  of  the  expanded  propellant,  gases  can  be 
determined  upstream  of  the  contact  surface  separating  the  cooling  propellant  gases 
from  the  shock  heated  air  in  the  evacuator  ports.  Adiabatic  expansion  of  a  gas  is 
given  by 


(6) 


where  p  is  the  density  of  the  gas  in  the  driver.  By  using  the  equation  of  state  of 
the  gas 


—  =  ur  (7) 

p 

the  temperature  of  the  driver  gas  expanding  to  the  pressure  behind  the  incident  shock 
wave  can  be  expressed  as 


(8) 


Thus,  hot  propellant  gas,  initially  at  pressure  -=  P,  «  18.5  kpsi,  temperature 
“  1792  K,  and  specific  heat  ratio  Y<  “  1.25,  expands  to  -  828  psi  behind  the 
shock  wave  in  the  port,  with  corresponding  temperature  at  T,  “  967  K, 

b.  Reflected  Shock  Wave  at  the  Ball  Valve  for  the  Chaijf  Ports.  When  th, 
projectile  traverses  ac.ross  the  charge  or  discharge  ports.  Figs  1  and  4,  u  shock  wave 
will  propagate  into  the  passage  at  a  Mach  number  of  6.96,  given  the  port  opening 
pressure  of  18,  500  pai  and  a  renperatu^e  of  1792  K,  with  the  evacuator  a*"  NTP  for  a 
1“  round  firing.  Benind  the  incident  shock  wave  the  pressure  is  fi28  psi  with  a 
temperature  of  3100  K  and  an  imparted  velocity  of  6410  ft/sec.  By  assuming  the  shock 
wave  is  reflected  by  the  ball  valve,  Fig  lb,  h efore  the  opening  of  the  valvt,  the 
state  of  the  ai  r  can  be  determined  from  the  shock  wave  equations  p-esented  in  Ref  12 . 


For  an  incident  planar  shock  wave  refle^^ing  at  a  solid  wall,  the  flow  comes 
to  zero  velocity.  Uj  -  0,  behind  the  reflected  R.iOCk  Ww  /e  which  moves  into  the  heated 
air  region,  heating  vc  again.  The  twice  heated  region  is  called  gas  state  5.  The 
contact  surface  boundary  condition  requires  that  the  ref'~.cted  shock  Mach  num>^er,  M,,, 
and  •'he  i.icident  shock  Mach  number,  M,,  bear  a  similar  relation  tr  the  imparted 
velc  rty,  i.e.,  u_  ^  Un.  Thus,  by  analogy  to  Eq  ,5,  this  is  expres'^-d  as 


Ui5 


te 


2^2 

77*1 


(9) 


where  a^  =  3630  ft/sec  is  ths  sound  speed  ’■  uii  that  was  heated  and  compressed  by  the 
incident  shock  wave  and  the  reflected  shock  Mach  numh€^r,  M,,,  is  given  by 


u,  +  u. 


M.  = 


(10) 


where  u,,  is 
velocity  ot 
.Mach  nunl'er 


the  reflected  shock  wave  velocity.  By  sub.stituting  the  values  for  the 
sound,  a.,,  and  inipaited  velccity  iiito  Eq.  ^9),  che  reflected  shoo.,  wav, 
can  be  sfdveti  from  the  equation 


Yi  *1 


(11) 


hc> 


where  is  the  Mach  number  of  the  flow  behind  the  incident  shock  wave,  Mj 

l.'niS.  The  reflected  shock  Mach  number  for  this  value  of  Mj  is 


Uj/aj 


M„  -  2.517 

and  the  corresponding  reflected  shock  wave  velocitv  is  given  by  Eq.  (10)  as 

u,r  =  ajM.r  -  Uj  -  2725  ft/sec 

The  pressure  behind  the  reflected  shock  wave  is  given  by 

El  s  ^"^2  ^  _  Ya  ~  ^ 

P,  Ya  +  1  "  Yi-^l 


(12) 


and  for  M.,  =  2.517  the  pressure  behind  the  reflected  shock  wave  becomes 

P,/Pj  =  7.225  ana  Pj  -  (7.225)  (828)  -=  5982  psi 
By  substituting  the  reflected  shock  Mach  number  into  Eq.  (4)  .  the  temperature  becomes 

Tj^Tj  ■=  2.154  and  Tj  •  (.-;.154)  .;3K'0)  -  oGSG  K 

4.  Summary  of  Ideal  Shock  Tube  Flow  Results.  The  reflected  pre.ssure  at  the 
ball  valves  will  be  greater  than  the  above  values  and  th^  corresponding  temp'erature 
will  be  less,  as  shown  below  for  the  thoicmochemical  vixturew;  however,  as  presently 
designed,  the  valves  open  at  these  pressures  and  combustion  of  the  propellant  gases, 
Kj  and  CO,  at  l,t  round  fire,  probably  occurs  in  tho  expansion  followi.ig  the  valve 
opening.  The  initial  shock  wave  in  the  charge  port  passages.  Fig  1,  coxupresses  and 
heats  the  ar.ujient  air  to  a  pressure  of  828  psi  and  a  temperature  of  3100  K,  and 
therefore  the  combustion  of  Hj  and  CO  at  the  contact  surface  can  occur.  Behind  the 
reflected  shock  v:ave,  pressure  and  temperature  are  5902  put  and  5680  K,,  respectively. 
As  tlie  check  valves  open  this  high  pressure  and  teniperature  air  will  expand  into  the 
evacuator  reservoir  and  be  a  source  ot  high  temperature  gas  to  ignite  the  propellant 
gases,  Hj  and  CO,  with  Oj  in  the  reservoir. 

5-  Thermocher'ical  Shock  Tube  Flow  Routine.  To  simulate  project) ie  base  gas 
states  including  corpositiou  at  the  evacuator  ports  the  BhAKE  program.  Ref  3,  was 
used.  The  prograr.  simulated  combustion  of  the  Mil  stick  prop.?lj.ent  using  the  Leunard- 
Joneo  equation  of  state  computing  the  equilibri.um  gas  state  at  pressure?  and 
1  eit.per .’tu res  coiupatible  .,i';h  interior  ballistics.  The  final  composition  from  BLAKE 
"as  th  '  transferred  to  '.he  UASA  code.  Ref  15,  giving  additional  thermochemical 
inforii...  •'  including  the  mixture  mole  fractions  (partial  pressures)  for  the  port 
burst  st--v.e,  as  summarized  in  Appendix  I.  To  investigate  shock  ignition  in  the  ports 
and  secondary  condiustion  in  the  reservoir,  we  observe  that  the  port  opening  times  fvr 
an  M8e4  projectile,  about  5  |Llo,  ?s  the  seme  order  of  diaphragm  burst  l.ime  that 
establishes  a  shock  wa*. in  a  shock  tube,  Re.f  16.  F.iq  lb  illustrates  the  projectile 
base  at  the  charge  port  openi.ng,  with  a  cross  section  of  the  M284  check  valves.  By 
using  the  shock  tube  burst  pressure  equation,  linked  to  the  IJA3A  code,  wa  coit^uto  tha 
real  gas  i  emperature,  pressure  and  composition  for  shocked  air  in  the  evacuator  charge 
ports,  driven  by  M203Ai  propellant  gas  .  The  equation  tor  the  burst  pressure 
equation,  i.e.,  tne  ratio  of  propellant  gas  pressure  Pj,,  at  the  evacuator  port  to  the 
initial  a.,.r  pressure  there  iPj  ■"  1  atm)  before  arrival  of  the  projectile  base,  is 
given  by.  Ref  1; 

Pb/Pi  ^  Pm  =  (i:i) 

where  the  ratio  F,,,  -  ]  +  Y.*.M,*K  is  the  shock  pressu:  e  rise,  Y4  is  propellant  gas 

ratio  of  specific  heatj,  Yi  “  1  ■  ^  air,  M^  is  the  incident  shod.  Mach  number  in  the 

port,  which  is  driven  by  t)ie  pror-eliant  gau,  K  “  K,  fl-Uj,'  “  Vj/a  ,  is  the  pa.'ti.cle 
velocity  imparted  by  tl.e  shock  wave,  nor.iialized  to  the  sonic  sf  ^ed  in  air,  Uji  is  t)ie 
cold  to  headed  air  aensiry  ratio,  and  is  the  air  to  p  opel..ant  gas  soric  spoea 
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ratio.  The  aubroui.ine  was  linked  to  the  NASA  oode  and  iterations’  performed  until 
shock  jump  conditiono  and  mole  fraction  compositions  are  found  such  t;hat  Eq(l3)  is 
satisfied  for  a  given  pressure  ratio  and  initial  composition  ahead  of  the  shock.  The 
res’ilts  provide  the  heated  air  compositicn.s,-  hence  O,  concentration  at  the  postahock 
state . 


From  Table  II,  diaphragm  bu  st  occurs  when  the  pro  jecti  .le  opens  the  port.s  at  the 
propellant  gas  to  evacuator  pressure  ratio  -  12  61.  The  driver,  M203A1  propellant 

gas,  is  characterized  by  its  thermochemical  properties,  summar.ized  in  Appendix.  I,  that 
must  match  the  interior  ballistic  conditions  at  the  port.  The  solution  to  Eq  13  is 
M,  =  Ml  =  6.72  which  is  less  then  the  ideal  gas  solution  of  6.96  obtained  aoove.  By 
continuity,  Uji  =  Uj/ui  is  the  inverse  density  ratio  across  the  shock  wave,  viz., 

P2i  *  Uji'S  Cl  4) 

and  is  computed  oy  subroutine  SHOCK  in  the  NASA  code.  Vi'e  note  that  when  tha  ideal 

gat,  .'.ipression  tor  Eq  14  is  substituted  into  Eq  13  one  obtains  the  ideal  burst 
pressure,  Eq  1,  and  thvt  for  the  high  shock  Mach  numbers,  the  density  ratio  for  the 
ic.eal  (calorically  perfect)  gas  cannot  exceed  6  for  diatomic  gases,  Yi .  However.,  ac 
t-he  same  shock  Mach  number  for  a  dissociated  gas,  chemical  equilibrium  yields  density 
ratios  in  exco.ss  of  six,  decreasing  the  state  temperature  -.t  nearly  the  same  pressure 
(collision  proces^ies)  . 


In  the  (is  span  of  time  to  establish  the  shock  wave.  Ref  ..6,  the  propellant  g.as 
is  assumed  to  expand  ise.itropj cslly  into  the  ports,  see  Eq  H.  Hvince,  the  pre.osuire 
drop  from  gun  to  port  postshock  stats  is  given  by  the  ratio: 


n  =  m  tMtd 

•‘■3b 


f 


(13; 


where  T,,.  •■=  Tj/T,,  is  the  expansion  temperature  ratio  to  be  satisfied  by  the  iterative 
process  linking  equation.s  (13) -(IS)  to  the  NASA  code.  .As  in  the  ideal  case,  above, 
the  expanded  propellant  gas  tempera lure  at  the  po&ts'nock  state  is  T,  »  at 
pressure  ?j  *  pj  (contact  surface  boundary  value) .  Subroutiae  SHOCK  also  computes  the 
reflected  shock  equilib.,.ium  piope.r.ties,  state  .3,  from  the  incident  .state  2  properties 
obtained  from  the  shoex  tube  iteration  described  and  summarized  .^n  Appe-odix  III. 


It  is  conven..ent  to  use  NASA's  C-'J  deco.nation  option.  Ref  15.  This  requires 
the  equilibriuiM  propellant  gas  compositions  In  tne  postshock  expansion  (Pj,  Tj)  ,  at 
the  appropriate  mix  ratio  for  instantaneous  combustion  with  the  shock  heated 
equilibrium  air  conposition.  Since  the  composit  ioiio  ere  li.nown  from  the  equilibrium 
shock  tube  results,  summarized  in  the  Appendices  and  on  Table  III,  one  mo.'..e  at  each 
state  is  introduced  i.nto  the  C-J  option,  which  yields  the  burned  C-J  state  6.  The 
result  is  .shown  in  A})pendix  IV  ana  suiwnarized  cn  Table  II.T.  This  calculation  gives 
a  detonation  wave  Mach  number,  M.^  -  2 . 8  and  raises  the  local  pressure  by  a  factor  of 
.3.  Actual  combusLiou  kinetics  must  account  for  diffusion  and  collision  processes 
across  the  contact  in'-.erface  to  produce  the  ob.aerved  factor  of  2  pressure  rise  in  the 
reservoir . 


Tdb.ie  III  summarizes  therrr.ochemical  results  for  the  six  states,  oeyinnlng  with 
the  in-bore  state  4  and  proceeding  to  the  burned  gas,  state  6,  obtained  from  the 
assumed  Chapman-Jouguet  detenatior.  initiated  by  the  shock  processes.  A  more  detailed 
examination  of  .^ll  results,  including  initial  and  final  coinpo.sitions,  are  listed  in 
Appendices  I-IV.  The  most  significant  departure  from  the  above  ideal  methods  are  the 
temperatures:  T^na,,!,  -  ^  2000  K.  Appendix  III  shows  that  the  mole  fraction 
of  b,  is  11  in  the  twice  heated  air  at  '1\  4360  K  and  '’j  430  .Atm. 


3-  Ignition .  An  e.xamination  of  postshock  ignition  delay  measurements  for 
stoichiometric  hydrogen-air  mixtures,  published  in  the  review  by  Schott  and  Getzinger, 
Ref  17,  show,s  that  ignition  probably  occur.s  in  le.ss  than  one  u.s  as  temperatures  exceed 
967  K  and  pressures  exceed  35  p.si  in  the  postsnock  region.  Fig  5.  Consider  a  first 
round  burst  openin.i  of  the  ports,  with  air  in  the  reservoir  at  NTP  (1  atm  and  300  K)  . 


The  shock  wave  produced  ct  M,  "  6.72  (Table  III,  Appendix  II)  corresponding  to  shock 
velocity  Uj  =  2310  m/s,  creates  a  post-shock  environment  in  which  ignition  could 
initiate  in  about  0.10  of  the  time  that  it  takes  the  shock  wave  to  traverse  the  port. 
These  p^ostchock  conditions  are  within  the  third  explosion  limit  for  stoichiometric 
Hj/Oi  mixtures,  Refs  17  and  18,  where  branching  chain  kinetics  mechanisms  are  known 
to  support  she  :k  igni  ted  detonation  waves  in  the  Chaoman-Jouguet  mode.  Ref  18. 
Efforts  to  model  tha  kinetic  processes  are  scheduled  under  a  Small  Business  Innovation 
Research  Program  now  in  Phase  II.  Den6t  is  using  NASA's  CET  code.  Ref  15,  to 
determine  limiting  value.s  for  this  work. 


INVESTIG^^TION  OS'  THE  1M284  EVACUATOR  XN  THE  RPI  4-INCK  HIGH  PRESSURE  SHOCK  TOBE 


Bore  Evacuator  Mode 1  and  Instrumentation . 

1 .  RPi  High  Pressure  Shock  Tube.  The  Rensselaer  Polytechnic  Institute  High 
Pressure  Shock  Tube,  Fig  6,  with  a  4-in.  diameter,  15-foot  long  driver  and  55-foot 
long  driven  tuba  was  used  to  simulate  the  flow  conditions  in  the  155  MM  cannon  bore 
evacuator  during  live  fire.  Th«  laboratory  Invastlgatlon  was  ra<^lr«d  to  aimulate 
tb«  port  conditions,  using  a  shock  tuba,  and  to  maasura  tha  charga  coafficlant  undar 
uvacuator  charga  flow  con^tlona.  A  photograph  of  the  65%  scale  bore  evacuator  model 
installed  in  the  RPI  High  Pressure  Shock  Tube  is  .shown  in  Fig  7,  and  a  schema^  ip  of 
the  bore  evacuator  model  configuration  for  the  charge  phase  tests  is  shown  in  Fig  4. 
A  more  detailed  description  of  the  RPI  shock  tube  and  tunnel  is  presented  in  Refs  2 
and  19. 

2  Gun  Bore  Evacuator  Model.  The  bore  evacuator  model  consists  of  a  38-in. 
long  steel  pipe  with  a  4-in.  internal  diameter.  Figs  4  and  6,  and  the  pipe  has  a  wall 
thickness  of  0.75  in.  with  10  charge  holes  and  3  angled  discharge  holes  to  scale  with 
the  155  MM  gun  bore  evacuator.  The  evacuator  casing  is  constructed  of  steel  tubing 
with  a  S-in.  internal  diameter  and  two  0.75-in.  thick  steel  flanges.  Six  threaded  tie 
reds  were  used  to  hold  the  model  togeiher  and  it  was  designed  so  that  the  length-to~ 
diameter  ratio  (L/D)  could  be  easily  altered. 

The  operating  x-t  diagram  for  the  shock  tube  and  the  pressure  distribution  along 
the  shock  tube  at  an  early  time  is  presented  in  Fig  3  for  the  evacuator  charge  tests. 
In  Fig  8  the  pressure  ratios  required  with  air  or  helium  in  the  driver  section  to 
produce  incident  shock  Mach  numbers  in  the  ariven  tube  are  presented  with  the 
experimental  data  and  the  theoretical  predicted  curves. 

It  is  noted  that  during  the  first  few  p.s  after  projectile  arrival  at  the  ports 
the  initial  shock  transient  is  established,  thus  simulated  by  these  laboratory 
conditions,  and  that  the  charge  coefficient  mu'^t  be  measured  at  several  orders  of 
magnitude  later  wnen  flow  into  the  evacuator  is  choked,  establishing  a  ejuasi-steady 
St  ate . 


3-  Shock  Tube  Instrumentation.  The  instrumentation  installed  in  the  shock  tube 
and  the  bore  evacuator  model.  Fig  4,  consists  primarily  of  piezoelectric  pressure  and 
thin-film  platinum  heat  gauges.  Refs  2  and  20.  Kistler  quartz  pressure  gauges  are 
installed  upstream  of  the  bore  evacuator  to  measure  the  shock  wave  conditions,  and 
PCB  quartz  pressure  transducers  are  used  to  measure  pressures  in  the  bore  evacuator. 
One  of  the  gauges,  PG3,  is  installea  in  the  outer  wall  in  line  with  the  discharge 
port ,  Fig  4  . 


Thin-film  piutinu.m  )ieat  transfer  gauges  with  a  respo.ise  time  of  a  few 
microseconds.  Ref  21,  are  used  to  measure  the  shock  wave  speed  in  the  shock  tube  and 
the  transit  time  of  the  starting  shock  wave  from  the  exit  of  the  discharge  port  to 
the  heat  gauge  HG3  placed  at  different  distances  from  the  port,  F  A,g  . 


69 


Sevex=<.i  data  acquisition  systems  are  used  in  the  RPI  Shock  l.'ube  facility.  A 
Tektronix  2t'^0  mainframe  with  18  channels  is  the  p.rimai:y  data  acquisition  system.,  A 
Nicolet  dig.’  oscilloscope  provides  an  additional  four  channels  and  h'ewlett-Packard 
54501A  dig.i  g  oscilloscopes  are  available. 


Experiraental  Results  for  Gun  Bora  Evacuator  Charcre  Cycle 

For  the  tests  to  determine  the  charge  coefficients  for  the  charge  and  discharge 
ports,  the  initial  pressure  in  the  driven  tube  is  22.6  psia  and  air  is  used  ab  the 
driver  gas  at  1100  psia.  These  conditions  produce  a  shock  wave  Mach  number  of  1.89, 
.Fig  8,  and  the  Mach  number  of  thf4  flow  after  the  shock  wave  is  0.89  with  a  bore 
pressure  of  91.8  psia.  The  flc.*  is  steady  .for  at  least  4  ms  for  c.11  tests,  as  shown 
in  Fig  9  for  the  pressure  gauge  rG4  located  in  the  shock  tube  wall.  Fig  4. 

To  enable  t;i3ting  at  high  ratios  of  the  bore  pressure  to  tne  evacuator  pressure, 
Ph/P,f  simulating  the  early  charge  cycle,  diaphragms  are  placed  over  the  charge  and 
discharge  orifices.  Thin  plastic  diaphragm  materiel  is  placed  on  a  1/8-in.  thick  steel 
tube,  which  is  then  inserted  into  the  model  from  the  knuzzle  end.  Ref  2.  The  evacuator 
is  evacuated  t.o  various  low  p.ressures  to  simulate  the  bore  pressure  ratio,  Pb/P«»  of 
2300  to  1  encountered  during  the  firi.tig  of  the  gun. 

Figure  10  shows  the  traces  recorded  from  the  two  thin~film  plati.num  heat  gauges, 
KG3  and  HG4  in  Fig  4,  to  measure  the  starting  shock  wave  through  the  discharge  port 
for  a  bore  evacuator  pressure  ratio,  Pb/.P,,  of  2372  with  a  bore  pressure  of  91,8  psia, 
and  initial  evacuator  pressure  of  2  Torr  and  temperature  of  294  K.  For  these 
conditions  the  incident  shock  Mach  number  was  1.89,  imparted  flow  Mach  number  of  0.89, 
and  bore  pressure  of  91.8  psia.  Fig  9,  with  a  tenperature  of  467  K. 

Dy  assuming  the  flow  through  the  discharge  port  to  be  similar  to  a  shock  tube 
with  a  bore  pressure  of  91.8  psi  and  evacuator  pressure  of  2  Torr,  this  condition 
corresponds  to  a  pressure  ratio,  Pb'P.  "  2373.  Using  these  flow  conditions  in  the 
shock  tube  equation,  Eq.  (1),  the  shock  Mach  number  in  the  discharge  port  is  4.25. 
For  this  shock  Mach  ntunber  the  pressure  and  temperature  behind  the  shock  wave  are  0.81 
psi  and  1321  K  for  an  initial  pressure  of  2  T  and  temperature  of  294  K  in  the 
evacuator.  And  the  velocity  in  the  port  imparted  by  the  shock  wave  is  3774  ft/sec. 

The  output  traces  of  the  heat  gauges.  Fig  4,  located  ait  the  exit  of  the  port, 
HG3,  and  downstream  and  in  line  with  the  port,  HG4,  are  presented  in  Fig  10  for  the 
bore  evacuator  pressure  ratio  Pt/P.  of  2373.  The  response  time  for  these  thin  platinum 
heat  gauges  is  a  few  microseconds  so  they  can  be  used  to  detect  the  arrival  of  the 
shock  wave  and  the  output  can  he  used  to  measure  the  heat  flux  as  discussed  in  Ref 
19.  A  sharp  increass  in  the  heat  gauge  output,  as  shown  by  heat  gauge  HG4  located 
downstream  of  che  aischarge  port,  is  caused  by  the  passage  of  the  shock  wave. 

The  corresponding  pressure  recorded  the  pressure  gauge,  PG3.  located  at  the 
evacuator  housing  and  in  line  with  the  discharge  port.  Fig  4,  is  shown  in  Fig  11. 
A  sharp  increase  in  the  pressure  to  approximately  2  psi  from  the  initial  pressure  of 
2  T  in  the  evacuator  occurs  at  3.6  ms  after  the  trigger  of  the  Tektronix  oscilloscope, 
while  the  time  for  the  heat  gauge  output  jump  for  heat  gauge  HG3  located  close  to  the 
discharge  port  is  approximately  3.4  ms.  By  assuming  the  shock  wave  reflection  from 
the  evacuator  chamber  surface  produced  the  2  psi,  ♦'he  incident  shock  Mach  number  in 
the  evacuator  for  initial  pressure  of  2  T  and  temperature  of  294  K  is  calculated  to 
be  3.0,  Ref's  12  and  13.  The  initial  shock  wave  in  the  discharge  port  for  a  pressure 
ratio  Pa/P,  “  2373  is  4.25,  and  thus  the  shock  wave  attenuates  after  exiting  from  the 
pert  to  approximately  Mach  3.0. 


70 


CONCLUSIONS 

I 

We  appj  led  *:he  BLAKE  trsd  NASA/Lawia  GET  thermocheiaical  codes  to  investigate 
shocJc  wave  processes  as  a  possible  source  of  ignition  that  may  explain  the  high  bore 
evacuator  peak  pressure  observed  at  first  firing.  Second,  we  have  applied  laboratory 
experiments  to  verify  the  shock  process  in  the  evacuator  ports. 

The  experiments  show  that  for  a  bore  evacuator  pressure  ratio  of  2373,  the  shock 
'lech  number  in  the  discharge  port  is  4.25  with  a  temperature  behind  the  shock  wave 
of  1321  K,  and  both  heat  gauges  and  pressure  transducer  indicate  the  presence  of  a 
shock  wa’e  in  the  evacuator  chamber.  Thus,  for  the  155  MM  car.non  bore  evacuator, 
higher  3k  Mach  number  with  corresponding  greater  gas  temperature  will  be  produced 
due  to  h_.jnar  propellent  temperature  of  1792  K  and  pressure  of  18,500  psi  at  the  time 
the  projectile  traverses  the  charge  and  discharge  ports. 

Thermochemical  compositions  obtained  at  postshock  states  and  corresponding 
reaction  kinetics  data  for  the  Hj/Oj  system  described  by  Schott  and  Getzinger,  Ref  17, 
indicate  the  likelihood  of  shoc.k  ignition  in  the  ports.  We  believe  these  results  give 
compelling  evidence  of  shock  ignition  in  the  ports  as  the  source  of  secondary 
combustion  and  corresponding  elevated  pressure  in  the  evacuator  at  I’"  fire. 

The  peak  pres.sure  observed  at  first  round  firing  can  be  accounted  for  by  a  bulk 
calculation  of  hydrogen  combustion  in  the  evreuator  reservoir  initially  filled  with 
air.  The  calculation  would  proceed  as  in  Ref  1  and  would  yield,  nominaly,  the 
pressure  differences  between  the  1*'  and  2"’*  round  firings  given  on  Table  I,  above. 


RJECOMMENDATION3  FOR  FUTXmF  WORK 

Future  investigation  can  establish  visual  flame  imagery  with  shadowgraphs  of 
the  Mach  bottle  (shock  wave  structure)  as  it  emerges  from  che  ejector  ports.  We  also 
note  that  the  more  time  between  firings,  the  more  time  for  ambient  ait  to  diffuse 
through  the  port  orifices  into  the  reservoir,  mixing  to  its  equilibrium  pressure  v/ith 
residual  propellant  gas.  Given  sutficient  time,  t)ie  diffusion  process  may  result  in 
conditions  aoproximating  those  of  a  first  round.  Ac  increased  fire  rates  there  is 
less  time  for  this  process,  resulting  in  the  reduced  peak  .  -essures  ooservod  for 
subsequent  rounds . 

The  detailed  xinetic  processes  of  combustion  might  nor.  be  a  critical  issue  if 
the  bulk  pressures  due  to  exothermicity  can  be  predicted.  ii  po’dible  use  of  these 
studies  would  be  to  support  development  of  contlnuou.s  air  flow  cvacuators . 
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Table  III.  Thermochemical  Gas  States  for  the  Charge  Fort  Shock  Tube 


State  4 :  In-Bore 

Propellant 

P4i=  1260 

P4  =  18517 

psi 

T4  =  17  91 

K 

Y4  =  1.2513 

W4  =  22.26 

g/mole 

S4  =  2.119 

cal/g/K 

State 

3 :  Expanded 

Propel Ian 

P31- 

54.4 

P3  = 

800 

psi 

T3  = 

967 

K 

Y3  = 

1.149 

Wj  = 

26.8 

g/mole 

S3  = 

1.91 

cal/g/K 

State 

6 :  Burned 

G  a  s  /  C  ■“  J 

Psi- 
Ps  - 

280.6 

4123 

psi 

T,  = 

3007 

K 

Yfc  - 
W6  -•= 

1.189 

27.5 

g/mole 

Se  = 

2.107 

cal /g/K 

Md  = 
Ud  = 

2.8 

174  5 

m/s 

State  1:  Air  at  NTP 
Pi  =  .1  atm. 

Tj  -  300  K 

Yx  1-^ 

Wi  2  8.8  g/r:i;  e 

Sj  =■■  1.64  cal/ g  ' 

Mj,  =  6.72 

State  2 :  Shocked  Air 


21“  S4 . 4 

2  -  80C 

psi 

'2  =  2117 

K 

C  =  1.254 

'2  ==  2  8.84 

g/xtole 

2  =  1.95 

cal/g/K 

State  5:  Reflected  Air 


P51-  4  31 

P.,  -  6334 

psi 

T^  =■•  4  359 

K 

75  -  1.217 

2  8.2 

g/mole 

S-  -  2.02 

cal /g/K 
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APPENDIX  I 


(a)  NASA/CET86  INPUT  COMPILED  FROM  BLAKE  OUTPUT  AT  CHARGE  PORT 

INTERIOR  BALLISTIC  STATE 

THERMODYNAMIC  EQUILIBRIUM  PROPERTIES  AT  ASSIGNED 
TEMPERATURE  AND  PRESSURE 


MOLES 


:HEMICAL  FORMULA 


ENERGY 
CAL /MOL 


K 

2.00000 

0 

i . 00000 

8 . 348940 

-42914 .422 

C 

1.00000 

0 

1.00000 

12 .189 

-14665.755 

C 

l.OCOCO 

c 

2 . 00000 

2.988750 

-75212.375 

H 

1.00000 

0.000161 

59520 .148 

H 

2.00000 

S. 448300 

10970 . 967 

N 

1.00000 

H 

3.00000 

0 .009570 

8998 .009 

C 

1.00000 

H 

4.00000 

0.206980 

7385.011 

H 

1.00000 

c 

1.00000 

N 

1,00000 

0.008940 

49960 .433 

C 

1.00000 

H 

2.00000 

0 

1.00000 

0 .002390 

-6329.594 

N 

1. .  0  0  C  0  0 

0 

1.00000 

. 00000C3 

33814 . 988 

C 

2.00000 

H 

2.00000 

. 0000295 

78193 . 125 

C 

2.00000 

H 

4.00000 

0 .000154 

44617.719 

0 

i.onooc 

H 

1.00000 

.0000091 

20456 . 828 

C 

1.00000 

H 

3.C0000 

0.0001:5 

55599.371 

H 

1 .00000 

c 

1 . 00000 

0 

1.00000 

.0000404 

27147.545 

N 

2.00000 

12.648 

11625 .187 

(b)  NASA/CET86  OUTPU.  OF  IN  BORE  THERMOCHEMICAL  PROPERTIES  AT  CHARGE 
PORT  Il.TERIOR  BALLISTIC  STATE 


THERMODYNAMIC  PROPERTIES 


MOLE  FRACTIONS 


P,  ATM 

1260.20 

T,  DEG  K 

1792.0 

RHO,  G/CC 

1 . 9079-1 

H.  CAL^G 

-520.16 

U,  CAL/G 

-680 . 12 

G /  CAL / G 

-4316.83 

S,  CAL/  (G)  (K) 

2.1187 

M,  MOL  WT 

22.262 

(DLV/DLP) T 

-1 .01487 

(DLV/DLT) P 

1.1133 

CP,  CAL/(G)('<) 

0 . 5184 

GAJ4MA  ( S ) 

1 .2'’‘78 

SON  VTL,M/SEC 

913 . 8 

FORMALDEHYDE 

0  . 

.00005 

FORMIC  ACID 

0 

.00003 

CH4 

0 

.00387 

CO 

0 

.27027 

C02 

0 

.06889 

HCN 

0 

.00014 

HNCO 

0 

.00002 

H2 

tJ 

,  19058 

H20 

0 

.18307 

NH3 

0 

.  C0170 

N2 

0 

.28127 
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APPENDIX  II 

NASA/CET86  OUTPUT  FOR  AIR  BEING  SHOCKED  IN  CHARGE  PORTS  DURING 

FIRST  FIRING  CONDITIONS. 


SHOCK  WAVE  PARAMETERS  ASSUMING 
EQUILIBRIUM  COMPOSITION  FOR  INCIDENT  SHOCKED  CONDITIONS 


INITIAL  GAS  (1) 


MACH  NUMBER 

6.7158 

Ul,  M/SEC 

2337.00 

P,  ATM 

0 . 99959 

T,  DEG  K 

300.0 

RHO,  G/CC 

1.1708-3 

H,  CAL/G 

4.7331 

U,  CAL/G 

-15.943 

G,  CAL/G 

-488.57 

S,  CAL/ (G)  (K) 

1.6444 

M,  MOL  WT 

28.833 

CP,  CAL/ (G) (K) 

0.2413 

GAMMA  (S) 

1.3998 

SON  VEL, M/SEC 

348.0 

SHOCKED  STATE  SATISFYING  PG/Pl 

RELATION  - 

EQN. (13) 

SHOCKED 

GAS  (2) --INCIDENT- 

-EQUILIBRIUM 

U2,  M/SEC 

360.37 

MOLE  f: 

FACTIONS 

P ,  ATM 

54 . 376 

T,  DEG  K 

2517.3 

AR 

6.7466-3 

RHO,  G/CC 

7.5926-3 

CO 

9.1508-6 

H,  CAL/G 

641.89 

C02 

7 .1158-4 

U,  CAL/G 

468.45 

HE 

7.2092-5 

G,  CAL/G 

-4267.15 

N 

4 .1072-8 

S,  CAL/  (G)  (K) 

1 . 9501 

NO 

2 . 1330-2 

N02 

1 . 3088-4 

M,  MOL  WT 

28.843 

N2 

7.9287-1 

(DLV/DLP) T 

-1 . 00026 

N20 

9.04f  4-6 

(DLV/DLT) P 

1 . 0054 

NE 

1.4300-5 

CP,  CAL/ (G) (K) 

0.3431 

0 

8 . 9381-4 

GAMMA  (S) 

1.2542 

02 

1.7671-1 

SON  VEL, M/SEC 

954 . 0 

03 

1.7043-7 

P2/P], 

54 .398 

T2/T1 

8.391 

M2 /Mi 

1.0003 

RH02/RHOi 

6.4850 

V2,  M/3i'  ' 

1976.63 
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APPENDIX  III 


NASA  CET36  OUTPUT  OF  REFLECTED  SHOCK  STATE 


SHOCKED  GAS  (5 ) --REFLECTED— EQUILIBRIUM 


I 

I 

I 

I 

I 

I 


U5,  M/SEC 

5S7.98 

P,  ATM 

431.27 

T,  DEG  K 

4358.5 

RHO,  G/CC 

3.4016-2 

H,  CAL/G 

1377.12 

U,  CAL/G 

1070.08 

G>  CAL/G 

-7439.39 

S,  CAL/  (G)  (K) 

2.0228 

M,  MOL  WT 

28.209 

(DLV/DLP) T 

-1.01074 

(DLV/DLT) P 

1 . 1414 

CP/  CAL/(G)(K) 

0.4859 

GAMMA  (S) 

1.2168 

SON  VEL/M/SEC 

1250.2 

P5/P2 

7.931 

T5/T2 

1.731 

MS/ M2 

0.9780 

RH05/RH02 

4.4801 

U5+V2/M/SEC 

2544 . 61 

I 

I 

I 

I 

I 

I 


MOLE  FRACTIONS 


AR 

6.5982-3 

CO 

4.0925-4 

C02 

2.9564-4 

HE 

7.0507-5 

N 

2.4165-4 

NCO 

6.1906-9 

NO 

1 . 0307-1 

N02 

4.8567-4 

N03 

4 .8929-8 

N2 

7.3416-1 

N20 

1 . 3141-4 

N203 

2 .1284-8 

N3 

5.3703-8 

NE 

1 . 3985-5 

0 

4 .4699-2 

02 

1 . 0983-1 

0  3 

4 .4121-6 

I 


I 
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NASA/CET86  OUTPUT  OF  DETONATION  CONDITIONS  IN  STATE  2/3  MIXING  REGION 


EQUIVALENCE  RATIO=  1.1579 


P,  ATM 

54.3980 

Tl,  DEG  K 

959.54 

HI,  CAL/G 

-239.95 

Ml,  MOL  WT 

26.957 

GAMMA 1 

1.2927 

AE/AT 

613.5 

BURNED  GAS 

P,  ATM 

280 . 63 

T,  DEG  K 

3007.5 

PJiO,  G/CC 

3.1251-2 

H,  CAL/G 

-5.2179 

U,  CAL/G 

-222.63 

G,  CAL/G 

-6341 . 94 

S,  CAL/(G){K) 

2.1070 

M,  MOL  WT 

27.483 

(DLV/DLP) T 

-1.00335 

(DLV/DLT) P 

1.0776 

CP,  CAL/ (G) (K) 

0.5172 

(S) 

1 .18 

SON  VEL, M/SEC 

1040 , 1 

DETONATION  PARAMETERS 


P/Pl  5.159 

T/Tl  3.134 

/Ml  1.0195 

RHO/RHOl  1.6780 

MACH  NUMBER  2.8218 

DET  VEL, M/SEC  1745.4 


MOLE  FRACTIONS 


AR 

CO 

C02 

H 

H02 

H2 

H20 

NO 

N2 

0 

OH 

02 


0.00355 
0 . 07704 
0.12748 
0 .00126 
0.00001 
0.01726 
0.20799 
0.00294 
0.55592 
0.00023 
0 .00520 
0.00110 
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ABSTRACT: 

In  this  paper  we  consider  the  problem  of  finding  a  filter  that  minimizes  the  worst  case 
magnitude  of  the  estimation  error  in  the  case  of  linear  time  invariamt  systems  subjected 
to  unknown  but  magnitude  bounded  (^°°)  inputs.  These  inputs  consist  of  process  and  ob¬ 
servation  noise,  as  well  as  initial  conditions;  also,  the  optimization  problem  is  considered 
over  an  infinite  time  horizon.  Taking  a  model  matching  approach,  suboptimsJ  solutions  are 
presented  which  stem  from  the  resulting  ^““-induced  norm  minimization  problem.  Examples 
are  also  presented  that  compaire  the  performance  of  the  so-obtained  estimator  with  that  of 
Kadman  filters. 
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OPTIMAL  ESTIMATION 
PETROS  VOULGARIS 
University  of  niiDois  at  Urbana  Champaign 
Coordinated  Science  Laboratory 
1308  West  Main,  Urbana,  IL  filbOl 


1  INTRODUCTION 

Worst  case  estimation  is  an  alternative  approach  to  stochastic  estinrratiou  when  statistical 
information  about  the  uncertainty  is  not  available.  The  subject  of  worst  case  estimation  for 
linear  systems  has  been  treated  by  several  researche»‘s  and  is  often  .••ela!.eu  to  the  advances 
in  robust  control.  The  reader  is  referred  to  [1,2,12,16]  and  references  therein  where,  the 
subject  of  worst  case  estimation  is  treated  in  the  presence  of  energ}'^  (€*  or  C^)  bounded 
input  uncertainty  with  the  objective  to  minimize  the  worst  case  eirergy  of  the  estimation 
error  Also,  the  case  where  the  noise  is  magnitude  bounded  and  the  objective  is  to  minimize 
the  worst  case  magnitude  of  the  error,  is  treated  iu  [3,10,10511]  and  references  therein.  In 
particular,  in  [3]  Euclidean  norms  for  the  magnitude  are  considered  and  the  authors  present 
a  recursive  algorithm  (not  necessarily  optimal)  with  similar  structure  to  Kalman  filters. 
In  [10,15]  optimal  algorithms  are  presented  for  pointwise  estimation  problems  wheie  the 
uncertainty  is  magnitude  (f'")  bounded.  More  specifically,  these  algorithms  are  obtained  by 
solving  finite  dimensional  linear  programs;  also,  time  varying  bounds  on  the  magnitude  of 
the  noise  can  be  handled.  However,  these  algorithms  are  not  recursive  and  cannot  be  easily 
implemented  when  the  ammount  of  data  is  large,  and  in  particular,  for  infinite  horizon 
problems. 

In  this  paper  we  consider  the  infinite  horizon  optima),  filtering  problem  in  discrete-time, 
lineejr-time-invariant  systems  (LTI),  stable  or  unstable,  when  Ihe  sources  of  uncertainty 
are  ^-bounded  process  and  observation  noise  together  with  uknown  (but  bounded)  initial 
conditions.  We  set  up  tiie  problem  as  a  model  matching  problem  [8]  over  f°°-bounded 
operators.  In  the  c^se  whore  the  initial  condition  is  known,  the  resulting  problem  is  a 
model  matching  problem  involving  time  invariant  operators.  Hence,  a  recursive  suboptimal 
(arbitrarily  close  to  optimal)  estimator  can  be  produced  by  solving  a  standard  -optimization 
[4].  In  the  case  where  the  initial  condition  is  not  known  the  resulting  model  matching  problem 
is  time  varying.  Yet,  these  time  varying  operators  have  a  specific  structure  that  is  being 
exploited.  A  suboptimaJ  solution  consists  of  utilizing  the  suboptimal  known-initai -condition 
(KIC)  estimator  after  some  apriori  computable  time  index  N  which  depends  on  the  KIC 
solution,  while  up  to  time  N  the  solution  of  yV  -f  1  finite  dimensional  linear  programs  is 
required  to  construct  the  subopliinal  estimates.  This  time  index  N,  represents  the  time 
that  takes  the  suboptimal  KIC  filter  to  make  the  error  that  is  due  only  to  initial  conditions 
very  small.  Solving  the  N  -j-  1  linear  programs  ammounts  to  finding  the  optimad  pointwise 
estimator  fer  the  time  interval  0  —  N  and  is  therefore  equivalent  with  the  approach  in  [10,15]. 
Also,  conditions  aj-e  given  under  which  the  suboptimal  KIC  filter  is  also  suboptimal  in  the 
presence  of  unknown  initial  conditions;  this,  of  course,  would  be  the  case  whenever  the  initial 
condition  is  relatively  small  so  that  it  does  not  aifect  the  worst  case  estimation  error. 

The  paper  is  organized  as  follows:  in  the  next  section  the  problem  is  defined  in  terms 
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/ 

of  1°°  norms.  In  Section  3  the  probfem  is  put  to  a  model  matching  form,  anid  the  solution 
follows  for  stable  systems  in  subsection'S.l  where  we  sepaxate  the  unknown  initial  condition 
case  from  the  known  (KIC);  in  subsection  3.2  the  case  of  unstable  systems  is  treated  by 
appropriatelly  transforming  the  problem  to  the  stable  case.  In  Section  4  we  discuss  other 
aspects  of  the  problem  such  as  performance  of  nonlinear  filters  and  application  of  the  previous 
results  to  control  problems.  Finally,  we  conclude  in  Section  5. 

In  the  paper  the  following  notation  and  terminology  is  utilized:  x(i),  A{i,j)  represent 
the  ith  and  the  ijth  element  respectively  of  the  real  vector  x  and  the  real  matrix  A.  Also, 
A(i, .)  represents  the  ith  row  of  A,  |j|oo  ^  max.  |.T(i)|,  I'Aloo  max.  Ej  iA(t,j)|.  If  y  = 


{j/u,  !/i, .  • .}  represents  a  sequence  of  real  matrices  j/,,  then  its  A-transform  is  y(A)  1= 
Furthermore,  £*  {y  :  j|y||^i  sup^  |(y.  • .  •yo)loo  <  oo};  in  the  case  where  y,’s  are  vectors 


we  define  =  {y  :  ||y||^»  =  sup,  ly^too  <  oo},  =  {y  :  Ay  e  ^  Vfc  =  0, 1 , . . where 
Pk  is  the  truncation  operator  defined  <i8  P*y  =  {yo, . . . ,  y&,  0, 0, . . .}.  An  operator  T  on 
is  called  causal  if  PkT  =  7'Pk,  A:  =  0, 1, . . .;  T  is  stable  if  it  is  a  bounded  operator  on  1°^. 
The  space  of  all  linear  causal  bounded  operators  T  on  is  denoted  by  Ctv-  If  T  6  Ctv 

/too  0 


it  can  represented  with  the  following  lower  triangular  matrix  T  — 


<10  t 


11 


and 


~  subspace  of  Crv  which  contains  all  causal  time  invariant 

f°°-bounc!ed  operators  (i.e.  Toeplitz  matrices).  Also,  Cti  is  isometrically  isomorphic  to  P 
i.e.,  Cji  ~  P . 


2  PROBLEM  DEFINITION 


Consider  the  following  linear,  time  invariant,  finite  dimensional  system 

a:*+i  =  Axk  +  Bwk 
Zk  =  CiXk 
Vk  =  Cxk  ^k 


(1) 


where  tv. 


(  are  process  and  measurement  noise  respectively  with 


<  1,  2:  is  lUtl 


output  to  be  estimated,  and  y  is  the  nieasurrnent  signal.  Also,  associated  to  the  above 
system,  there  is  an  unknown  initial  condition  xq  which  can  be  arbitrary  as  long  as  Ixoloo  ^  1- 
The  problem  of  interest  is  as  follows  (OBJ): 

Based  on  the  measurments  y,  construct  a  linear  causal  estimator  Q  of  the  output  z  i.e., 
z  ~  Qy  such  that  the  following  worst  case  error  is  minimized: 


r  Uet  j 

J  —  sup  I 

-^0 


Z  -  Z 


Note  that  there  is  no  loss  of  gcnerallity  in  assuming  that  the  uncertainty  bounds  are  all 
equal  to  1 .  In  the  case  where  the  norm  bounds  on  tv,  t,*,  iq  are  difiereut  than  1 ,  we  can 
always  normalize  the  bounds  by  appropriate  scaling.  Next,  we  transform  the  problem  to  an 


estimation  problem  where  the  initial  condition  is  equal  to  zero.  This  is  done  by  considering 
the  time  varying  system 


Sjk+i  =  Axk  +  Bwk-\-  Lkdk 
ztf  =  C\Sk  +  Dikdk 

yk  =  Cxk  +  C*  +  Dkdk 


(2) 


10  =  0 


where 


/A,  =  o  _  rc„  *  =  o 

-  ■(  n  I.  ..  o  .  ^1*  -  I  0,  it  >  0  ’ 


10,  Jb  >  0  ’  “  10,  it>0’  lo, 

w,  Q  are  as  before,  d  is  a  disturbance  with  |jd|[^oo  <  1,  and  the  system  has  initial  condition 


C,  it  =  0 
A:  >  0  ’ 


xq  —  0.  Letting  to 


the  following  lemma  can  be  easily  verified: 


Lemma  2.1  The  estimation  problem  (OBJ)  is  equivalent  to  finding  a  linear  causal  map  Q 
for  the  system  of  Equation  2  such  that  the  criterion 


sup  II Z  ~  2||,«. 

is  minimized  with  z  =  Qy,  ||th||/oo  <  1  andxQ  =  0. 


3  PROBLEM  SOLUTION 


Pertaining  to  the  system  of  Equation  2  let  Hy  V  represent  the  maps 

H -- H,() :  w~^zy  V  =:  (V^  V^) :  w^y 

Note  //,v.,  V'yu,,  Vy^  are  time  invau-iant  with  A-transforms 

=  y/.<(A)  =  0,  VV„(A)==C((l/A)/-/l)-'B,  V.((A)  = /. 


The  map  u>  — >  z  —  z  is  given  as 


H  ~  QV. 


Lemma  2.1  states  that  we  are  seeking  for  Q  to  minimize  the  t°°  induced  norm  of  the  map  T 
i.e.,  to  minimize 


m\cr.  ----  -  Q^Cr. 


Clearly,  since  the  map  ^  »  z  —  z  is  equal  to  —Q  then  Q  should  be  a  stable  operator  in  Ctv 

so  that  the  cost  J  is  bounded.  To  make  our  point  clearer  we  consider  first  the  case  where  the 
system  in  Equation  1  is  stable  i.e.,  the  eigenvalues  of  A  have  magnitude  strictly  less  than  1. 


3.1  Stable  Systems 

Note,  that  since  we  a.ssumed  that  the  system  is  stable  then  /f,  V  6  Cjv-  In  addition,  H,yu^ 
Ivu'>  He  1°  ^Ti-  First  we  consider  the  case  of  known  initial  conditions  for  the  system 
of  Equation  1. 


H4 


3.1.1  Known  initial  condition 


Without  loss  of  generality,  since  the  system  is  linear,  we  may  assume  that  iq  =  0  which 
ammounts  to  setting  =  0  in  system  of  Equation  2.  In  this  case  the  estimation  problem 
transforms  to  a  model  maching  problem  involving  time  invariant  systems 

"  «i"i.  (3) 

In  [14]  it  was  shown  that,  for  the  above  minimization,  time  varying  Q  offers  no  advantage 
over  time  invariant.  As  a  matter  of  fact,  for  this  type  of  problems  even  nonlinear  Q  does 
not  perform  better  than  LTI  Q  [5].  The  problem  of  finding  the  optimal  Q  in  Cji  is  a 
optimization  problem.  The  reader  is  referred  to  [4, 6, 9, 7]  in  order  to  see  how  solutions  can  be 
obtained  using  linear  programming  methods.  More  specifically,  this  problem  h^ls  a  ”2-block” 
structure  which  implies  that  the  optimization  problem  is,  in  genertd,  an  infinite  dimensional 
linear  programming  problem.  Approximate,  finite  dimensional,  linear  programming  methods 
of  solution  are  established  in  [4,6,9, 7).  Using  these  methods  one  can  obtain  recursive  Q’s 
that  achieve  performance  within  any  predefined  distance  from  optimal. 

Certain  properties  of  the  optimal  solution  to  the  above  problem  that  provide  intuition 
are  presented  in  the  propositions  that  follow. 

Proposition  3.1  Let  <  1-  Then,  fio  =  and  hence,  —  0  is  an  optimal 

filter. 

Proof  First  consider  the  scalar  case  i.e.,  when  Q  generates  a  scalar  output  z.  Then  we 
have  that 

ll(//,.  -  gv;,,  =  ||//,«.-gv;,«.lU  +  ligi!,, 

>  il«.«ll,.  -  ll<3V'.»  II,.  +  ilOII,. 

>  llft.l|,,  -  iWii,,  ||v;.||,,  +  i!c?||,,  >  IIW..II,. 

Hence,  the  proof  follows.  For  the  vector  case,  i.e.,  when  z  and  z  are  vectors,  we  can  repeat  the 
same  arguments  for  each  component  involving  only  the  corresponding  rows  of  g(A) 

to  conclude  that  the  assertion  is  true.  ■ 

The  above  proposition  has  an  interesting  interpretation:  recall  that  the  map  from  the  mea¬ 
surement  noise  C  to  the  measurment  signal  y  has  norm  |]/||;i  =  1;  the  interpretation  therefore 
is  that  if  the  "signal  to  noise  ratio”  given  by  /  ||/il  is  less  than  1  then  the  best  esti¬ 

mate  is  0.  Clearly,  such  cases  are  not  interesting  for  estimation  since  any  useful  information 
is  severely  corrupted  by  measurment  noise. 

The  next  proposition  gives  a  sufficient  condition  for  the  problem  to  have  in  fact  a  1 -block 
structure. 

Proposition  3.2  Let  Uyu,(A)  =  A14(A)  where  Vo  has  a  left  inverse  Voi  in  Cti  with  ||K)/||^i  < 

1 .  Then,  the  optimal  Q  of  Equation  S  is  also  optimal  for  the  problem 

Poi  —  mf  ||//zur  gUyu,||^]  . 


8.S 


Proof  We  will  deal  only  with  the  scalar  case  i.e.,  z  scalars.  For  the  vector  case,  the  same 
argument  can  be  used  for  each  scalar  component  and  the  corresponding  rows  of  ^(A)  and 
//(A).  First  note  that  Q^{\)  =  A-*/f.„,(A)V;/(A)  is  in  £t/  since  i/,(A)  =  G  Cti\ 

moreover,  we  have  that  —  QiVyu,  =  0  =  //qi  and  hence  Qi  is  the  optimizer  for  /roi-  Given 
any  Q  G  Cti  let  $  =  //,„-  QVy^;  then,  ^»,(A)  =  A-*$(A)  is  in  £r/,  |i^|l«  -  ||<3>»|L,,  and 
Q  =  (^1  —  Thus, 

>  +  11/^1  -i|4>iK/||,. 

>  Ill'll.. -i-l|//iv;;iu -11$, II,. 

>  WHxVoiW,^  =  llQiii,.  =  I!(f/.u, - Q,Vy^  - golu 

which  completes  the  proof.  g 

The  above  proposotion  show?  that  under  the  stated  conditions,  the  optimal  KIC  estimator 
is  obtained  by  ignoring  the  measurement  noise  and  minimizing  the  effect  only  of  the  process 
noise.  In  this  case  the  solution  is  dominated  by  the  i-block  structure.  Note  also  that  in  this 
case  ||V'yu;j|^,  =  liv'd!,)  ^  ll^o/||^‘  ^  1-  However,  the  condition  IIFyu,!!  >  1  alone  (i.e*,  "signal 
to  noise  ratio  >  1)  is  not  in  general  sufficient  for  a  1-block  structure  dominance.  Next,  we 
treat  the  more  difficult  case  of  unknown  initial  conditions. 

3.1.2  Unknown  i.nitial  condition 

In  the  case  where  the  initial  condition  is  unknown  but  bounded  as  |xo|<»  <  1  the  operators 
H  and  V  are  time  varying  and  can  be  identified  with  the  following  lower  triangular  matrix 
representation 

TT  _  (  ^00  0  \  \/  _  (  ^00  C  \ 

”  I,  h  //oj’  ^  ~  V  t;  vj 

where 

hoo  =  (0  Cl  0),  voo  =  tO  C  7), 

h  =  {h{i,  •))i^0)  (^(*)  •))i^o  the  oo  x  1  block  matrices  given  as 

h{t,.)  =  {CiA'B  0),  v{i,:)  =  {CA'B  0), 

and  Ho,  Vq  aie  the  time  invariant  operators  with  the  Toeplitz  representation 

/ho  0  •  •  ■  \ 

//o  --  Ui  ho  ...  1  Vo  = 

with 

ho  =  {0  0  0),  h,  =  {C\A'-^B  0  0),  i  >  1 
Vo  ---  (0  0  /),  n.  =  (CA'-^B  0  0),  i  >  1 

Identifying  the  estimator  Q  G  Ctv  as  a  oo  X  oo  lower  triangular  matrix  we  can  partition  it 

clS 


/  Vo  0 
I  Vi  Vo 
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where  q  —  {q{it  .))'^q  is  a  block  oo  x  1  matrix  and  Qq  is  a  block  oo  x  oo  lower  triangular 
matrix.  We  note  that  Qq  is  not  necesstirily  a  time  inv^lriant  operator  i.e.,  Toeplitz.  The 
resulting  map  T  is  represented  as 


rp  _( ^00  ^  \  _  f 

\  t  ToJ  ~  U- 


00  “  0 
qvoo  -  Qov  Ho  -  Q 


oVo)- 


Note  that  Hq,  Vq  are  equal  to  0  0),  {Hy^  0  I)  respectively  which  are  in  turn  identical 
to  0),  (//yu;  I)  that  we  considered  in  the  known  initial  condition  case.  Hence, 


^0  =  ^  \\Hq  -  QqVqI 


\Ctv 


Let  now 


Q^Ctv 


and  define  the  "poiiitwise  cost” 


=  inf  |ff(.',.)-0(i,.)V'U,  i=0,l,...  . 
<?(«.) 


This  implies 


and  for  t  >  0 


t'o  —  inf  |too|oo  —  inf  |hoo  ~  9oot^oo|oo 


=  .)  •;  -  <lih  •)v(y)  -  Qo{i,  .)v  .)  -  Qo{i,  .)K))U- 

Observe  that  because  of  the  definition  of  the  |  •  |oo  matrix  norm,  the  computation  of 
as  well  as  of  the  corresponding  optimizer  Q(i, .)  is  a  finite  dimensional  linear  programming 
problem.  The  variables  to  be  specified  are  the  elements  of  the  (block)  row  i.e.,  the 

elements  in  j  =  0, . . .  ,i  since  Q{i,j)  =  0,  j  >  i.  Clearly,  the  optimal  Q{i, .)  should 

have  bounded  elements  for,  otherwise,  the  cost  is  infinite;  hence  i'i  can  be  achieved.  The 
optimal  cost  i/,-  is  in  fact  the  optimal  (smallest)  worst  case  error  |z,’  —  ii|<x>  that  one  can  obtain 
based  on  the  measurements  yoiVi,  -  •  ■  ,yi-  In  particular,  the  optimal  pointwise  estimate  will 
be  given  by 

f 

"  }^0(»,;)y>- 

J=0 

Our  model  matching  approach  for  the  pointwise  optimal  estimate  is  in  es-sence  equivalent  with 
the  approach  of  [10,15]  where  a  general  set  membership  uncertainty  framework  is  utilized. 
Also  note,  that  the  above  estimation  algorithm  will  also  be  optimal  for  any  finite  horizon 
problem  i.e.,  whenever  the  optimization  criterion  is  taken  to  be 
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where  T  is  a  fixed  time  instant. 

Next,  we  present  a  lemma  that  demonstrates  a  basic  relation  o^  the  optimal  infinite 
horizon  cost  p  with  /ic  and  : 

Lemma  3.1  Given  any  integer  N  =  0,1,...  the  following  holds 

fi  >  max(^o,  • ,  i'N,  fio)- 
Proof  Given  any  Q  £  Ctv  it  is  clear  that 

Iir||^„  >  ||//o  -  <3oViii^„  >  ft,. 

Also,  for  any  such  Q  from  the  definition  of  i/^’s  we  get 


Therefore,  if  one  can  find  a  Q  and  a  N  such  that 

W'^Wcrv  -  +  e 

for  some  given  c  >  0,  then,  is  a  c-suboptimal  solution.  In  the  sequel  we  demonstrate  how 
we  can  aichieve  this.  To  this  end,  let  c  >  0  and  let  be  a  time  invariant  operator  in  £r/ 
that  satisfies 

As  we  already  mentioned  in  the  known  initial  condition  case,  this  is  edways  possible.  Let 
and  To  — ^  ^0  ~  have  the  Toeplitz  representations 


0 

...\ 

/to  0 

\ 

••  \ 

r‘ 

9o 

II 

O 

■ 

V : 

i 

Vi  i 

Also,  define  the  following  sequences  in  f* 

^j  =  {CuCiA,C,A^...} 

4>  -  h*d  ~  Vo^yd- 

Note  that  d>  =  {^o»  •  •  •}  is  cissociated  with  the  map 

<l>o  0 

z-i:  H,d-VoKd=\<^i  0 


(4) 


In  the  transform  domain  we  have  <p{^)  =  A  *(Gi  —  ^q(A)C)(A  *  ~  A)  *.  Since  (f>  €  there 
exists  a  computable  integer  N  such  that 

|<^,|oo  <■  </2  Vi  >  N. 
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Let  now  qoo,  •)>  •)  be  such  that 


t'o  =  1^00  ~  900^^00 i 00  j  ^  ,  (5) 

j/,+]  =  |(/i(t, .)  -  q{i.,  ■)vqo  -  Qo{i,  ^o{*5-)  “  <?o(*v)M))loo,  *  =  0, . . . ,  A*"  -  1. 

As  already  mentioned,  the  computation  of  4ooi  Qo{»»  •)  can  he  performed  by  solving 

the  A  4-  1  independent  finite  dimensional  linear  programs  of  Equation  5.  The  following 
theorem  gives  a  e-suboptimal  estimator 


Theorem  3.1  The  estimator 

with 


qoo  —  9oo,  ?(* 


1.  9i+i’ 


0  <  i  < 
I  >  N 


fw,.).  0<i<N 


achieves  j|//  —  ^  iU  +  c. 

Proof  By  construction  of  ^  we  have 

|(//-^K)(f,.)|oo  =  i'..  i  =  0,l,...,iV 


and  for  i  >  A^  +  1 

<  |To{*-,.)U+l<AiU 

<  Po  +  C- 


Hence, 


<  max(i/o,  •  •  •  5  t 


and  the  proof  is  complete. 


■ 


Note  that  for  time*:  >  A-l-1  the  estimator  of  Theorem  3.1  coincides  with  the  e-suboptimal 
estimator  that  corresponds  to  the  known  initial  condition  problem  i.e., 

(^y)W  =  (^oy)W.  *>^  +  1- 

Hence  the  meaning  of  the  above  theorem  is  that  the  known  initial  condition  estimator  will 
provide  e-suboptimal  estimates  after  the  precomputable  time  index  N.  This  time  A'  am- 
mounts  to  the  time  that  takes  the  known  initial  condition  estimator  drive  the  estimation 
error  that  is  due  only  to  initial  conditions  within  a  small  bound  c/2.  For  the  time  period  0 
to  N,  the  (sub)optimal  estimates  can  be  obtained  by  solving  N  -f  1  lineal  programs;  these 
estimates  correspond  to  obtaining  the  optimal  pointwise  esimates.  Once  time  N  is  passed, 
optimal  pointwise  estimation  does  not  improve  on  the  infinite  time  cost  J. 
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An  interesting  question  is  the  following;  under  what  condition  does  the  estimator 
provide  as  good  performance  as  Clearly,  will  be  the  case  whenever  the  initial 
condition  uncertainty  is  small  enough.  In  particular,  for  to  be  as  good  as  ^  it  is  sufficient 
that 

|(W  <A^o-re,  t  =  0,l,...,iV 

which  means  that  po  ^  /^o  +  Hence,  we  have  the  following 

Corollary  S.l  The  known  initial  condition  estimator  is  t-suboptimal  if 

|(7’o(ti-)  ^.)|<5o  +  c,  i  =  0, 

In  the  case  where  the  above  ccnditicn  is  violated  one  can  find  by  how  much  the  initial 
condition  uncertainty  has  to  be  reduced  so  that  'Qq  yields  c-suboptimal  performance.  To  do 
this,  let  Om  €  (0, 1)  oe  defined  as 

a„  —  niax{a  e  (0, 1)  :  j(To(i, .)  a0,)loo  (®) 


Then,  Qq  is  €-suboptimal  whenever  jioloo  5:  Onu  ^d 
subsection  by  considering  the  following  example 


<  1. 


We  conclude  this 


Example  3.1  We  consider  the  (°°  —  worst  case  filtering  problem  for  the  second  order 
stable  system 


-a  ih 

yk  =  (2  Q)xk  +  C* 


where  in,  ^  aie  process  and  observation  noise  respectively  with  jintl  <  1  and  |Ckl  ^  I 
ib  =  0, 1,2, . . .  .  The  eigenvalues  of  the  A-matrix  are  located  at  i:.4472j.  Furthermore,  we 
aissume  that  Xo  =  0  and  hence  we  consider  the  KIC  estimator.  As  mentioned  previously,  the 
problem  becomes  a  ^‘-optimization  which  yields  (using  the  Delay  Augmentation  method  [7]) 


for  the  optimal  map 


z  —  z 


-.5 

-.5A 


) 


The  optimal  cost  is  po  =  -5  and  the  associated  optimal  KIC  estimator  is 

=(,:«)■ 


In  fact,  the  resulting  optimal  for  the  1-block  problem 


since  the  conditions  of  Proposition  3.2  are  satisfied:  =  .5  -f  .lA^,  ||V'o/||^i  <  1. 

Next,  assume  that  an  initial  condition  uncertainty  of  the  form  |a:o|oo  <  I  is  present  in 
addition  to  the  noise  w,  (.  One  can  find  a  time  index  N  above  which  the  estimates  of  the 
optimcil  KIC  estimator  used.  To  do  this,  we  form  the  sequence  <f>  (Equation  4) 

which  gives 


?).(? 


This  implies  that  iV  =  0  and  hence  there  is  only  one  linear  program  that  has  to  be  solved  in 
order  to  find  the  optimal  This  is  simply  a  2-dimensional  linear  program 


i/q  —  min  |/ioo  ~  ^oot^oolc 


900 


which  gives  j/q  =  .5  and  qoo  =  (  5  )  ‘  Hence,  the  optimal  estimator  for  the  unknown  initial 
condition  will  produce  a  cost  of  p  =  max(i/o,  po)  =  -S-  The  optimal  filter  ^  is  given  as 

zo  =  qooyo,  h  =  (Qoy){k)y  t  =  1,2, . . .  . 

Also  note  vhat  the  KIC  filter  is  sensitive  to  initicd  condition  uncertainty  of  size  1  since 

|(To(0,.)  ^o)|oo  =  1  >  po  =  -5  . 


From  Equation  6  we  obtain  that  a„,  =  .5  which  implies  that  the  optimal  KIC  filter  will  be 
also  optimal  for  any  initial  condition  with  |xo|oo  ^  -5.  Also,  note  that  the  first  row  of  (^,’s  is 

zero  which  implies  that  if  only  the  first  component  z*  of  z  =  were  to  be  estimated,  the 

KIC  would  have  «dso  been  optimal  for  any  initial  condition  uncertainty.  This  is  also  why  ^ 
and  ^0  give  the  same  estimates  (as  it  can  be  easily  checked)  for  the  first  component  2'.  We 
conclude  this  example  by  presenting  simulation  results  in  the  case  where  Xq  =  0:  In  Figures 
3,  4  the  estimation  error  is  depicted  for  the  inputs  of  Figures  1,  2  respectively.  In  p^*.rticular. 
Figure  1  represents  zero-mean  Gaussian  white  noise  input  of  unit  intensity,  whereas  in  Figure 
2  a  square  wave  type  input  of  unit  amplitude  is  shown  (ir;  is  the  sol'd  whereas  is  the  dashed 

line).  Figures  3,  4  show  the  estimation  error  in  the  first  component  of  z  —  (  ^2  j  for  fh** 

optimal  —  estimator  (dashed  line)  together  with  the  estimation  error  of  tlu  optimal 
Kalman  Filter  (solid  line).  .As  it  can  be  observed  the  optimal  ~  estimator  performs 
better  than  the  Kalman  Filter  in  the  case  of  the  input  of  Figure  2;  the  maximum  error 
is  .5  compared  to  .59  of  the  Kalman  filter.  Of  course,  this  should  be  expected  since  the 
optimization  criteria  are  different. 


3.1.3  Discussion 

In  the  previous  sections  we  pre.sented  how  suboptiina!  estimators  can  be  constructed.  Al¬ 
though  the  construction  of  a  suboptimal  reqursive  KIC  estimator  is  ea.sy,  the  construction  in 
the  case  of  unknown  initial  conditions  is  more  involved.  In  particular,  one  has  to  .solve  the 
N  -f  1  linear  programs  of  Equation  5  in  order  to  obtain  the  optimal  filter  ^or  the  time  0—  A', 


and  then  "switch”  to  the  KIC  estimator.  The  time  index  N  is  computed  from  the  knowledge 
of  the  KIC  filter  by  requiring  that  the  sequence  in  Ekjuation  4  satisfies  |<^,|oo  <  f/2  Vj  >  N. 
In  what  follows  we  comment  upon  the  size  of  N  and  relate  it  to  the  solution  of  the  KIC  case, 

when  the  latter  results  to  a  finite  impulse  response  (FIR)  map  Tq  from  the  input  ^  ^  J  to 

the  estimation  error  z  —  z.  First  we  have  the  following  existence  lemma 

Lemma  3.2  If{A,C)  is  an  observable  pair,  then,  given  any  t  >  0,  there  exists  a  suboptimal 


map  T( 


■-(V 


z  —  z  of  the  form 

7’o(A)  =  /o  +  "f- . .  •  +  IfiA" 


such  that  |j^o||^,  <  /^o  +  c  for  some  n. 

Proof  see  appendix  i 

Such  a  solution  can  be  obtained  with  the  methods  in  [4,6,9].  This  of  course  implies  that  the 
suboptimal  has  also  finite  impulse  response.  The  support  n  of  the  suboptimal  solution 
will  in  general  depend  on  the  degree  of  desired  accuracy:  the  larger  n  is  allowed,  the  closer 
to  the  optimal  value  po  the  filter  performance  assumes.  This  is  not  to  say  however,  that 
the  optimal  solution  should  necessarily  have  infinite  support  (  see  Example  3.1).  Let  now 
^a('\)  =  ^®t  no  be  (he  number  of  eigenvalues  of  A  at  the  origin  (if  any).  The 

following  lemma  characterizes  a  bound  on  the  index  N. 

Lemma  3.3  If  (4,  B)  is  a  I'eachable  pair,  then  <i>,  =  0  for  i  >  Uq  -f  n  -  1. 

Proof  see  appendix  I 

In  view  of  the  above,  one  can  always  take  N  =  no  +  n  —  \  .  Note  that  this  is  in  accordance 
with  Example  3.1  for  which  no  =  0,  n  =  1,  N  -  0.  .Al.so,  in  the  case  where  suboptimal 
solutions  are  FIR,  the  support  of  <p  does  not  depend  on  the  bound  on  the  size  |xo|oo  of  the 
initial  condition  uncertainty.  More  specificaly,  if  take  N  —  no  A  n  —  I  suggested  in  Lemma 
3.3  then  0,  =  0,  t  >  N  no  matter  what  the  bound  on  the  initial  condition  uncertainty  may 
be;  i.e.,  the  index  N  will  be  the  same  for  any  initial  condition  uncertainty.  This  is  to  say  that 
the  (sub)optimal  filter  ^  produci^s  the  same  estimates  as  the  KIC  filter  for  time  larger 
than  A'  no  matter  wdiat  the  initial  conditions  are.  Note  however,  that  the  estimates  of  ^  for 
time  0  —  N  depend  on  the  size  of  the  initied  condition  uncertainty.  Finally,  we  should  also 
stress,  that  the  index  N  does  not  represent  the  time  that  takes  the  initial  condition  response* 
of  the  system  to  become  arbitrarily  small  but  rathei,  it  represents  the  time  that  takes  the 
Kltt  filter  to  bring  the  error  due  u>  initial  condition  to  a  small  level.  Hence,  even  in  systems 
with  very  "slow”  eigenvalues  the  resulting  N  m‘ed  not  necessarily  be  large  as  the  following 
example  indicaU*s: 

Example  3.2  Consider  th<-  system 

+ (i )''■'* 

*•*  -  (  I  0  )  X* 
y*  ~  (  h  l)j*+u 


where  w,  C  are  process  and  observation  noise  respectively  with  |i«*|  <  1  and  |C,ici  <  1  for 
A:  =  0, 1 , 2, . , .  .  The  eigenvalues  of  the  A-matrix  are  located  at  i.9487j.  For  the  known  initial 
condition  case  we  obtain  (  within  lO*®  of  the  optimal)  ^o(A)  =  .3673  -  .7347A,  To(A)  = 
(.8163A  .3673  —  .7347A),  and  po  =  1.9183.  For  the  index  N  we  have  that  6i  0,  t  >  0  and 
hence,  we  can  take  N  —  0;  this  means  that  if  initial  condition  uncertainty  is  allowed,  there 
is  only  1  linear  program  to  be  solved  in  order  to  compute  the  suboptimal  estimator. 


3,2  Unstable  systems 

In  the  case  of  unstable  systems  i.e.,  when  the  eigenvalues  of  A  are  not  in  the  ooen  unit  disk, 
the  problem  can  be  transformed  using  coprime  factorization  to  a  model  matching  problem 
involving  only  stable  systems.  Moreover,  the  resu'  ig  problem  hais  the  same  structure  cis  in 
the  stable  system  case.  This  is  done  in  the  sequt  First,  we  make  the  following  assumption 

Assumption  3.1  The  pair  {A,C)  is  detectable. 

Due  to  the  above  assumption  there  is  an  estimator  such  that  the  resulting  error  z  -  z  is 
bounded.  Such  a  Qi  can  be  taken  any  observer  of  the  form: 


=  Axk  -  K{yk  -  Cxk) 

Zk  =  Cixt,  xo  =  0 

where  K  is  any  matrix  such  that  Ak  =  >4  +  KC  is  a  stable  matrix.  Now,  we  can  parametrize 
Q  an  Q  =  Qi  -Jf-  Q2  where  Q2  is  any  system  in  Crv-  If  we  define  //  *=  H  -  Q\V  then 
//  9.  Ctv-  a  state  space  description  of  H  is 

H  =  {Ak,{B  Lk  +  KDk  K),Cr,{0  Du  0)),  A:  =  0,1,  ...  (7) 

Then,  the  filtering  problems  becomes 


inf 


Qi^^TV 


\H-Q2V 


Note  that  V  —  (Vyu,  Vyj  V'y^)  —  (Vyw  1)  is  unstable;  let  G  represent  the  map  ^  y 

i.e  ,  G  =  [Vy^  Vyj)  and  consider  a  coprime  factorization  G  =  M~^N.  A  set  of  (left)coprime 
factors  can  be  obtained  from  the  following  state  space  description  [8,13j: 

M  =  {Ak,K,C,1) 

N  ^  {A^: ,(Bii)k,C,{Df^)k),  A:  =  0, 1, . . . 

where 

Lk  +  KDk),  (DK)t  =  {0  DO,  A: -0,1,.... 

Note  that  M  £  Lji  whereas  N  £  Ctv.  'I'he  following  lemma  can  now  be  derived 

Lemma  3.4  The  estimation  error  z  -  z  is  bounded  iff  Q2  -  QM ,  where  Q  is  any  stable 
operator  in  Ctv- 


Proof  The  ”if’  follows  immediately  since  if  Q2  ~  QM  then 

T=H-QiG  I)^H-QiN  M) 

is  stable.  For  the  "only  if”  we  have  first  that  any  causal  Q2  be  written  as  <^2  = 
since  M  is  causaly  invertible.  In  addition,  Q^iG  I)  —  Q{N  M)  €  Ctv  and  {N  M)  has  a 
right  inverse  in  Ctv  since  A/,  N  are  left  coprime;  hence  Q2  6  Ctv-  * 


In  view  of  the  above,  if  V  —  (N  M)  then  V  is  in  Ctv  with  state  space  representation 

V  =  iAK,  {B  U+KD^  K),C,{0  Dk  /)),  A: -0,1,...  (8) 


Moreover,  the  estimation  problem  transforms  to 


/i  =  inf 
<3€£tv 


\h-qv\ 


Ctv 


(9) 


where  V  are  stable  maps  in  Ctv-  From  the  state  space  desctiptions  of  /f,  V  it  is  clear 
that  /f,  V  are  of  the  same  form  as  in  the  stable  system  case:  the  new  A-matrix  is  Ak  and 
the  new  B-matrix  is  {B  Lk  +  KDk  K)  whereas  the  rest  remain  the  same.  In  terms  of 
input-output  matrix  representations  they  are  of  the  form 


where  A,  v  are  00  x  1  block  matrices  the  rows  of  which  decay  exponentially  fast  (as  the 
largest  eigenvalue  of  A -i-KC)  and  Ho,  Vh  are  time  invariamt  operators  in  Cti-  Iq  particular. 
//o  and  Vo  are  given  as 

//o  =  (A/,,(5  0  K),Cu(0  0  0)),  Vo=={Ak,{B  0  K),C,(0  0  /))  (19) 


Also,  note  that  Vc  ==  {No  0  Mo)  where  M©  and  No  are  the  left  coprime  factors  of  Vy^  given 

by 


Mo  =  M,  No=={Ak,B,C,0). 


From  the  above  discussion,  it  follows  that  the  problem  is  exactly  as  in  the  case  of  stable 
systcias  and  a  e-suboptimal  Q  can  be  obtained  similarly.  The  suboptimal  estimator  in  this 
case  is  given  as  ^  =  Qi  -f-  QM.  Finally  note  that  in  the  known  initid  condition  case,  one 
has  to  solve  the  following  optimization 


/lo  =  .  inf  iLtfo  -  QoVo 

Qo€Cti 


Cti 


(11) 


Once  a  suboptimal  Qo  is  obtained  the  corresponding  suboptimal  filter  is  given  as  (J©  = 
Qi  A  QqMq. 


4  REMARKS 


Herein,  we  discuss  further  various  aspects  of  the  problem  and  the  implications  of  its  solution 
given  in  the  previous  section. 


-^4 


4.1  Liuear  vs  nonlinear  filters 


Throughout  the  paper  we  have  assumed  the  filters  Q  were  liuear.  In  fact,  one  can  prove 
that  there  is  no  additional  advantage  offered  if  a  wider  class  that  includes  nonlinear  filters 
is  considered.  In  particular,  let  M  denote  the  set  of  all  bounded  causal  nonlinear  (not 
necessarily  linear)  maps  Q  on  which  satisfy  the  linerisability  condition  [5|:  there  is  a 
Ql  G  Ctv  such  that 


lim  sup 


11^/  - 
ii/i~ 


=  0. 


Clearly,  Ctv  C  .V.  The  following  theorem  c£m  be  derived  along  the  lines  of  [5] 


Theorem  4.1  Let  unl  -  infgcjv  \\H  -  Then  ^ 

Proof  Let  Q  E  M  and  let  Qi  6  Crv  be  its  linearization.  We  will  show  that  \\H  —  QV\[  > 
\\H  —  QtV^  where  ||•{{  stands  for  the  t°°  induced  norm.  From  the  linearization  condition 
we  have  that  given  any  e  >  0, 


sup 


WiQ  -  QL)Vfloc 

WfWe- 


<  e 


for  some  a  >  0.  Then, 


\\H-QV\\ 


>  sup  ||(i/-Q/V-(g-(?£.)n/|lr~ 

l|/|!<oo<a,  /»t0  WfWtoo 

>  sup  W-QLV)fhoo  _  \\iQ-QL)Vfh^ 

11/11/00  <a. /jto  |l/||/«  ll/ll/co  <0. /i«o  ll/llroc 

>  Ii//-gv|i-c 


where  we  have  used  that  3uP||/||,oo<a.  f^o  =  \W  -QtVW  since  H  -  QiV  is 

linear.  Since  t  is  arbitrary  the  proof  follows.  I 

Hence,  it  is  enough  to  search  for  linear  filters. 


4.2  Application  to  optimal  control  with  transients 

The  method  presented  of  solving  the  estimation  problem  has  also  application  to  the  problem 
of  designing  optimal  controllers  when  there  is,  in  addition  to  f°°-d.isturb^Lnces,  a 

magnitude  bounded  uncertainty  in  the  initial  condition  of  the  plant.  In  pariicular,  for  linear 
time  invariant  systems  with  unknown  initial  condition  (but  bounded,  say  by  1)  the  to 
optimization  problem  can  be  brought  in  the  form 

inf  irC  - 

where  J\,  T'j  ,73  are  in  Ctv-  For  certain  maps,  (for  instance  from  reference  to  control 
input  in  a  unity  fedbatk  '.onfiguration)  T-2  ~  f  ]  morcxiver,  Tj,  /',  are  of  the  Eanie  form  a.s  in 
the  estimation  problem.  Hence  in  these  cases  the  same  method  of  solution  indicated  herein 
applies. 


5  CONCLUSIONS 


In  this  paper  we  presented  how  auboptim&l,  infinite-horizon  estimators  can  be  constructed 
in  the  case  of  linear  time  invariant  systems  with  £°°  bounded  uncertainty.  A  model  matching 
approach  over  bounded  operators  was  taken.  In  the  known  initial  condition  (KIC)  case 
the  problem  is  simply  a  -optimization.  In  the  unknown  initial  condition  case,  optimal 
pointwise  estirriatioii  can  be  used  until  a  precomputable  time  index  <tfter  which,  the  KIC 
recursive  estimator  can  be  utilized.  This  time  index  corresponas  to  the  time  it  takes  the 
KIC  filter  to  make  small  the  estimation  error  that  is  due  exclusively  to  initial  conditions. 


APPENDIX 


Proof  of  Lemma  3.2 

Follovi^ing  the  same  procedure  as  in  the  Cciae  of  unstable  systems  (subsection  3.2)  we  can 
reformulate  the  problem  as 

/io  =  inf  ||jtfo-QoVb|L 
Qoecri " 

where  Hq,  Vq  are  as  in  Equation  10  and  Ak  =  A  +  KC  where  now  K  can  be  selected  to  iri«ike 
Af(  have  all  of  its  eigenvalues  at  the  origin.  This  is  always  possible  due  to  the  assumption 
that  {A.,C)  observable.  Thus,  both  /fo*  Vo  arc  FIR.  Moreover,  Vo  =  (Nq  Mtj)  .rhere  Mo  and 
No  are  the  left  coprime  factors  of  given  by  Mq  =  M,  Nq  —  (A/c,  5,  C,  0).  Hence  [4,9J, 
a  FIR  suboptimal  solution  can  always  be  constructed.  S 

Proof  of  Le^mma  3.3 

^et  To  =  (Toi  Tq-^)  and  let  =  Tos  have  the  realization  =  (A^,  Bq,Cq^  D^).  Then 
Toi  =  {Ao,  Bo,  Co,  Do)  where 

=  Uc  V’  =  (  0  )  ■  “  “• 

Moreover,  if  0(A)  =  A0(A)  then  0  can  be  realized  as  0  =  (Ao,Bi,Co,Do)  where  B\  = 

Clearly,  the  poles  of  Ao  consist  of  the  poles  of  A  and  A,  with  A,  having  poles  only  at  the 
origin.  Now,  the  fact  that  Toi  is  FIR  and  that  (A,i?)  is  assumed  to  be  reachable  implies 
that  all  poles  of  A  that  are  not  at  the  origin  are  not  observable  through  Co  :  if  not,  i.e., 
if  there  exist  a  pole  of  A  not  at  the  origin  that  is  observable  through  6b  then  necessarily 
(since  7bi  is  FIR)  this  pole  should  not  be  reachable  from  Bq  which  contradicts  that  (A,  B) 
is  reachable.  Then,  from  the  realization  of  0  we  have  that  the  poles  of  A  not  at  the  origin 
are  not  ob.7ervable  cind  hence  (since  the  rest  of  the  poles  are  at  the  origin)  0(A)  is  FIR  with 
length  bounded  by  no  +  n  where  n  is  the  length  of  To-  Note  also  that  the  since  Z?o  =  0  the 
sequence  A~*0  0  is  well  defined  and  is  also  FIR  with  support  bounded  by  no  +  n  —  1.  H 
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Figure  3;  Estimation  error  of  output  z^:  Kalman  filter  in  solid,  Optimal  —  £°^  filter  in 
dashed  line. 


Figure  4:  Estimation  error  of  output  z*:  Kalman  filter  in  solid,  Optimal  £°°  —  £°°  filter  in 
dashed  line. 
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ABSTRACTS : 

This  paper  describes  the  identification  of  some  of  the  root  causes  of  one  of 
the  components  of  tank  gun  accuracy  errors,  namely  occasion-to-occasion  variability. 
Occasion- to-occasion  variability  is  the  shift  of  the  mean  impact  point  for  a  given 
tank/gun  tube  combination  from  one  firing  occasion  to  another.  Unless  the  cannon 
and  fire  control  system  of  the  tank  can  be  calibrated  for  each  firing  event  through 
live  fire  zeroing,  its  occasion-to-occasion  variability  will  have  an  adverse  effect 
on  the  accuracy  of  tank  cannons.  Unfortunately,  live  fire  zeroing  before  each 
firing  event  is  impractical  for  several  reasons.  First  and  foremost  is  the  cost. 

Not  only  does  each  ammunition  type  require  a  separate  zerc ,  but  each  ammunition  type 
requires  a  minimum  of  three  rounds  to  achieve  calibration.  Even  given  unlimited 
ammunition,  the  logistical  requirements  of  providing  this  much  ammunition  to  each 
tank  unit  is  beyond  the  sustaining  capability  of  those  units.  Additionally,  the 
tactical  situation  will  rarely  allow  the  time,  space  or  security  needed  to  zero  each 
of  the  unit's  tanks.  Finally,  there  is  currently  no  way  to  determine  the  end  and 
start  of  new  firing  occasions.  A  calibration  zero  may  be  minutes  or  days  long, 
depending  on  many  different  variables. 

Many  factors  influence  the  magnitude  of  occasion-to-occasion  variability. 
Identification  and  analysis  of  these  factors  is  critical  to  understanding  and 
solving  the  occasion-to-occasion  variability  problems  in  the  Ml  series  tank.  Over 
the  last  several  years,  an  effort  by  the  Army  Research  Laboratory  has  identified  and 
quantified  several  components  to  this  error  source  Thes».:  include:  errors 
associated  with  optical  alignment  of  the  cannon  to  the  fire  control  system, 
uncorrected  gun  jump  which  is  dependent  on  the  propellant  temperature  of  the 
ammunition,  variation  in  the  linear  recoil  motion  which  couples  into  the  angular 
motion  of  the  gun  and  lot- to- lot  variations  of  the  ammunition  used  in  the  tank. 
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Elevation  Variability  in  Tank  Gun  Accuracy 
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U.S.  Army  Research  Laboratory 
Aberdeen  Proving  Ground,  MD  21005 


1 .  INTRODUCTION 

During  the  ground  offensive  of  the  1991  Gulf  War,  one  of  the  most 
spectacular  examples  of  the  high  tech  advantage  enjoyed  by  the  Coalition  Forces 
was  the  accuracy  of  the  Ml  series  tank.  Historically,  hank  battles  have  been 
fought  at  ranges  under  1000  meters.  This  has  been  due  to  a  combination  of 
intervisibility  problems  and  the  inability  of  tanks  to  accurately  engage  at 
longer  ranges.  This  all  changed  during  the  Gulf  War.  Intervisibility  problems 
were  minimized  by  the  flat  desert  terrain  and  the  MlAl  tank  was  able  to 
successfully  engage  targets  out  to  three  kilometers  and  beyond. 

As  a  result  of  the  example  of  the  Gulf  War,  developers  of  tanks  around  the 
world  can  be  expected  to  continue  efforts  aimed  at  improving  the  accuracy  of 
their  tanks.  The  implication  for  the  US.  Army  is  that  we  most  also  continue  to 
improve  the  accuracy  of  our  own  tanks  or  lose  the  advantage  that  wa  currently 
enjoy.  Given  the  current  political  and  fiscal  realities  this  means  improving 
the  Ml  series  tank  for  a  number  of  years.  Research  efforts  in  this  area  can 
also  extend  to  almost  any  other  cannon  system,  direct  and  Indirect  fire,  that 
may  be  employed  on  future  U.S.  weapons.  This  paper  describes  the  Identification 
and  possible  fixes  for  some  of  the  root  causes  of  one  of  the  components  of  tank 
gun  accuracy  errors,  namely  occasion- to-occasion  variability. 


2.  COMPONENTS  OF  TANK  GUN  ACCURACY 

Generally,  tank  cannon  accuracy  is  broken  intc  several  components  for  ease 
of  analysis.  The  statistical  means  and  standard  deviations  of  groups  of  shot 
impacts  on  targets  are  used  to  describe  these  components  of  accuracy  The 
accuracy  components  generally  used  are  round- to- round  dispersion, 
occasion-to-occasion  variability,  central  tendency  and  tank-to-tank  variabil  ity. 
These  various  terms  are  described  below  and  illustrated  with  Figure  1. 

Figure  1  represents  a  target  with  the  aim  point  located  at  the  origin.  In 
this  example,  rounds  were  fired  over  three  occasions.  On  each  occasion,  three 
rounds  were  fired  and  the  target  impacts  were  recorded. 

Each  shot  fired  is  represented  on  the  target  with  open  squares,  circles  or 
triangles  Co  distinguish  the  impacts  of  the  three  firing  occasions.  The  average 
of  each  of  these  groups  is  represented  by  a  solid  symbol  of  the  same 
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Figure  1 .  Example  Target  and  Shot  Impacts 

kind.  This  average  value  is  known  as  the  occasion  zero  and  the  standard 
deviations  associated  with  these  three'tound  groups  are  known  as  the 
round- to- round  dispersion.  On  Figure  1,  the  estimate  of  the  round- to -round 
dispersion  for  each  occasion  is  indicated  by  the  box  surrounding  each  occasion's 
average  impact  point.  In  this  example,  the  average  value  of  the  round- to- round 
dispersion  is  0.14  mllliradians  (mrads)  in  azimuth  and  0.27  in  elevation.  These 
are  typical  values,  although  this  component  of  accuracy  is  very  much  round- type 
dependent . 

The  standard  deviation  of  the  means  of  the  three -round  shot  groups 
represents  occasion-to-occaslon  variability.  Occasion- to-occasion  variability 
in  this  example  is  0.05  mrad  in  azimuth  and  0.37  mrad  in  elevation.  Generally, 
occasion- to-occasion  variability  is  estimated  to  average  0.25  mrad  in  azimuth 
and  elevation  across  the  tank  fleet  and  across  ammunition  types. 

The  mean  value  of  all  nine  shots  for  this  tank  is  an  estimate  of  this 
tank's  central  tendency,  represented  by  an  X  In  Figure  1.  In  this  example,  the 
tank  has  an  estimated  central  tendency  of  1.26  mred  in  azimuth  and  .23  mrad  in 
elevation . 

Finally,  tank-to-tank  variability  for  a  particular  ammunition  type  is  a 
measure  of  the  dispersion  of  the  average  central  tendencies  across  the  fleet  of 
tanks.  Tank- to- t.ank  variability  is  estimated  at  0.25  mrad  in  both  azimuth  and 
elev'atton.  The  mean  central  tendency  acros,^  the  fleet  is  normally  referred  to 
as  Che  fl.3et  zero  value  for  an  ammunition  type. 

3.  SOURCES  OF  OCCASION-TO-OCCASION  ERROR 

Determination  of  the  rources  of  ocras ion ■ Co ■ occas ion  error  is  primarily  a 
process  of  looking  tor  chose  events  that  cause  a  change  between  firing 
occasions,  either  in  the  armaments  system  of  the  tarik  itself  or  in  the 
ammunition  that  will  be  fired.  Some  of  these  events,  such  as  improper 
maintenance  of  the  cannon  system  or  damage  to  the  ammunition,  are  obviou.s  . 
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While  the  effect  of  svich  causes  can  be  significant  in  the  field,  they  will  not 
be  con'.idered  in  this  paper  as  they  are  correctable  through  training  arfti  proper 
procedure . 

The  other  root  causes  of  occasion-to-occasion  variability  are  more  subtle, 
They  may  happen  slowly  over  time  or  by  abrupt  changes  in  the  tank  or 
environment.  Tnese  are  problems  over  which  the  soldier  in  the  field  can 
exercise  little  to  no  control.  These  problems  must  be  corrected  through 
hardware  changes  in  the  tank  itself  or  by  accounting  for  them  in  the  fire 
control  solution  calculated  for  each  round. 

3 . 1  Definition  of  a  Firing  Occasion. 

Different  firing  occasions  are  defined  in  terms  of  time,  i.e.  a  long 
period  (hours  or  days)  between  rounds;  or  in  terms  of  significant  events  between 
rounds,  such  as  maintenance  on  the  weapon,  large  environmental  changes  or  moving 
the  tank  to  nc  firing  positions.  For  the  purposes  of  this  paper,  a  firing 
occasion  is  deiined  to  include  all  of  those  rounds  fired  from  the  same  tank 
during  a  time  period  in  which  no  significant  events  (with  the  exception  of 
firing  the  weapon)  have  occurred  that  could  affect  the  fire  control  system  on 
the  tank,  the  cannon  system,  or  ammunition. 

3 . 2  Muzzle  Velocity  Variation 

Muzzle  velocity  variation  affects  accuracy  by  varying  the  projectile's 
time  of  flight  to  the  target.  The  time  of  flight  variation,  in  turn,  varies  the 
gravity  drop  of  the  projectile  during  its  trajectory  and  hence  there  is  an 
elevation  error.  Occasion-to-occasion  variations  in  muzzle  velocity  are 
primarily  caused  by  two  distinct  sources  -  the  daily  temperature  cycle  and  a 
lot-to-lot  variation  in  the  average  muzzle  velocity  for  an  ammunition  type. 

3.2.1  Muzzle  Velocity  Variations  Due  to  Temperature  Differentials 

The  ignition  and  burning  rate  of  ammunition  propellant  varies  with 
temperature.  Warmer  propellant  ignites  and  burns  at  a  faster  rate  than  cooler 
propellant.  This  means  that  projectiles  are  accelerated  more  quickly  when  the 
propellant  is  warm  and  more  slowly  when  the  propellant  is  cool.  This  results  in 
a  relationship  between  muzzle  velocity  ap'l  propellant  temperature.  This 
relationship  l.s  well  understood  and  is  accurately  modeled  with  a  second  degree 
polynomial,  Tlierefore,  if  the  propellant  temperature  of  the  ammunition  is 
known,  the  muzzle  velocity  can  be  accurately  calculated. 

In  modern  tanks,  ammunition  temperature  is  estimated  by  measuring  the  air 
temperature  in  the  ammunition  storage  compartment  (hereinafter  referred  to  as 
the  bustle).  There  are  two  problems  with  this  approach.  First,  there  Is  a 
difference  in  the  round  temperature  based  on  the  round's  location  in  the  storage 
compartment.  Because  of  this  difference,  one  bvistle  air  temperature  uieasuren.ent 
cannot  be  accurate  for  all  the  ammunition.  Rounds  stored  near  the  top  of  the 
bustle  tend  to  heat  and  cool  more  quickly  due  to  thermal  radiation  transfer 
through  the  top  of  the  turret,  while  ammunition  in  the  bottom  of  the  bustle  is 
insulated  to  a  greater  degree  by  the  air  and  ammunition  above  it.  Tiie  second 
problem  with  measuring  bustle  air  temperature  to  estimate  .ammunition  temperature 
is  that  air  and  ammunition  change  temperature  at  different  rates,  producing  a 
phase  shift  between  the  diurnal  temperature  cycles  of  the  bustle  air  and  the 
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anununition  in  the  compartment.  Thus,  during  the  day,  the  temperature  cycle  for 
ammunition  near  the  top  of  the  bustle  precedes  the  bustle  air  temperature  cycle 
by  about  1.5  hours  while  the  ammunition  temperature  cycle  at  the  bottom  lags  the 


Figure  2 .  Ammunition  and  Ammunition  Compartment  Temperature  Cycles 

air  temperature  cycle  by  about  an  hour.  The  pha.se  shift  between  the  temperature 
cycles  implies  a  differencial  betweet^  the  average  ammunition  temperature  and  the 
measured  air  temperature. 

Both  the  phase  shift  and  the  temperature  difference  associated  with 
ammunition  storage  location  are  evident  in  Figure  2.  This  figure  plots  the 
temperature  of  anmunltion  stored  at  three  locations  in  the  ammunition  storage 
compartment  of  an  MlAl  tank  and  the  storage  compartment  air  temperature  [1]. 
These  plots  were  collected  by  instrumenting  rounds  of  ammunition  with  thermo¬ 
couples  and  placing  the  rounds  in  the  ammunition  storage  compartment.  The  tank 
was  then  placed  in  the  open  and  the  various  temperatures  were  monitored  for 
several  days. 

Difficulties  in  measurement  of  ammunition  temperature  prior  to  firing 
creates  both  round ■  to- round  and  .>ccasion- to-occasion  accuracy  errors.  The 
temperature  difference  between  rounds  of  ammunition  at  a  particular  time  creates 
a  round- to- round  error,  since  rounds  with  different  muzzle  velocities  may  be 
selected  at  that  time.  The  temperature  of  the  average  round  is  d.lfferent  than 
the  air  tempt  ature  in  the  bustle  and  the  magnitude  of  that  difference  varies 
through  the  diurnal  cycle,  thus,  the  diurnal  temperature  variation  for  all 
rounds  creates  an  occasion- to-occasion  accuracy  problem. 

The  occas Icn- to - occas ic n  error  due  to  the  use  of  the  bustle  air 
temperature  to  calculate  muzzle  velocity  is  estimated  by  comparing  a  muzzle 
velocity  that  is  calculated  using  the  average  ammunition  temperature  with  a 
muzzle  velocity  that  is  calculated  using  the  bustle  air  temperature.  Figures  3 
and  U  plot  these  muzzle  velocities  for  both  M831  High  Explosive,  Anti  Tank, 
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Training  Practice  (HEAT-TP)  and  M865  Training  Practice,  Cone  Stabilized, 
Discarding  Sabot  (TPCSDS)  ammunition  respectively.  AMV  is  the  differendo 
between  the  average  and  calculated  miizzle  velocities. 


A  statistical  analysis  of  the  AMV  provides  an  estimated  mean  AMV  over  the 
entire  time  of  consideration  (72  hours,  or  three  complete  cycles,  for  this 
analysis)  and  a  standard  deviation.  When  the  mean  AMV  is  not  equal  to  zero,  the 
muzzle  velocity  celculation  based  on  the  bustle  air  temperature  is  biased.  A 
positive  mean  for  AMV  indicates  that  the  muzzle  velocity  estimates  tend  to  be 
underestimated,  while  a  negative  mean  indicates  an  overcstimation.  Mean-squared 
errot  (MSE)  is  a  measure  of  closeness  that  takes  into  consideration  not  only  the 

so  the  bias  of  that  estimator.  It  is  given  by 
MSE  is  used  here  as  a  measure  of  the  muzzle 
velocity  estimation  error.  Table  1  lists  the  mean  AMV,  the  standard  deviation 
and  the  velocity  MSE  resulting  irom  temperature  measurement  errors. 


variance  of  an  estimator,  but  al 
the  formula,  MSE  -  (Bias)^  +  . 
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Table  1.  Temperature  Related  Miizzle  Velocity'  Statistics 


Mean  AMV 

j  \Jmse 

M831 

-1.19 

0.24 

1.21 

M665 

-2.84 

0.61 

2.90 

All  Units  Are  Meters/Second 


An  estimate  of  the  occasion- to-occasion  elevation  error  caused  by 
calculating  muzzle  velocity  based  on  bustle  air  temperature  is  found  by 
calculating  two  trajectories.  One  trajectory  is  calculated  for  a  round  launched 
at  the  muzzle  velocity  estimated  with  the  bustle  air  temperature.  The  other 
trajcctoiry  is  calculated  with  the  same  muzzle  velocity  plus  or  minus  the  error 
term  from  Table  1.  The  trajectories  are  differenced  and  an  angular  measure  of 
the  error  is  calculated  as  a  function  of  range.  The  two  trajectories  were 
calculated  using  the  Ballistic  Research  Laboratory  General  Trajectory  Program 
[2].  Figure  5  plots  the  temperature  related  mizzle  velocity  error  as  a 
function  of  range  for  both  the  M831  and  M865. 


Figure  5.  Error  Due  to  Temperature  Related  Muzzle  Velocity  Variation 

Notably,  this  error  is  range  dependent  and  increases  with  range.  The 
M831's  error  is  0.06  m  ad  a  3000  meters,  while  the  error  for  the  M065  is  0.06 
mrad  at  the  same  range.  The  M831's-  greater  sensitivity  to  muzzle  velocity 
variation  is  due  primarily  to  it.s  lower  initial  velocity  and  its  greater 
retardation  (loss  of  velocity  as  a  function  of  range) .  The  high  retardation  is 
the  result  of  the  M831's  high  drag  shape.  It  should  be  pointed  out  that  the 
M8C5  is  cone  stabilized  and  is  also  a  relatively  hi/’i  drag  projectile.  The 
occasion- to-occas^ on  temperature  related  muzzle  velocity  error  associated  with  a 
fin  stabilized,  service  KE  projectile  is,  therefore,  significantly  lower  than 
that  of  the  M865,  due  to  the  lower  drag  associated  with  fin  stabilization. 
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3.?. 2  Loc-to-T^t  Muzzle  Velocity  Variations 

Service  amniunition  is  generally  manufactured  in  lots  of  several  thousand 
rounds.  The  quality  of  each  lot  is  tightly  controlled  and  is  verified  throvigh 
lot  acceptance  testing.  One  way  in  which  quality  is  controlled  is  through  the 
use  of  single  lots  of  component  parts  in  the  manufacture  of  completed  rounds  of 
ammunition.  For  example,  only  one  lot  of  propellant  will  be  used  in  the 
manufacture  of  a  lot  of  completed  rounds.  While  this  reduces  variability  within 
a  lot,  variation  between  lots  is  to  be  expected. 

For  ease  of  accountability  and  accuracy,  tank  ammunition  is  normally 
issued  to  a  unit  from  the  same  lot.  This  means  that  accuracy  errors  occuring  as 
a  result  of  lot  to-lot  variations  normally  show  up  as  occasion-  to-occasion 
crror.s,  rather  than  as  round- to- round  errors.  One  ammunition  characteristic 
that  varies  from  lot- to- lot  is  the  average  muzzle  velocity  for  each  lot  of 
ammunition.  Therefore,  lot- to-lot  muzzle  velocity  variations  manifest 
themselves  as  occasion-to-occasion  accuracy  errors 

The  mean  muzzle  velocity  for  a  lot  of  ammunition  can  be  found  in  the  lot 
acceptance  test  records  for  each  lot  of  ammunition.  Records  for  a  total  of  36 
lots  of  M831  HEAT-TP  ammunition  and  29  lots  of  M865  TPCSDS  ammunition  were 
exaifiined.  The  mean  muzzle  velocity  and  the  standard  deviation  about  the  mean 
was  calculated  for  each  ammunition  type  to  get  an  estimate  of  the  lot- to- lot 
muzzle  velocity  variation.  When  the  mean  muzzle  velocity  is  not  equal  to  the 
required  muzzle  velocity,  bias  is  introduced  into  the  superelevation  correction 
tor  the  gun.  As  with  the  temperature  related  muzzle  velocity  variation,  a 
mean- squared  error  term  is  used  to  estimate  error  in  order  to  account  for  the 
bias  and  the  variation.  Table  2  is  a  listing  of  the  required  muzzle  velocity, 
the  mean  muzzle  velocity  across  the  lots  of  tested  ammunition,  the  standard 
deviation  and  the  MSE  resulting  from  the  difference  between  the  required  and 
actual  muzzle  velocities. 
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Table  2.  Lot-to-Loc  Muzzle  Velocity  Statistics 


Standard  MV 

— 

Mean  MV 

Mean  AMV 

\/mse 

M831 

1  (40.0 

1 139.0S 

-0.97 

3.95 

4.07 

M865 

1700.0 

1700.90 

0.99 

4.65 

4.74 

A!l  Units  Are  Melers/Second 


An  estimate  of  thu  occasion- to-occasion  elevation  error  caused  by 
]ot-to-lot  muzzle  velocity  variation  may  be  found  in  a  manner  similar  to  that 
used  CO  find  the  temperature  related  nuzzle  velocity  variation  error.  Figure  6 
plots  the  lot- to- lot  error  a.s  a  function  of  range  for  both  the  M831  and  M865. 
This  error  is  also  range  dependent  and  increases  with  range.  The  M331‘'s 
lot- to- lot  error  is  0.19  mrad  at  3000  meters,  while  the  error  for  the  M8C5  is 
0.07  mrad  at  the  same  range.  For  the  same  reasons  stated  above,  the  M831's 
greater  sensitivity  to  muzzle  velocity  variations  is  evident.  Again,  service  KE 
ammunition  can  be  expected  to  be  even  less  sensitive  to  muzzle  velocity 
variations  than  M865. 

3 . 3  Gun  Dvi.amlcs 

A  change  in  the  pointing  angle  of  the  muzzle  during  the  shot  process  will 
cause  a  project.ile  to  exit  the  cannon  at  a  different  launch  angle  than  was 
initially  laid.  Wlien  this  effect  is  predictable,  it  may  be  accounted  for  in 
modern  fire  control  computers  with  a  computer  correction  factor  (CCF) .  In  fact, 
one  component  of  the  CCF  in  the  Ml  series  tank  Is  the  average  value  of  the 
muzzle  pointing  angle  at  shot  exit.  Variation  in  the  average  muzzle  pointing 
angle  at  shot  ejection  between  rounds  anc  from  firing  occasion  to  firing 
occasion  makes  it  impossible  to  provide  a  precise  value  for  the  CCF;  therefore 
finding  the  cause  of  muzzle  angle  variation  bctvreen  firing  occasions  Is  neEuied 
to  reduce  occasion  - to-occasion  variability. 

I'  .e  dynamics  of  the  cannon  are  known  to  affect  occasion- to-occi'.,sioii 
variability  in  at  least  two  signif  . leant  way.s .  First  is  a  coupling  of  the  linear 
recoil  of  the  cannon  Into  Its  e.ngular  motion,  hence  a  coupling  of  linear  recoil 
variation  to  muzzle  angle  variation  (3).  Second,  the  temperature  of  the 
ammunition  determines  the  amount  of  time  It  takes  the  projectiJe  to  travel  the 
length  of  the  cannon.  if  the  cannon  has  any  angular  motion  during  this  in-bore 
time,  ammunition  fired  at  different  temperatures  will  exit  the  cannon  with 
varying  muzzle  angle  conditions  {4]. 

In  large  tank  cannons,  there  are  several  forces  which  create  turning 
moments  about  the  trunnions  during  firing.  The  dominant  moment  is  due  to  a 
breech  mass  Imbalance,  which  causes  the  center  of  gravity  of  the  recoiling  mass 
tc  be  lower  than  the  centerline  of  the  gun.  This  offset  acts  as  a  lever  arm 
when  the  pres.sure  of  the  burning  propellant  accelerates  the  gun  by  pushing 
against  thi»  breech  block  along  the  centerline.  The  resultant  couple,  known  as 
the  powder  pressure  couple,  induces  a  torque  and  subsequent  rotation  about  the 
trunnion  of  the  gun  system  (5J.  In  addition  to  the  powder  pressure  couple, 
forces  exerted  by  the  radially  expanding  gun  tube  against  the  gun  tube  bearings 
and  the  re.sis‘:ancc  of  the  elevating  mechanism  to  rotation  create  additional 
turning  moments  (Figure  7) . 
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Simply  modeling  these  forces  results  in  the  following  equation  of  rigid  body 
motion  for  the  cannon:  • 

fjfjiD  +  EFjrj  -  fjrjDi  +  EFjrj  -  +  lu-jfl! 

§  - - , _ == _ _  ( 

^cR  +  m(  r,*  +  t/)  ^ 

where  $  is  the  angular  rotation  of  the  cannon  about  the  trunnion.  The  powder 
pressure  couple  is  modeled  by  r. ,  the  magnitude  of  the  linear  recoil  of  the  gun 
along  its  centerline;  r, ,  the  offset  between  the  center  of  gravity  of  the  gun 
and  the  centerline  of  the  cannon;  and  m,  the  mass  of  the  cannon.  The  resistive 
forces  at  the  elevating  mechanism  are  modeled  by  b  and  k,  the  damping  and  spring 
constants  of  the  elevating  •iiechanlsm,  and  tj,  the  distance  between  the  elevating 
mechanism  and  the  trunnion.  The  forces  of  gun  tube  expansion  against  the  gun 
bearings  are  modeled  by  ,  a  distance  of  r^  from  the  center  of  gravity. 
equals  the  moment  of  Inertia  of  the  cannon  about  the  center  of  gravity,  and 
equals  the  moment  of  Inertia  about  the  tmnnion  [3). 

ty 


It  is  important  to  note  that  the  equation  of  the  angular  motion  has  a 
tem,  that  is  dependent  on  the  recoil  acceleration.  This  implies  that  a 

change  In  recoil  motion  will  be  seen  as  a  change  in  the  angular  motion  of  the 
car.non.  Recoil  motion  can  vary  for  a  number  of  reasons,  'lljese  include 
maintenance  of  the  recoil  system,  changes  in  recoil  hydraulic  fluid  temperature 
and  viscosity,  and  varying  hydraulic  pressures  between  occasions.  Also  of  note 
Is  the  fact  that  this  same  term  depends  on  the  magnitude  of  the  vertical  offset, 
tj,  between  the  center  of  gravity  and  the  centerline  of  the  gun.  By  moving  the 
cannon's  center  of  gravity  with  balancing  weights,  the  offset  between  the  center 
of  gravity  and  the  centerline  can  be  eliminated.  With  zero  offset,  all  recoil 
loads  act  along  the  centerline  of  the  cannon.  Thus,  the  angular  notion  due  to 
the  powder  pressure  couple  l.s  eliminated.  By  comparing  the  motion  of  the  cannon 
with  and  without  the  balancing  masses,  it  is  possible  to  gain  .some  insight  into 
the  variability  of  the  angular  motion  chat  results  from  changes  in  recoil 
motion. 

HO 
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Figure  8.  Cannon  Breech  and  Balancing  Weights 

A  test  was  conducted  in  which  the  center  of  gravity  of  the  recoiling  mass 
of  an  M256  cannon  was  moved  to  the  centerline  of  the  gun  [6].  This  was 
accomplished  by  adding  mass  to  the  top  of  the  breech  of  an  H2S6  tank  cannon 
(Fig.  8).  This  configuration  will  be  referred  to  as  the  balanced  breech. 
Reference  to  the  standard  breech  will  indicate  that  the  weights  were  not 
attached  to  the  breech.  During  this  test,  the  muzzle  angle  of  the  cannon  was 
measured  with  proximity  probes  (7).  Two  different  gun  tubes  were  used  for  this 
test  and  both  were  configured  with  and  without  the  balancing  weights. 

Figure  9  plots  the  muzzle  pointing  angle  of  one  of  the  cannons  during  four 
firing  occasions  with  M831  HEAT  ammunition  -  two  occasions  with  the  balancing 
weights  and  two  without.  Shot  exit  time  is  at  0.0  milliseconds  (msec).  The 
occasions  were  separated  by  several  days  and  movement  of  the  tank.  The  muzzle 
pointing  angle  plots  of  the  two  occasions  fired  in  the  standard  configuration 
fall  into  two  populations,  while  those  of  the  balanced  firings  cannot  really  be 
separated. 


Figure  9 .  Muzzle  Pointing  Angle.  2  x  Firing  Occasion.  Balanced  Breech 
and.  2  x  Firing  Occasion.  Standard  Breech 
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Figure  10.  Muzzle  Pointing  Angle.  2  x  Firing  Occasion. 

Brgech  »n<l.  .2  x  Firing  Occasion.  Standard  Breech 

This  is  seen  more  clearly  in  Figure  10,  where  the  plots  of  individual 
shots  in  each  firing  occasion  are  averaged  together.  The  averaged  plots  for  the 
balanced  configuration's  two  occasions  nearly  lie  on  top  of  one  another,  while 
those  in  the  standard  configuration  are  quite  distinct. 

These  same  trends  are  clear  with  the  other  gun  tube  and  amaunition  type 
[3],  Figures  11  and  12  are  plots  of  the  muzzle  pointing  angle  variation  for  a 
cannon  firing,  respectively,  M831  HEAT  and  a  kinetic  energy  (KE)  round  whose 
in-bore  characteristics  are  similar  to  M865. 


Figure  11.  VaElaLign  in  Vgrticel  Muzzle  Pointing  Angle 
HEAT  Ammunition .  4  Rounds/Occasions 
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Figure  12 .  Variation  in  Verclcal  Muzzle  Pointing  Angle. 

KF.  Ammuni  ri  on.  4  Rounds /Occasions 

Four  rounds  of  each  ammunition  type  were  fired  per  gun  to  obtain  estimates 
of  muzzle  pointing  angle  variation.  Combinations  of  time,  movement  of  the  tank, 
and  temperature  change  broke  up  the  four  round  groups  into  firing  occasions, 
though  each  round  did  not  necessarily  represent  a  new  occasion.  The  elevation 
variation  of  muzzle  pointing  angle  at  shot  exit  for  the  standard  configuration 
is  approximately  .19  mrad  with  M831  HEAT-TP  and  .14  mrad  with  the  KE  ammunition. 
The  balanced  configuration  has  variations  at  shot  exit  of  .07  and  .04  mrad 
respectively  for  M831  and  KE  ammunition.  The  difference  in  variation  between 
the  two  configurations  is  due  to  the  decoupling  of  the  linear  recoil  motion  and 
the  angular  motion  of  the  muzzle. 

The  residual  muzzle  angle  variability  seen  in  the  balanced  configuration 
is  a  round- to -round  effect.  Assuming  that  the  causes  of  the  residual 
varia’ility  are  independent  of  the  recoil  effects,  they  may  be  removed  in  a 
root -sum- square  sense: 


''  rv  ^  rr 

(2) 

For 

HF.AT  ammunition 

^  0. 177*  ==  ■Jo.  19*  - 

0.07* 

(3) 

For 

KE  ammunition 

or,,  =  0. 134*  Jo.  14*  - 

0.04* 

(4) 

where  or^-muzzle  pointing  angle  variation  that  is  due  to  recoil  variation, 

muzzle  pointing  angle  variation  and  a^^-the  residual  round- to-  round 
muzzle  velocity  variation. 

The  muzzle  angle  ■'variation  that  is  the  result  of  recoil  variation  has  both 
round- to- round  effects  and  occasion- to-occasion  recoil  effects.  While  it  is  not 
possible  to  separate  the  round- to -round  and  occasion- to-occasion  effects,  the 
information  gives  some  Idea  about  the  the  magnitude  of  the  two.  Even  assuming 
that  the  occassion-to-occasion  effects  make  up  only  half  of  the  total,  this 
represents  an  error  of  .13  and  .09  mrads  for  HEAT-TP  and  KE  ammunition 
respectively. 
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3.3.2  Propellant  Temperature. 

I 

As  mentioned  earlier,  propellant  burn  rates  are  a  function  of  propellant 
temperature.  As  a  result,  muzzle  velocity  and  in-bore  time  varies  with 
temperature.  In  addition  to  the  muzzle  velocity  errors,  there  is  a  significant 
impact  bias  for  certain  ammunition  types  that  is  dependent  on  ammunition 
temperature  and  is  independent  of  the  change  in  gravity  drop  associated  with  the 
muzzle  velocity  variation. 

In  order  to  determine  the  muzzle  angle  at  shot  exit,  equation  1  is 
integrated  twice.  The  muzzle  angle  at  shot  exit  therefore  depends  on  the  limits 
of  this  integration,  which  are  defined  by  the  in-bore  time  of  the  projectile. 
Since  the  propellant  temperature  directly  affects  the  in-bore  time  of  the 
projectile,  it  will  also  affect  the  muzzle  angle  at  shot  exit  [4]. 

Figure  13  is  a  plot  of  the  muzzle  pointing  angle  for  firings  of  M831  HEAT 
ammunition  which  was  conditioned  to  three  different  temperatures.  Of  note  in 
these  plots  is  that  the  general  shapes  of  the  curves  are  very  similar.  The 
major  difference  between  the  plots  appears  to  be  a  time  shift.  Note  that  the 
pointing  angle  curve  around  shot  exit  time  (0.0  msec)  has  a  very  steep  slope. 
This  causes  a  significantly  different  muzzle  pointing  angle  at  shot  exit  between 
the  three  conditions  due  to  the  time  shift. 

Currently,  the  muzzle  pointing  angles  of  only  a  limited  number  of 
ammunition  types  conditioned  to  different  temperatures  before  firing  have  been 
measured.  There  are,  however,  computational  methods  for  determining  the 
pointing  angles  for  different  ammunition  types  across  a  range  of  temperatures 
(4].  There  is  also  target  data  (i.e.,  measured  holes  in  targets)  for  most 
current  ammunition  t3rpes  that  were  fired  after  being  conditioned  to  different 
temperatures.  It  is  this  target  data  that  is  used  here  to  estimate  the 
occasion- to-occasion  effects  of  muzzle  angle  dependence  on  propellant 
temperature  (8). 


Figure  13.  Muzzle  Pointing  Angle.  M831 .  3  Propellant  Temperatures 


114 


HELD,  WEBB  AND  SCHMIDT 


Target  impact  data  was  collected  over  a  period  of  several  years.  'iTiis 
data  included  ammunition  type,  temperature  of  the  propellant  and  the  infjpact 
point  on  the  target.  A  regression  analysis  of  propellant  temperature  versus 
mean  impact  point  was  used  to  determine  the  linear  relationship  between  these 
two  variables  for  each  ammunition  type.  Because  of  the  many  differences  in  the 
tests  themselves,  only  the  simplest  linear  trends  were  sought  in  this  analysis 
[8]. 

Figure  14  shows  the  plot  of  corrected  target  impact  in  elevation  versus 
ammunition  temperatur.*.  for  H831  HEAT  ammunition.  Visual  inspection  indicates  a 
positive  relationship  between  the  two  variables  over  the  entire  temperature 
range  examined;  a  statistically  significant  slope  confirmed  the  trend.  The 
linear  regression  equation  is  given  as; 

y  -.43  +  .0046T  f5) 

where  y  is  the  expected  elevation  impact  point  in  mrad,  .43  is  the  intercept  in 
mils,  .0046  is  the  slope  in  mrads/°F,  and  T  is  the  ammunition  temperature  in  °F. 


Figure  15  shows  the  plot  of  elevation  impact  versus  ammunition  temperature 
for  M865.  The  Interesting  feature  of  this  plot  is  the  lack  of  a  temperature 
dependency  on  elevation  impact.  This  is  due  to  the  fact  that  around  shot  exit 
time  for  M865,  the  muzzle  pointing  angle  i.s  at  a  maximum  point.  This  means  that 
the  time  shift  of  the  po  nting  angle  plot  does  not  result  in  large  pointing 
angle  differences  for  this  ammunition  type  Typically  though,  service  KE 
ammunition  has  a  temperature  dependency  whose  slope  is  similar  to  M831  Instead 
of  M865. 

Using  the  M831  regression  equation  as  an  estimate  of  the  muzzle  pointing 
angle  dependence  on  propellant  temperature ,  an  approximate  valrie  of  the 
occasion- to-occaslon  variability  due  to  propellant  temperature  can  be 
calculated.  Temperature  data  in  some  likely  area  of  operations  is  used  to 
calculate  muzzle  pointing  angles  for  a  period  of  one  year.  From  ths  population 
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of  pointing  angles  the  standard  deviation  is  detormined  to  provide  an  estimate 
of  the  error.  Since  tanks  are  used  all  year  and  combat  occurs  24  hours 'a  day, 
this  approach  seems  reasonable . 
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Figure  15.  Target  Impact  Elevation  v$ .  Temperature.  Mg65 


Temperature  values  were  taken  every  three  hours  in  a  climate  typical  of 
the  middle  latitudes  in  the  northern  hemisphere.  Muzzle  pointing  angles  were 
calculated  for  each  of  these  temperature  values  and  the  standard  deviation  of 
the  set  of  pointing  angle  data  was  calculated.  The  standard  deviation  thus 
calculated  provides  an  estimate  of  the  occasion-to-occasion  dispersion  due  to 
propellant  temperature  of  0.093  mrad. 


Calculating  an  estimate  of  the  dispersion  due  to  propellant  temperature  in 
this  way  is  necessarily  dependent  on  the  climate  in  the  part  of  the  world  that 
is  used.  Equatorial  regions  do  not  experience  as  much  temperature  variation 
during  the  year  and  the  dispersion  should  be  correspondingly  lower.  High-desert 
regions,  on  the  other  hand,  experience  greater  temperature  variation  and  the 
dispersion  may  be  greater.  Since  U.S.  tanks  have  a  world- wide  contingency 
mission,  using  a  climate  that  is  between  these  two  extremes  is  reasonable. 

One  final  note,  the  variation  in  ammunition  temperature  across  the  bustle 
Implies  a  round -to -round  muzzle  angle  variability.  From  Figure  2,  the  maximum 
temperature  difference  between  rounds  of  ammunition  is  found  at  21.45  hours. 

The  hottest  round,  at  the  top  of  the  bustle  is  118.3  °F  and  the  coldest,  at  the 
bottom  of  the  bustle,  is  104. °F.  Applying  equation  5  gives  a  maximum  muzzle 
angle  spread  of  0.06  mrad.  The  variability  of  ammunition  temperature  is  much 
smaller  than  the  maximum  spread.  Over  the  tl ree  days  of  testing,  the  pooled 
ammuniticn  temperature  variability  %Tas  only  3.4  °F.  Using  this  temperature 
variability  with  equation  5  provides  an  estiirate  of  the  overall  muzzle  pointing 
error  produced  by  ammunition  temperature  variability  within  the  bustle.  This 
error  is  only  0.02  mrad. 
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3.3.3  Lot* to -lot  Muzzle  Pointing  Angle  Variation 

A  muzzle  angle  error,  similar  to  the  temperature  dependent  error  just 
described,  occurs  as  a  result  of  lot-to-lot  muzzle  velocity  variations.  Since 
the  variable  muzzle  velocity  implies  a  variable  in-bore  time  for  the  projectile, 
the  pointing  angle  at  shot  exit  will  vary  with  the  lot-to-lot  muzzle  velocity 
variations . 


It  is  possible  to  estimate  the  pointing  angle  error  due  co  lot-to-lot 
muzzle  velocity  variations.  This  is  accomplished  by  a  similarity  method.  This 
method  .starts  with  the  assumption  that  the  general  shape  of  the  pointing 
angle-time  plot  will  be  similar  for  rounds  shot  at  various  muzzle  velocities, 
but  that  the  plot  will  shift  in  time.  This  assumption  appears  to  be  reasonably 
accurate  for  the  muzzle  velocity  variations  seen.  Figure  13  above  is  an  example 
of  this  phenomenon  when  the  muzzle  velocity  variations  are  the  result  of 
propellant  temperature  variation,  as  opposed  to  lot-to-lot  variation. 

The  idea  behind  the  similarity  solution  assumes  that  the  in-bore 
projectile  velocity/time  curve  will  be  similar  in  .‘chape  across  some  small 
variation  of  muzzle  velocities.  With  this  assumption  it  is  possible  to  write  an 
algebraic  equation  that  determines  in-bore  time.  The  dependent  variable  of  the 
similarity  function  is  a  ratio  of  projectile  velocity  divided  by  muzzle 
velocity.  At  snot  exit,  this  ratio  is  always  equal  to  one.  The  independent 
variable  is  a  ratio  of  the  time  (t)  from  propellant  ignition,  divided  by  some 
reference  time  (t^.^  ^ref  defined  to  be  the  gun  length  (L)  divided  by  the 

muzzle  velocity  for  nat  particular  lot  of  ammunition  .  Since  the  in-bore 

time  vs.  velocity  cui-ve  is  assumed  similar  for  projectiles  with  variable  muzzle 
velocities,  the  ratio  of  is  «  constant  at  shot  exit  for  all  lots.  Using 

the  values  of  a  standard  lot  of  MG31  HEAT-TP  [t  -  9.4  msec,  -  ^/^m  “  (^-83 

m)/(1140  m/sec)  -  4.237  msec),  the  constant  equals  2.219.  This  constant  (C)  is 
now  used  to  find  At,  the  time  shift  due  to  lot-to-lot  muzzle  velocity  variation, 
tj^  is  the  in-bore  time  for  a  projectile  that  has  a  muzzle  velocity  equal 

to  the  standard  muzzle  velocity  plus  the  lot-to-lot  muzzle  velocity  variation 
from  Table  2. 


V,„,  =  V„  +  ay 

Uot-to-lot 

tj  =  C  •  -  9.368  msec 

ml 

At  —  t  -  tj  =  0.032  msec 


(u) 

(7) 

(8) 


From  Figure  13,  the  value  of  dP/dt  near  shot  exit  time  is  found  to  be  -  .9'-* 
mrad/msec .  The  lot-to-lot  muzzle  pointing  error  is  therefore 
calculated  to  be: 


Afi 


di 

di 


At 


-.94  mrad/msec  •  0.032  msec 


=  0.03  miad 


(9) 


3 • 4  Boresight  Calibration. 

In  addition  to  the  desire  that  the  muzzle  angle  change  from  shot  start  to 
shot  exit  be  the  same  from  occasion  to  occasion,  calibration  between  the  muzzle 
of  the  caanon  and  the  fire  control  optics  used  to  point  the  cannon  must  be 
consistent  from  occasion  to  occasion.  Currently,  the  U.S  Army  calibrates  the 
tuinnon  to  ths  fire  control  optics  with  a  muzzle  boresight  device.  This  is  an 
optical  device  that  is  placed  in  the  muzzl**  of  the  c.annon  The  muzzle  boresight 
is  u.sed  to  aim  the  cannon  at  .some  target  point.  TTie  fire  control  optics  are 
then  aimed  at  tiit  same  point  to  align  them  with  the  muzzle  of  the  cannon.  Any 
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inability  to  point  the  cannon  at  the  same  spot  or  to  align  the  fire  control 
optics  at  the  same  spot  as  the  cannon  will  show  up  as  occasion- to-occasion 
dispersion. 

Recent  tests  have  indicated  that  tank  cannons  may  be  aimed  with  an 
accuracy  of  0.06  mrads  (standard  deviation)  using  the  bores ights  currently  in 
use  with  the  U.S.  Army.  Included  in  this  figure  is  the  error  associated  with 
the  boresight  itself  (i.e.  parallax,  reticule  lines  chat  obscure  the  target, 
etc.),  the  error  associated  with  a  slightly  different  placement  of  the  boresight 
in  the  muzzle  on  each  occasion  and  the  error  associated  with  moving  the  cannon 
[9]. 


The  error  inherent  in  the  boresight  itself  (i.e.  the  inability  to  read  the 
same  spot  with  the  boresight,  independent  of  inserting  the  boresight  In  the 
muzzle  and  moving  the  cannon)  was  measured  to  be  0.02  mrads  during  the  same 
test.  This  value  can  be  used  to  make  an  estimate  of  the  error  associated  with 
laying  the  fire  control  optics  on  the  same  spot  as  the  muzzle  of  the  cannon. 
Since  the  power  of  the  optics  in  the  fire  control  system  and  the  boresight  is 
the  s^lme  (10  power),  the  ability  to  see  the  target  spot  should  be  about  the  same 
or  less  with  the  fire  control  optics  (parallax  problems  inherent  in  the 
boresight  are  not  applicable  to  the  fire  control  optics).  Combining  the  errors 
associated  with  aiming  the  cannon  through  use  of  the  boresight  (0.06  mrads)  and 
those  with  placing  the  fire  control  optics  on  the  target  point  (<0.02  mrad) 
leaves  f:he  total  boresighting  error  at  approximately  0.063  mrad. 


IV.  CONCLUSION 

These  six  sources;  temperature  related  muzzle  velocity  variation, 
lot- to- lot  muzzle  velocity  variation,  recoil  variation,  muzzle  pointing  angle 
dependence  on  propellant  temperature,  muzzle  pointing  angle  dependence  on 
lot-to-lot  muzzle  velocity  variation  and  boresighting  variation,  represent  major 
sources  of  occasion- to-occaslon  error  that  have  been  recently  investigated  and 
are  now  better  understood.  With  this  better  understanding  comes  an  increased 
ability  to  correct  the  problems.  Reduction  or  elimination  of  these  problems  can 
significantly  improve  both  the  occasion- to-occasion  error  and  the  overall  error 
for  both  current  and  future  tanks. 
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ABSTRACT: 

During  the  past  twenty  years  Saiidia  National  Laboratories  and  the  U.  S.  Army  have  vertically  gun 
launched  numerous  155nrun  and  eight-inch  diameter  flight  test  projectiles.  These  projectiles  are 
subsequently  recovered  using  an.  on-board  parachute  recovery  system  which  is  attached  to  the  forward  case 
structure  of  tiie  projectile,  fhere  have  been  at  least  five  attempts  to  describe,  through  analytical  and 
numerical  simulations,  the  translational  and  rr»tational  motions  of  a  spinning  projectile  descending  on  a 
parachute.  However,  none  of  these  investigations  have  correctly  described  the  large  nutational  motion  of 
the  projectile  since  all  of  them  overlooked  the  fundamental  mechanism  which  causes  these  large  angular 
motions. 

Numerical  simulations  as  well  as  a  closed  form  analytical  solution  show  conclusively  that  the 
Magnus  moment  is  responsible  for  the  large  nutational  motion  of  the  projectile.  That  is,  when  the  ceruer  of 
pressure  for  the  Magnus  force  is  aft  of  the  center  of  mass  for  the  projectile,  the  Magnus  moment  causes  ar. 
unstable  (or  large)  nutational  motion  which  always  tends  to  tunr  the  spinning  projectile  upside  down  while 
it  is  descending  on  the  parachute.  Conversely,  when  the  center  of  mass  for  the  projectile  is  aft  of  the  center 
of  pressure  for  the  Magnus  force,  the  Magnus  moment  stabilizes  the  nutational  motion  tending  to  always 
point  the  base  of  the  spinning  projectile  down. 

The  fundamental  quantity  related  to  stability  of  the  nutaaonal  motion  is  the  direction  of  the  Magnus 
moment.  Since  this  is  determine  from  such  a  basic  result.  It  is  profoundly  simple.  Consequently,  it  is 
surprising  that  the  large  nutational  motion  for  a  spinning  projectile  during  parachtite  descent  puzzled  many 
investigators  and  went  unexplained  for  nearly  twenty  years. 

Projectile  flight  tests  at  Tonopah  Test  Range  in  Nevada  conclusively  demonstrated  that  the  Magnus 
moment  is  responsible  for  the  large  nutationa’  motion  of  a  spinning  projectile  descending  on  a  parachute. 

The  results  of  this  work  are  utilized  to  render  projectile  parachute  recovery  systems  more  reliable 
and  to  explain  what  initially  rray  appear  to  be  a  struige  gyrodynamic  cchavior  of  a  spinning  projectile 
descending  on  a  parachute. 
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FLIGHT  DYNAMICS  Oi*  A  SPINNING  PROJECTILE 
DESCENDING  ON  A  PARACHUTE 

G.  A.  Benedetti 
Sandia  National  Laboratories 
Livcrmo/ie,  CA  94550 


INTRODUCTION 

During  the  past  twenty  yv^-s  Sandia  National  Laboratories  and  the  U.S.  Army  have  vertically  gun 
launched  numerous  155mm  and  eight-inch  diameter  flight  test  projectiles.  These  projectiles  are 
subsequently  recovered  using  an  on-board  parachute  recovery  system  which  is  attached  to  the  forward  case 
structure  of  the  projectile.  During  this  time  there  have  been  at  least  five  or  six  attempts  to  describe,  through 
analytical  and  numerical  simulations,  the  ua?slational  and  rotationa’  motions  of  a  spinning  prpiectile 
descending  on  a  parachute.  However,  none  of  these  investigations  have  cc*rrecdy  describ^  the  large 
nutational  motion  of  tiie  projectile  since  all  of  them  overlooked  the  fundamental  mechanism  which  causes 
these  large  angular  motions. 

Numerical  simulations  as  well  as  a  closed  form  analytical  solution  show  conclusively  that  the 
Magnus  moment  is  responsible  for  the  large  nutational  motion  of  the  projectile.  That  is,  when  the  center  of 
pressure  for  the  Magnus  force  is  aft  of  the  center  of  mass  for  the  projectile,  the  Magnus  moment  causes  an 
unstable  (or  large)  nutational  motion  which  always  tends  to  turn  the  spinning  projectile  upside  down  while 
it  is  defending  on  the  parachute  in  a  normal  manner.  Conversely,  when  the  center  of  mass  for  the 
proje:tile  is  aft  of  the  center  of  pressure  for  the  Magnus  force,  the  Magnus  moment  stabilizes  the  nutational 
motion  tending  to  always  point  the  base  of  the  spinning  projectile  down. 

F^jecrile  fhght  tests  at  Tonopah  Test  Range  in  Nevada  conclusively  demonstrated  that  the  Magnus 
moment  is  responsible  for  the  large  nutational  motion  of  a  spinning  projectile  descending  on  a  parachute. 

A  brief  description  of  the  projectile  motion  during  a  normal  parachute  descent  may  help  the  reader 
visufilize  the  ar^guiar  motions  associated  with  a  spinning  projectile  which  tends  to  turn  upside  dovm. 

At  Tonopah  Test  Range,  projectiles  are  usually  fued  87°  above  the  horizontal  ground  plane.  When 
the  projectile  reaches  apogee  (60,000  feet  to  75,000  feet;  no  spoiler  plate),  it  begins  to  fall  base  first  and  the 
spin  sp^  of  the  projectile  is  slightly  less  (••'15%)  than  at  banel  exit  (-15,000  RPM  for  a  155mm  diameter 
shell  and  -10,000  RPM  for  an  8-jnch  diameter  shell).  After  falling  for  about  teri  to  twenty  seconds,  the 
forward  mounted  parachute  is  deployed  and  inflated. 

As  the  spinning  projectile  descends  on  the  parachute,  it  undergoes  precession  and  nutation  (refer  to 
Figure  1).  After  the  initial  transients,  which  can  last  for  several  seconds,  and  prior  to  projectile-cable 
interaction,  which  takes  several  tens  of  seconds,  the  precession  and  nutation  speeds  are  very  low  compared 
to  the  spin  speed  of  the  projectile.  This  has  been  shown  by  numerical  simulation  and  observed 
experimentally. 

in  almost  all  flight  test  cases,  the  projectile  slowly  nutates  until  it  is  nearly  upside  down;  that  is,  its 
nose  is  pointed  towards  the  ground.  When  the  nutation  angle  of  the  projectile  is  about  1 10°  (this  can  take 
from  60  seconds  to  150  seconds  after  parachute  inflation),  the  spinning  projectile  tv^gins  to  vub  c^i  f!ie  cable 
wear  sleeve  shown  in  Figure  1 . 

While  the  .spinning  projectile  is  in  contact  with  the  wear  sleeve  (~30  seconds  to  60  seconds),  severe 
lateral  vibiurion  of  the  cable  arid  shroud  lines  occurs. 
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Figure  1.  spinning  Projectile  Descending  on  Par.^chulto.  Note  that  the  upper  bearing  pre¬ 
vents  the  shroud  lines  from  twisting  duo  to  procession  especially  when  the  nutation 
angle,  6,  is  near  00*. 


During  the  time  the  projectile  is  in  contact  with  the  cable  wear  sleeve,  its  spin  speed  decreases 
Significantly.  Consequently,  the  projectile,  with  its  greatly  reduced  spin  speed,  is  now  unstable  in  this 
upside  down  configuration  and  it  rapidly  nutates  back  to  its  original  base  down  configuration  impacting  the 
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giround  at  1 10  ft/sec  and  at  a  greatly  reduced  spin  speed.  The  maKimurn  flight  time  from  gun  launch  to 
ground  impact  is  about  4(K)  seconds. 

Numerical  simulations  in  reference  [1]  describe  this  motion  prcyvided  the  center  of  mass  for  the 
projectile  is  forward  of  the  center  of  pressure  for  the  Magnus  force  in  the  post  parachute  deploytnent 
configuration. 

The  equations  which  describe  the  translational  and  rotational  motions  of  the  spinning  projectile 
descending  on  its  parachute  arc  too  lengthy  to  list  here.  However,  tlie  derivation  of  these  equations  is 
thoroughly  docuntented  in  reference  [1]. 


RESULTS 

Projectile  flight  tests  at  Tonopah  Test  Range  conclusively  demonstrated  that  the  Magnus  moment  is 
responsible  for  the  large  nutational  motion  of  a  spinning  projectile  descending  on  a  parachute. 

Bight  Tg^LRgsidts 

On  June  26, 1985,  two  155mm  diameter  flight  test  projectiles  were  successfully  gun  fired  at 
Tonopah  Test  Range  (TTR)  to  demonstrate  whether  or  not  the  h^agnus  moment  was  responsible  for  tlie 
large  nutationai  motions  associated  with  a  spinning  projectile  during  a  normal  parachute  recovery  These 
projectiles  were  ballasted  such  that  one  would  be  stable  and  the  other  unstable  according  to  the  l^gnus 
theory  discussed  previously.  Both  test  units  (FC891  ~  stable  and  FC892  -  unstable)  used  Army  parachute 
recovery  systems. 

It  is  important  to  note  that  the  Sandia  parachute  recovery  system  incorporates  a  wear  sleeve  attached 
to  a  long  steel  cable  between  the  projectile  and  the  parachute  shroud  lines  trefer  to  Figures  1  and  2) 
whereas  the  Army  parachute  recovery  system  utilizer  a  short  loop  (-ti-inch  loop)  of  steel  cable  between  the 
projectile  and  the  shroud  lines  (refer  to  Figure  2).  Therefore,  when  a  spinning  projectile  which  uses  an 
Army  parachute  recovery  system  nutates  to  about  an  upside  down  position,  it  will  wear  tluough  tl'e  steel 
cable  loop  and,  of  course,  separate  itself  from  the  parachute.  This  is  precisely  what  occurred  to  the  second 
flight  test  projectile  (FC  892)  which  was  ballasted  such  that  it  would  turn  upside  down. 

The  first  projectile  (FC  891-  stable),  which  had  its  center  of  mass  aft  of  the  center  of  pressure  for 
the  Magnus  force,  impacted  the  ground  base  first  with  a  vertical  velocity  of  about  100  feet/second.  The 
recovery  was  normal  and  the  projectile  and  parachute  were  undamaged.  The  second  projectile  (FC  892 
unstable),  which  had  its  center  of  mass  forward  of  the  center  of  pressure  for  the  Magnus  force,  slowly 
nutated  to  approximately  an  upside  down  position  and  thus  cut  itseh  loose  from  the  parachute  about  70 
seconds  after  parachute  inflation.  Consequently,  tlie  projectile  impactexl  the  ground  nose  first  with  a  vertical 
velocity  of  about  1,100  fcet/second.  The  parachute  was  subsequently  recovered  and  the  short  loop  of  steel 
cable  between  the  projectile  and  shroud  lines  was  severed.  The  cut  in  the  severed  cable  was  clean  with  no 
fi^yed  cable  strands.  This  sequence  of  events  had  been  predicted  prior  to  tire  tests. 

Therefore,  it  was  concluded  that  the  Magnus  moment  is  responsible  for  the  large  nutationai  motion 
of  a  spinning  projectile  descending  on  a  parachute.  That  is,  when  the  center  of  pressure  for  the  Magnus 
force  is  a/t  of  the  center  of  mass  for  the  projectile,  the  Magnus  moment  causes  an  unstable  (or  large) 
nutational  motion  which  always  tends  to  turn  the  projectile  upside  down.  Converecly,  when  the  renter  of 
mass  for  the  projectile  is  aft  of  the  center  of  pressure  for  the  Magnus  force,  the  Magnus  moment  stabilizes 
the  nutational  motion  tending  to  always  point  the  ba.se  of  the  spinning  projectile  down. 

Figure  3  shows  a  test  projectile  7.5  x  10'^  seconds  after  barrel  exit  with  an  axial  velocity  of  2.700 
feel/second, 
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riguj-c  3.  Tost  Projectile  Fired  froio  t55iniii  Oinmeter  l\ib«  «t  Tonopah  Test  Kj’.,ugc.  Note 
sj>oiior  plu'o  ucnr  nose  of  projectile. 
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Predicted  Tfisi&gaulis 

When  the  system  equations  of  motion  in  reference  1  are  mimerically  integrated  to  predict  the 
ti^islational  and  angular  motions  associated  with  a  flight  test  projectile  similar  to  FC892  (unstable), 
Figures  4  through  10  result  For  these  calculations,  a  Sandia  parachute  recovery  system  is  utilized  rather 
than  an  Army  recovery  system  (refer  to  Figure  2).  Consequently,  when  the  spinning  projectile  nutates  (0) 

to  6rub  (Orub  =  1 10°).  it  begins  to  rub  on  the  cable  wear  sleeve. 


The  nomial  interaction  force  (Fn)  between  the  projectile  and  weai'  sleeve  increases  v/ith  the  nutation 
angle  (6 )  provided  6  >  8rub-  Therefore,  during  the  time  the  projectile  is  in  contact  with  tlw  wear  sleeve 

its  spin  speed  decreases  and  its  precession  speed  (^)  increases  significantly  (refer  to  Figure  1).  The 

decreased  spin  speed  (\jr)  gready  reduces  the  Magnus  force  lift  coefficient  (C/)  and,  hence,  the  Magnus 
moment. 

Subsequendy  the  projectile  impacts  the  ground  in  a  near  base  down  configuration  and  at  a  greatly 
reduced  spin  sp«d.  A  base  down  configuration  is  the  optimum  projectile  configuration  for  ground  impact 
since  the  projectile  axial  inertia  loads  are  in  the  same  direction  as  during  gun  launch.  For  some  projectile 

designs  a  gready  reduced  spin  spieed  (\^)  at  ground  impact  is  desirable  since  the  projectile  inertia  torques 
during  ground  impact  are  opposite  to  those  during  gun  launch. 


ALTITUDE  TIME 


FiKurc  4.  Allitiul?  Above  Mcnii  Sen  Level  ii  ThoosniKls  of  Feet  Versus  Time.  Apogee  occurs 
34  seconds  after  gun  innnch  ami  parachute  inflation  occurs  8  seconds  after  apogee. 
Zero  time  on  the  flgiirc  corresponds  to  pnraclinte  inflation. 
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Figure 


Figure  C. 


VERTICAL  VELOCITY  VS.  TIME 


5.  Vci-ticMl  Velocity  in  Foot  Per  Second  Versus  Time.  A  negative  vertical  velocity  in 
dicates  the  direction  of  the  velocity  is  towards  the  ground. 


NUTATION  ANGLE  VS.  TIME 


Nutation  Angle,  b,  versus  Time  for  an  Initial  Nutation  Angle  of  10'.  The  naxi- 
inuin  nutation  angle  is  ~170'’  and  occurs  at  ~107  seconds.  Projectile-cable  mtcrac- 
tion  begins  at  ~03  seconds  (6  =  110*)  and  cuds  at  ~117  seconds. 


126 


phidot  (rpm) 


BENEDETn 


SPIN  SPEED  VS.  TIME 


Figure  7.  Spin  Speed,  i>,  in  Thoiisfuids  of  Revolutions  per  Minute  Versus  Time.  The  spin¬ 
ning  projectile  begins  to  rub  on  the  steel  cable  at  ~C3  seconds  and  projectile-cable 
interaction  terminates  at  ~117  seconds. 


PRECESSION  SPEED  VS.  TIME 


Figure  8.  Precession  Sp^,  in  Revolutions  per  Minute  Versus  Time.  A  negative  preces- 
sioii  speed,  indicates  the  direction  of  precession  is  clockwise  when  viewing  the 
projectile  from  above  along  tl.e  negative  Z  axis.  Refer  to  Figure  1.  Projectile-cablo 
interaction  begins  at  ~63  seconds  and  ends  at  ~1I7  seconds. 
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MAGNUS  FORCE  VS.  TIME 


Figure  0.  Mngiius  Force  in  Pounds  Versus  Time  for  nn  Initini  Nutntion  Angle  of  15*. 


NUTATION  ANGLE  VS.  TIME 


Figure  10. 


Nutation  Anglo,  9,  Versus  Time  for  Initial 
Note  that  for  an  initial  nutation  angle  of  5 
a  nearly  nose  down  configuration. 


Nutation  Angles  of  5*,  lO',  and  15*. 

1  projectile  impacts  the  ground  in 
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CONCLUSIONS 

The  fundamental  conclusion  of  this  report  is  that  the  Magnus  moment,  which  is  caused  by  tlic 
Magnus  force,  is  responsible  for  the  large  nutational  motion  of  the  spinning  projectile  during  parachute 
descent.  This  conclusion  was  first  determined  analytically  and  then  experimentally  verified. 

A.  The  following  conclusions  are  for  the  case  where  the  center  of  gravity  (CG)  for  the  projectile  is 
forward  of  the  center  of  pressure  for  the  Magnus  force  (CP^^)  in  the  post  parachute 
deployment  configuration,  and  the  spinning  projectile  is  descending  on  the  parachute  in  a 
normal  manner.  The  spin  is  induced  by  firing  the  projectile  from  a  right-hand  twist  tube. 

lA.  The  Magnus  moment  vector  (magnitude  arid  direction)  is  responsible  for  the  large 

nutational  motion  (6)  of  Lie  spinning  projectile,  'fhe  projectile  always  tends  to  nutate  (0) 
toward  the  upside  down  or  nose  down  position.  This  results  because  the  Magnus  moment 
causes  die  spinning  projectile  to  lotate  toward  a  position  of  stable  dynamic  equilibrium. 

2A.  The  maximum  nutation  angle  {$)  attained  by  the  projectile  in  a  fixed  amount  of  time  from 
parachute  inflation  is  highly  dependent  on  the  initial  nutation  angle  {9q),  the  distance 
between  the  (XJ  and  CPmag.  fhe  Magnus  force  and  the  axial  angular  momentum  of  the 
projectile. 

3A,  The  direction  of  projectile  precession  (refer  to  Figure  1)  is  always  in  the  clockwise 
direction  when  viewing  the  projectile  from  above  (along  the  negative  Z  axis). 

4A.  Launching  the  projectile  from  a  left-hand  twist  tube  (if  there  are  any)  will  still  result  in  a 
large  nutational  motion  (0)  of  the  projectile  during  parachute  descent.  However,  in  this 
case,  the  direction  of  precession  will  always  be  in  the  counterclockwise  direction  when 
viewing  the  projectile  from  above  (along  the  negative  Z  axis). 

5A.  If  a  base  first  impact  with  the  ground  and  associated  small  axial  and  torsional  inertial 
loadings  are  to  be  assured,  the  projectile  must  be  de-spun  or  partially  de-spun.  This  will 
spoil  die  Magnus  effect  and  thus  eliminate  the  de-stabilizing  Magnus  moment.  When  this 
is  the  case,  the  reliability  of  the  recovery  system  can  be  increased  (refer  to  conclusions  3B 
and  4B). 

6A.  When  the  gun  elevation  angle  is  87°  above  the  horizontal,  a  substantial  amount  of 

descending  flight  time  is  required  for  the  projectile  to  nutate  upside  down,  rub  on  the  cable 
wear  sleeve  to  reduce  its  spin  speed,  and  then  return  to  the  base  down  configuration  prior  to 
ground  impact.  To  assure  a  base  first  impact  with  the  ground,  it  is  necessary  to  complete 
tliis  sequence  of  events  early  during  the  descending  flight.  This  can  be  accomplished  by 
decrefising  the  gun  elevation  angle  which,  in  effect,  increases  the  initial  nutation  angle  (do) 
of  the  projectile  prior  to  parachute  inflation.  Recall  that  small  increases  in  the  initial 
nutation  angle  ( Oq)  will  significandy  decrease  the  total  time  required  to  return  the  projectile 
to  its  base  down  configuration  prior  to  groui.d  impact. 

B.  llie  following  conclusions  are  for  die  case  where  the  CXj  for  the  projectile  is  cfi  of  the  CP^rw^ 
for  the  Magnus  force  in  the  post  parachute  deployment  configuration,  and  the  spinning 
projectile  is  descending  on  the  parachute  in  a  nonnal  manner  The  spin  is  induced  by  firing  the 
projectile  from  a  right-hand  twist  tube. 

IB.  Tne  Magnus  force  remains  unchanged  but  the  Magnus  moment  vector  reverses  direction 
and  tlie  position  for  stable  dynamic  equilibrium  for  th?.  projectile  is  now  always  in  the  base 
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down  configuration.  A  base  down  configuration  is  the  optimum  projectile  configuration 
for  ground  impact. 

2B.  Since  the  projectile  is  always  in  the  base  down  configuration,  Lhe  projectile  does  not  rub  on 
the  cable  wear  sleeve.  Consequendy,  severe  cable  arid  parachute  vibration  dees  not  occur. 

3B.  When  the  base  of  the  projectile  always  points  toward  the  ground,  the  steel  cable  and 
associated  hardware  between  the  projectile  and  parachute  can  be  eliminated.  This  reduces 
recovery  system  weight,  decreases  the  complexity  of  the  mechanical  design  and  assembly 
procedure  and  also  circumvents  many  functional  and  intractable  engineering  analysis 
problems  associated  with  parachute  deployment  and  projectile  descent.  Therefore,  a  more 
reliable  parachute  recovery  system  can  be  designed  to  "soft"  recover  artillery  projectiles. 

4B.  Use  of  a  spoiler  plate  attached  to  the  forward  portion  of  the  recovery  system  during 
projectile  ascent  reduces  the  maximum  itititude  (~70,000  feet)  and  maximum  flight  time 
(~4()0  seconds)  by  a  factor  of  approximately  two.  liiis  increases  reliability  since  there  is 
less  time  for  bearing  failures,  parachute  failures,  etc.  to  occur.  Note  that  use  of  a  spoiler 
plate  is  not  recommended  when  the  post  deployment  projectile  configuration  is  such  that 
the  CXI  is  forward  of  the  CPmag.  In  this  unstable  configiuation,  a  substantial  amount  of 
additional  flight  time  is  required  so  the  projectile  can  nutate  upside  down,  rub  on  the  cable 
wear  sleeve  to  reduce  its  spin  speed,  and  then  return  to  the  base  down  configuration  prior  to 
ground  impact.  Recall  that  severe  cable  and  parachute  vibration  occurs  while  the  spinning 
projectile  is  rubbing  on  the  cable  wear  sleeve. 

5B.  Since  the  projectile  no  longer  rubs  on  the  cable  wear  sleeve,  its  spin  speed,  \|r,  is  high  at 
ground  impact.  Consequently,  higher  inertia  torques  may  result  during  ground  impact. 
However,  the  inertia  torque  may  be  related  to  projectile  penetration  depili  and  a  rapidly 
spinning  projectile  impacting  the  ground  at  only  1 10  fi/sec  may  not  generate  excessively 
large  magnitudes  of  inertia  torque  relative  to  a  slow'Iy  spinning  projectile  although  the 
inertia  torque  may  be  longer  in  duration. 

fiB.  The  direction  of  projectile  precession  is  always  in  the  clockwi.se  direction  when  viewing  the 
projectile  from  above  (along  the  negative  Z  axis). 


C.  General 

1C.  The  system  equations  of  motion  are  programmed  and  can  predict  the  quantitative 

translational  arid  rotational  motions  associated  with  a  spinning  projectile  descending  on  a 
parachute.  However,  good  applicable  Magnus  wind  tunnel  data  is  not  a\'ailable. 

To  accurately  assess  the  instability  of  a  spinning  projectile  (i.e.,  its  tendency  to  turn  upside 
down)  during  parachute  descent-  the  Ma^us  force  and  the  CP^ag  r^'USt  be  measured  for 
the  i»st  deployment  configuration  and  flight  conditions.  Once  this  wind  tumsel  data  is 
obtained,  quantitative  evaluations  of  projectile  behavior  can  be  made. 

The  resources  and  facilities  for  obtaining  these  measurements  are  available  (refer  to 
reference  1). 

2C.  Some  Army  projectiles  nutate  to  large  angles  during  parachute  descent  and  can 
subsequently  wear  through  the  short  loop  of  steel  cable  between  the  projectile  and 
parachute  shroud  lines  (refer  to  Figure  2).  When  this  happens,  the  projectile  separates 
itself  from  the  parachute  and  impacts  the  ground  nose  first. 
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Therefore,  to  prevent  the  spinning  projectile  from  turning  upside  down  during  parachute 
descent,  the  projectile  center  of  gravity  (CG)  must  be  locat^  aft  of  the  center  of  pressure 
(CP/nfljj)  for  die  Magnus  force.  This,  of  course,  applies  to  the  post  parachute  deployment 
projeaiie  configuration. 
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ABSTRACT: 

An  investigation  was  undertaken  to  examine  electromagnetic 
(EM)  gun  barrel/projectile  interaction.  The  RASCAL  code  was 
used  in  this  study  because  of  its  ability  to  easily  manipulate 
relevant  parameters  such  as  gun  tube  centerline,  projectile/bore 
contact  stiffness,  and  projectile  design  geometry.  This  work 
centers  around  a  comparison  of  projectile  performance  in  the  9-MJ 
EM  railgun  at  the  University  of  Texas  Center  for  Electromechanics 
(UTCEM)  and  a  double-travel  conventional  gun.  This  comparison  was 
made  by  varying  the  parameters  listed  above  for  two  different 
projectile  designs,  one  projectile  being  the  M829  tank  round,  the 
other,  a  preliminary  EM  design.  It  was  hoped  that  adoption  of  this 
format  would  identify  specific  areas  of  the  EM  gun/projectile 
system  that  excite  transverse  loading,  with  the  results  of  the 
analysis  presented  here. 
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An  Examination  of  In-bore  Projectile  Motion  from  an  EM  Railgun 


Larry  Burton 

U.S.  Army  Research  Laboratory 
Weapons  Technology  Directorate 
Aberdeen  Proving  Ground,  MD  21005-5066 


INTRODUCTION 

During  the  past  decade,  it  has  been  recognized  that  a 
projectile's  interaction  with  the  gun  tube  during  in-bore  travel 
plays  a  major  role  in  determining  the  terminal  accuracy  of  the 
round.  If  the  projectile  is  subjected  to  excessive  transverse 
loading  during  this  period,  disturbances  may  be  induced  that  lead 
to  yawing  motion  and  possibly  even  excitation  of  the  projectile's 
natural  frequencies.  Obviously,  it  is  important  for  the  projectile 
designer  to  minimize  the  effects  of  these  occurrences. 

In  recent  years,  much  effort  has  beer  devoted  to  developing 
modeling  technic[ues  that  may  be  used  to  estimate  the  disturbances 
that  arise  from  projectile/gun  tube  interaction.  These  models  range 
in  scope  from  a  one-dimensional  beam  element  code,  RASCAL  [1],  to 
three-dimensional,  transient  analysis  with  commercial  finite 
element  programs.  The  use  of  these  techniques  to  investigate 
gun/projectile  dynamics  in  conventional  tank  cannons  is  well 
documented  [2, 3, 4, 5, 6]. 

Currently,  however,  there  are  ongoing  programs  to  develop 
alternatives  to  conventional  powder  guns.  One  example  is  the 
electromagnetic  (EM)  gun  system,  which  relies  on  passing  current 
through  an  armature  in  an  induced  magnetic  field  to  provide  its 
propulsive  force.  The  EM  gun  barrels  are  composite  in  nature,  that 
is,  having  a  non-homogeneous  cross  section  (see  Figure  1).  This  is 
a  radical  departure  from  the  cylindrical  steel  tubes  characteristic 
of  current  cannons.  In  addition,  solid  armature  railguns  typically 
rely  on  metal-to-metal  contact  to  conduct  current  between  the  gun 
rails  and  the  armiture,  which  leads  one  to  believe  the  EM  system 
has  characteristics  that  may  lead  to  more  excessive  transverse 
disturbances  being  imparted  to  the  projectile. 

An  analysis  was  undertaken  to  determine  the  severity  of 
transverse  loading  in  an  EM  barrel  in  conporison  to  a  conventional 
steel  gun  tube.  The  details  of  the  analytical  investigation  and 
the  subsequent  results  are  presented  in  the  following  sections. 
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Figure  1.  EM  Rallgun  Barrel  Cross  Section 


PURPOSE 

The  purpose  of  the  analytical  investigation  was  to  determine 
the  severity  of  transverse  loading  in  an  EM  barrel  in  comparison  to 
a  conventional  steel  gun  tube.  It  was  hoped  that  by  runniag 
numerous  case  studies  while  varying  the  parameters  affecting 
in-bore  projectile  motion,  a  cause-and-effect  relationship  could  be 
identified  and  the  most  deleterious  conditions  isolated. 


PROCEDURE 

Realizing  the  gross  difference  between  conventional  and  EM  gun 
systems,  it  was  felt  advantageous  to  exercise  a  simplistic  in-bore 
dynamics  code,  which  would  allow  for  easy  manipulation  of  the 
relevant  parameters.  This  led  to  the  RASCAL  code  [1]  being  chosen 
as  the  vehicle  for  conducting  the  investigation.  RASCAL  is  a 
one-dimensional  code,  which  employs  beam  elements  and  requires 
inputkS  of  interior  ballistic  loading  information,  projectile 
geometry,  barrel  dimensions  and  centerline  profile,  and  breech  and 
gun  system  parameters.  The  specific  values  incorporated  into  the 
model  are  detailed  in  the  following  sections. 


GUN  BARREL  MODELING 

The  study  focused  on  a  comparison  oF  projectile  motion  in  an 
EM  railgun  with  that  of  a  conventional  gun.  Tne  9-MJ  railgun 
at  the  University  of  Texas  Center  for  Electromechanics  (UTCEM)  was 
selected  as  the  railgun  gun  to  be  modeled  because  centerline  data 
for  the  barrel  exists.  The  existence  of  centerline  dat»^  ii 
noteworthy  for  the  EM  community  has  only  recently  begun  to 
recognize  the  important  role  the  centerline  profile  plays  in 
determining  in-bore  motion.  It  is  also  important  to  note  the 
centerline  profile  changes  drastically  from  shot  to  shot  with 
current  state-of-the-art  railguns.  Railguns  are  typically  honed  out 
after  evei-y  shot  to  remove  damage  done  by  arcing  and  wear,  thus 
placing  the  in-bore  geometry  in  a  continual  state  of  fluctuation. 
Thus,  the  data  employed  in  the  model  are  a  one-time  barrel 
centerline  meant  to  be  representative  of  that  found  in  the  UTCEM 
gun. 
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The  UTCEM  gun  is  9.5  m  long  and  is  aountsd  vertically.  It  has 
a  constant  diameter  cylindrical  cross  section  along  its  entire 
length.  A  double-travel  conventional  gun  was  chosen  to  serve  as  a 
comparator  because  its  10~m  length  is  nearly  equivalent  to  that  of 
the  UTCEM  barrel  and  allows  for  velocities  above  those  of  standard 
ordnance.  The  gun  barrel  geometries  are  depicted  below  in  Figure  2. 
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Figure  2.  Barrel  Geometries  of  EM  and  Double-Travel  Guns 


Note;  the  two  barrels  modeled  have  different  bore  diameters; 
the  EM  railgun  has  a  90-mr?  nominal  diameter,  while  the 
double-travel  cannon  is  120  mm.  One  of  the  benefits  of  RASCAL  is  it 
does  not  require  barrel  geometry  to  be  consistent  with 
projectile  geometry.  In  other  words,  it  is  possible  to  examine  the 
motion  of  a  120-mm  projectile  in  a  90-mm  bore  and  vice  versa.  This 
caijability  results  from  RASCAL'S  use  of  beam  elements  to  model  rhe 
projectile  with  the  projectile/ barrel  contact  points  represented 
with  springs. 

Figure  3  shows  the  centerline  data  incorporated  into  the  gun 
barrel  models.  For  the  EM  railgun,  the  vertical  measurements  are 
for  the  plane  of  the  copper  rails,  while  the  horizontal  are  for  the 
ceramic  insulator.  Tube  008  data  refer  to  the  double-travel  cannon, 
and  data  line  2  simply  is  a  verification  of  the  original 
measurements  of  the  UTCEM  gun  shown  as  data  line  1. 
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Figure  3.  Gun  Barrel  Centerline  Measurements 

The  final  input  requirement  pertaining  to  the  barrels  was 
descriptions  of  the  breech  and  gun  system  parameters.  Since  both 
guns  are  experimental,  that  is,  not  meant  to  be  mounted  in  any 
vehicle,  it  was  decided  to  use  identical  input  files  for  the  two 
guns  except  for  bore  and  chamber  radii  particular  to  each  gun,  as 
well  as  the  elastic  modulus  and  material  density  of  the  barrels. 

Obviously,  for  the  case  of  the  homogeneous  steel  conventional 
gun,  the  modulus  (30e06  Ib/in^)  and  density  (0.283  Ib/in^)  are 
known.  The  EM  barrel  is  not  as  straightforward  for  the  laminate 
nature  of  its  cross  section  calls  for  derivation  of  an  effective 
modulus  and  density.  An  effective  density  was  calculated  using  a 
simple  rule  of  mixtures  approach,  whereby  the  density  of  each 
material  layer  was  multiplied  by  its  volume  and  these  values  were 
summed  to  give  the  total  weight  of  the  barrel.  This  weight  was  then 
divided  by  fche  total  volume  of  thc^barrel  to  provide  an  effective 
density  of  the  barrel  (0.193  Ib/in^) .  A  similar  method  was  used  to 
derive  an  effective  modulus  using  a  beam-deflection  analysis.  Tf 
each  layer  is  considered  a  beam  that  maintains  contact  with  its 
adjacent  layer,  the  deflections  are  equivalent  at  coincidental 
points  and  have  values  of  the  form  y=(wl^)/(8EI) .  Thip  leads  to 

^eff^^ 

Yi  “  '/'»  *  Yn  * - -  "  - - -  - - -  “  Yef^'  * - 

^  8E2I2  8E3I3  SEeffleff 

where  the  subscripts  denote  the  different  layers.  Since  the  barrel 
hangs  vertically,  there  is  no  distributed  gravity  load,  so 
wi=W2"-W3=Wjjff  for  any  transverse  distributed  load.  This  results  in 

Efiff^eff  “  E1I1  +  E2I2  +  E3I3 

The  resultant  effective  density  calculated  equals  35.7e06  Ib/in^* 


INTERIOR  BALLISTIC  MODELING 

One  of  the  most  significant  diffeiences  between  the  SM  railgun 
and  the  conventional  gun  system  is  the  i-aeans  of  providing  the 
propulsive  force-  However,  the  RASCAL  code  allows  fo*r  interior 
ballistic  data  to  be  input  as  velocity  versus  time  and  is  thus 
transparent  to  the  mode  of  propulsion. 
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Two  separate  interior  ballistic  curves  were  used  in  tl)e 
analysis  and  are  shown  in  Figure  4.  The  first  curve,  and  the  more 
severe  case,  shows  a  peak  velocity  of  1965  m/s  at  muzzle  exit.  This 
curve  was  provided  by  UTCEM  from  a  simulation  code  developed 
in-house.  It  is  important  to  realize  this  simulation  does  not 
accurately  reflect  the  current  status  of  the  UTCEM  gun  system  for 
large  caliber  projectiles.  At  the  present  time,  rise  times  of  about 
100  microseconds  are  typical,  with  efforts  ongoing  to  control  the 
staging  of  generators  to  reduce  the  rise  time  tc  that  shown  in  the 
simulation.  Therefore,  this  curve  represents  an  optimal  interior 
ballistic  loading  from  the  EM  raiigun. 


Cn  l.«n4  I  Vf 


I IC 


Figure  4.  Interior  Ballistic  Curves  used  in  RASCAL  Analysis 


The  second  load  profile  is  for  an  M829  proiectile  fired  from  a 
double-travel  cannon  and  does  not  include  any  charge  optimization. 
This  case  achiuves  a  maximum  velocity  of  174J  m/s  at  exit. 


PROJECTILE  GEOMETRY 

RASCAL  was  written  for  specific  application  to  projectiles 
operating  in  conventional  tank  cannons.  Some  of  the  assumptions 
required  to  apply  the  code  to  EM  raiigun  cases  have  been  derailed 
previously  in  the  gun  barrel  modeling  section.  Similarly,  a  set  of 
assumptions  was  required  in  modeling  the  EM  projectile  with  RASCAL. 

Two  generic  geometries  are  available  within  RASCAL  for 
modeling  projectiles.  They  are  a  double-ramp  configuration  as  found 
in  the  M829  and  the  geometry  of  a  Heat  round.  The  EM  projectile  of 
interest  is  shown  in  Figure  5  and  has  the  basic  double-ramp 
configuration  with  two  trailing  armature  contacts  attached. 

Modeling  these  two  trailing  arms  presei/ts  a  d/fficuJty  since 
RASCAL'S  input  is  in  the  form  of  various  tapers  and  a  forward 
borerider  as  shown  in  Figure  6. 
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F.ig^lre  5.  EM  Projectile  configuration 


Figure  6.  RASCAL  Input  Geoisetry  fot  a  Doubl  e-'Ranp  Sabot 

The  PASCAL  model  of  the  2M  projectile  is  depicted  in  Figure  7. 
The  swept-bacK  portion  of  the  chevron  anrature  design  is  not 
inclv'ided  because  of  the  limitations  of  the  RASCAL  geometry  modeler. 
However,  it  was  felt  that  the  overhanging  structure  provides  only 
minimal  additional  lateral  stiffness,  so  that  the  model  would 
yield  a  response  fairly  representative  of  the  projectile. 

Some  preliminary  calculations  were  also  made  to  investigate 
the  possibility  of  reversing  the  projectile  direction  to  model  one 
of  the  armature  leaves  by  taking  advantage  of  the  forward  borerider 
modeling  capability  (see  Figure  8) .  However,  from  these 
calculations,  this  technique  was  determined  to  be  unfeasible  for 
this  geometry  because  of  the  way  RASCAL  resolves  the.  bore-riding 
structure  into  beam  elements.  Therefore,  the  representation  shown 
in  Figure  7  was  chosen  to  best  rerve  as  the  EM  projectile  model. 


Fi'furc  7  RAACAL  Model  of  EM  Projectile 
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CONTACTS  AT 
6.2436'  &  7.7522" 


Figure  8.  Alternate  Model  of  the  EM  Projectile 


The  other  projectile  incorporated  in  the  study  was  the  H829, 
which  is  a  standard  anununition  for  the  120-inin  cannon.  This  was 
meant  to  serve  as  a  baseline  performer  against  which  the  EM  design 
could  be  evaluated. 

A  key  parameter  in  determining  a  projectile's  in-'bore 
performance  is  the  stiffness  associated  with  the  projectile/bore 
interface.  Attempts  have  beei  made  to  experimentally  determine  this 
contact  stiffness  value  [7,8 J  with  results  ranging  from 
approximately  l.OeOS  to  1.0el6  Ib/in  in  magnitude.  Previous 
experience  in  matching  the  RASCAL  output  results  with  test  firing 
data  led  to  the  use  of  4.3eOS  Ib/in  as  a  standard  value  [9].  For 
the  purpose  of  this  investigation,  three  different  contact 
stiffness  values  were  evaluated  for  each  case  studied  to  represent 
the  lowest  measured  value  (l.OeOS  Ib/in),  the  highest  measured 
value  (1.0e06),  and  a  value  used  in  previous  evaluations  with 
RASCAL  (4.3e05  Ib/in). 


CASE  STUDY  MATRIX 

The  analysis  involved  the  two  projectile  models  witli  system 
parameters  varied  to  look  at  11  different  scenarios  as  listed  in 
Table  1.  Each  of  the  11  cases  were  run  with  the  three  different 
stiffness  values  resulting  in  a  total  of  33  individual  cases  being 
investigated. 

The  study  was  set  up  so  that  Case  1  represented  an  estimate  of 
the  M829  projectile  response  from  the  double-travel  gun  having  a 
conventional  pressure  profile  loading.  Case  2  was  run  to  see  how 
the  more  severe  EM  loading  profile  would  affect  the  projectile.  The 
third  case  isolated  the  effects  attributable  to  the  rail 
centerline,  while  Cases  4  and  5  provided  data  for  the  M829  in  the 
SM  gun  system  with  rail  and  i.isulator  centerlines,  respectively.  A 
final  case.  Number  11,  was  run  during  conditions  similar  to  Case  1 
except  for  use  of  the  vertical  centerline  of  the  conventional 
double-travel  gun  instead  of  the  horizontal  centerline. 

The  other  half  of  the  investigation  focused  on  the  response  of 
the  EM  projectile,  with  Case  6  serving  as  a  baseline  for  the 
complete  EM  system.  As  with  the  M829  projectile  cases,  parameters 
were  shuffled  to  see  how  singular  changes  affected  in-bore 
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performance.  Case  7  subjected  the  EM  design  to  the  conventional 
loading  in  the  EM  system.  Case  8  examined  the  projectile's  actions 
in  an  EM  system  having  the  double-travel  gun's  centerline.  Case  9 
analyzed  the  EM  projectile  in  the  conventional  gun  system,  while 
Case  10  looked  at  projectile  response  in  the  EM  system  with  the 
insulator  centerline. 


Prolacdia 

Loading 

Cantarllna 

Gun 

System 

Barrel 

Gaometry 

CaMi 

M829 

Donvantiona 

Doubla 

Travel 

120!nin 

Doubla 

Travel 

Cannon 

Double 

Travel 

Cannon 

Ca8a2 

m 

EM  Praflla 

Doubla 

Trt'.'al 
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Doubla 

Travel 
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Double 

Travel 

Cannon 

CsmS 

UTCEM 
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Doubla 

Travel 
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Travel 
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C«m4 

B 

EMPnaflla 

LR-CEM 
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UTCEM 

UTCEM 
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Bl 

EM  Praflla 

UTCEM 
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UTCEM 

UTCEM 

CaMS 

B 

EM  Praflla 

UTCEM 
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UTCEM 

UTCEM 

CaM7 

EM 

B 

UTCEM 

Rais 

UTCEM 

UTCEM 

CasaS 

EM 

EM  Proflla 

Doubla 

Travel 

120mm 

UTCEM 

UTCEM 

CaM9 

m 

mm 

Doubla 

Travel 

120mm 

Double 

Travel 

Catinon 

Double 

Travel 

Cannon 

CaselO 

B 

EM  Praflla 

UTCEM 

fcisuiator 

UTCEM 

UTCEM 

Casa  11 

M620 

Donvantianal 

Doubla 

Travirt 

120mm 

fverIM) 

Double 

Travel 

Cannon 

Double 

Travel 

Canfxm 

Table  lo  Listing  of  Parameters  for  Each  Case  Investigated 
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RESULTS 

The  output  from  RASCAL  includes  a  wealth  of  information  to 
determine  both  projectile  and  gun  response.  The  focus  of  this 
effort  was  on  the  in-bore  response  of  the  round  so  the  information 
extracted  and  examined  from  the  RASCAL  output  included  the 
transverse  velocity  at  the  projectile  center  of  gravity  and  the 
projectile's  angular  velocity  over  the  length  of  in-bore  travel. 

The  transverse  acceleration  of  each  projectile's  center  of 
gravity  was  determined  by  taking  a  derivative  of  the  RASCAL 
calculated  velocity  with  a  subsequent  conversion  made  into  g's. 
These  values  are  tabulated  in  Table  2  for  the  11  cases  examined  for 
all  three  contact  stiffness  values..  Figure  9  is  a  graphical  display 
of  the  same  information.  While  the  EM  projectile  cases  generally 
exhibit  higher  transverse  accelerations,  they  are  the  same  order  of 
magnitude  as  the  M829  cases.  The  disturbing  fact  of  these  results 
is  the  dramatic  rise  in  lateral  acceleration  for  both  projectiles 
traveling  through  the  EM  gun  with  the  insulator  centerline  (Cases  5 
and  10) .  The  M829  cases  exhibit  increasing  accelerations  as  the 
contact  stiffness  is  increased.  This  is  to  be  expected  since  the 
projectile's  center  of  gravity  is  beneath  the  rear  contact  so  that 
any  increasing  force  transmitted  through  the  stiffer  contact  acts 
directly  on  the  center  of  gravity.  Conversely,  the  EM  projectile 
has  its  center  of  gravity  between  the  two  contact  points.  The  data 
reveal  the  medium  stiffness  value  (4.3e05  Ib/in)  results  in  more 
aggravated  transverse  accelerations  than  the  stiffest  contact 
(1.0e06  Ib/in) .  This  may  be  because  one  of  the  rod's  natural 
bending  frequencies  is  excited  when  the  medium  stiffness  is  used. 


Maximum  Transverta  Aooeleraiion,  g's 


k,  Ib/in 

I.OeOS 

- 1 

4.3e05 

I.OeOe 

k,tb/in 

I.OeOS 

4.3b05 

i.0e06 

Case  1 

534 

649 

1492 

Case  6 

1882 

3152 

2142 

Case  2 

652 

857 

1616 

Case  7 

1722 

3215 

1941 

Case  3 

247 

845 

2406 

Case  8 

1442 

1563 

2139 

Case  4 

296 

1249 

2585 

Case  9 

1185 

1517 

1122 

Case  5 

884 

1868 

8498 

Case  10 

2227 

6973 

4321 

Case  11 

211 

594 

673 

_ 

Table  2.  Maximum  Transverse  Accelerations 
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It  is  also  interesting  to  notice  the  trends  in  the  magnitude 
of  the  transverse  acceleration  values.  In  proceeding  from  left  to 
right  on  Figure  9,  Cases  1  through  5  show  increasing  peak  lateral 
accelerations.  This  corresponds  to  the  M829  being  subjected  to  more 
"EM-like  conditions"  with  each  subsequent  case.  That  is,  Case  1 
employs  a  conventional  gun  system.  Cases  2  and  3  have  some  aspects 
of  the  EM  system  integrated,  and  Cases  4  and  5  have  the  M829  in  a 
full  EM  environment.  Case  11  reinforces  this  notion  that  the 
conventional  system  produces  a  more  benign  response. 

Similarly,  Cases  6  through  9  show  that  as  the  EM  projectile  is 
introduced  to  more  elements  of  the  conventional  gun  system  (again, 
moving  left  to  right) ,  it  alleviates  the  severity  of  the  transverse 
acceleration.  Case  10  serves  as  a  stark  contrast  to  its 
predecessor,  Case  9,  pointing  out  the  differences  between  the 
conventional  system  and  the  EM  system  with  the  insulator 
centerline. 
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Figure  9.  Comparison  of  Transverse  Accelerations 

The  other  output  examined  from  the  RASCAL  analysis  was  the 
data  for  the  angular  rate  of  the  projectile.  These  data  are  a 
measure  of  the  instantaneous  velocity  of  the  projectile  model 
slope,  based  on  the  displacement  of  the  contact  points.  This 
provides  a  feel  for  the  magnitude  of  a  projectile's  yawing  motion 
while  in  bore.  Plots  of  the  angular  velocity  versus  time  sire 
presented  in  Figures  10  through  42  for  the  11  case  studies  with  the 
various  contact  stiffness  values. 
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From  the  plots,  it  is  seen  that  the  M829  with  the  soft 
contacts  (k=1.0e05  Ib/ir)  yields  a  rather  benign  response  for  all 
cases  (Cases  1  through  5,  and  11).  By  comparing  Cases  1  and  3  with 
Cases  2  and  4,  respectively,  one  finds  the  projectile  motion  is 
mostly  unaffected  by  a  change  in  load  profile.  Substitution  of  the 
rail  centerline  profile  for  the  conventional  double-travel  (Case  1 
vs.  Case  3  and  Case  2  vs.  Case  4)  reveals  a  slight  exacerbation  of 
the  in-bore  motion.  In  general,  the  yawing  motion  worsens  with  an 
increase  in  contact  stiffness.  The  case  of  the  M829  through  the  EM 
insulator  centerline.  Case  5,  is  clearly  the  poorest  performer  from 
any  of  the  analysis  runs  with  this  projectile. 

The  EM  projectile  cases  exhibit  trends  comparable  to  those 
with  the  M829.  Namely,  the  insulator  centerline  subjects  the  round 
to  the  most  severe  angular  velocity,  while  the  EM  rail  profile 
shows  only  slightly  worse  results  than  the  conventional  gun  case 
does.  Also,  it  is  noted  how  a  charge  in  interior  ballistic  loading 
results  in  little  difference  between  the  EM  and  conventional  cases. 
These  EM  projectile  cases  have  an  increasingly  higher  angular 
velocity  when  going  from  the  soft  to  medium  contacts,  but  the 
magnitude  of  the  angular  rate  levels  off  and  does  not  increase  for 
the  stiffest  contacts.  This  is  another  indication  that  the  medium 
contact  stiffness  excites  a  natural  bending  frequency  of  the  rod. 

In  comparing  the  EM  projectile  to  the  M829,  it  is  seen  that 
the  EM  round  has  consistently  higher  angular  rates  for  the  soft 
contact  cases.  Also,  given  the  conventional  gun  centerline,  both 
projectiles  show  angular  velocities  of  equivalent  magnitude.  Thus, 
nothing  appears  to  be  inherent  in  the  different  projectile  designs 
that  aggravates  the  in-bore  yaw. 


CONCLUSIONS 

From  this  analysis,  it  is  clear  the  EM  gun  system  presents  a 
more  severe  environment  thar  does  a  conventional  powder  gun.  The 
results  point  to  the  difference  in  centerlines  as  a  primary  cause. 
Changes  in  interior  ballistic  input  are  shown  to  have  little  effect 
on  the  transverse  acceleration  and  angular  velocity  over  the  length 
of  in-bore  travel.  However,  further  stvjdies  are  required  to 
ascertain  if  this  holds  true  for  velocities  well  above  those  of 
today's  ordnance  (2.5  km/s  and  up,  for  instance). 

The  differences  between  the  M829  and  EM  projectile  geometries 
do  not  greatly  influence  the  in-hore  yawing  motion.  In  general,  the 
EM  projectile  is  consistently  subjected  to  larger  transverse 
accelerat ions ,  but  the  delta  is  minimal.  Also,  the  apparent 
tendency  to  excite  natural  frequencies  of  the  subprojectile  for  the 
medium  spring  stiffness  case  is  certainly  something  that  the  EM 
projectile  designer  must  concern  nimself  with  and  try  to  avoid. 

The  choice  of  the  gun  barrel  c:enterline  profile  acts  as  the 
principal  driver  in  determining  the  projectile  response  for  this 
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Study.  While  the  rail  prefile  results  in  yawing  motion  only 
slightly  worse  tVian  the  powder  gun,  the  insulator  profile  clearly 
brings  about  the  worst  response,  with  both  the  transverse 
accelerations  and  angular  velocities  being  substantially  higher. 

The  one  dimensionality  of  the  RASCAL  analysis  fails  to  account 
for  any  coupling  effects  that  result  from  traversing  the  rail  and 
insulator  centerlines  simultaneously.  Since  it  has  been  shown  that 
the  rail  centerline  imparts  more  motion  to  the  projectile  than  a 
conventional  gun  does,  and  the  insulator  centerline  produces  even 
greater  motion,  it  is  feared  that  a  more  advanced  code  capable  of 
modeling  the  lull  internal  bore  geometry  will  show  even  more 
deleterious  r..:sults. 

Finally,  the  results  of  this  analysis  point  out  a  weakness  of 
the  current  EM  gun  systems:  an  inability  to  maintain  a  relatively 
benign  centerline  through  which  the  projectile  traverses.  At 
present,  EM  railguns  have  centerlines  that  fluctuate  from 
shot  to  shot.  Until  a  consistent,  less  severe  centerline  profile 
can  be  maintained,  EM  projectiles  will  have  difficulty  matching  the 
in-bore,  and  subsequently,  the  flight  and  terminal  performance  of 
rounds  fired  from  conventional  guns. 
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ABSTRACT; 

Tank  weapons  have  increased  lethality  in  comparison  to 
weapons  of  the  past  because  of  the  development  of  high 
performance  tank  cannons  and  associated  ammunition.  This 
increase  in  lethality  is  due,  in  part,  by  the  development  of 
the  armor-piercing,  fin  stabilized,  discarding  sabot 
(APfSDS)  kinetic  energy  (KE)  projectile. 

The  US  ARMY  presently  uses  the  M829  as  one  of  its  main 
KE  ammunition  in  the  MlAl  tank^  The  H829  projectile  sabot 
configuration  is  the  double  ramp  design.  The  double  ramp 
design  with  its  central  bulkhead  and  forward  scoop  bore 
rider  provides  dynamic  stability  during  the  launch  cycle. 

This  paper  examines  the  simulated  lateral  dynamics  of 
two  particular  APFSDS  KE  rounds;  the  existing  M829  a  double 
ramp  sabot  design  projectile  and  a  conceptual  "puller**  sabot 
projectile.  The  lateral  dynamics  of  these  two  KE  rounds  are 
simulations  as  fired  from  two  particular  120-mm  tank 
cannons.  The  simulations  are  performed  by  the  Little  RASCAL 
gun  and  projectile  dynamics  program.  This  prog'^am  models 
dominant  lateral  loads  of  gun  dynamics  and  the  project ilo 
interacting  with  the  barrel.  In-bore  projectile  lateral 
dynamics  are  predicted  by  the  program  which  at  muzzle  exit 
provide  initial  launch  conditions.  Comparisons  of  the  two 
KE  projectile  are  made  of  mechanical  flexure  and  shot  exit 
conditions . 
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DYN.\MIC  ANAI  YSIS  OF  A  PULLER  SABOT  CONCEPT 


THOMAS  F.  FRLINE 
US  ARMY  RESEARCH  LABORS. TORY 
ABERDEEN  PROVING  GROUND,  MD  1005-5066 


1 .  INTRODUCTION 

Modern  tanks  have  much  more  lethal  weapon  systems  compared  to 
the  tanks  of  the  past.  This  is  possible  because  of  the 
development  of  high  performance  tank  cannons.  These  cannons  are 
aimed  with  highly  lethal  ammunition  that  can  penetrate  very  thick 
armor.  One  major  type  of  ammunition  is  tne  a>imor-piercing,  fin 
stabi]ized,  discarding  sabot  (APFSDS)  kinetic  energy  (EE) 
projectile.  This  type  of.  projectile^-  launched  with  a  charge  to 
projecrile  mass  ratio  of  almost  1.0,  has  been  de'  loped  tc  attain 
high  muzzle  velocity  for  increased  range  and  penetration  upon 
impact.  Getting  the  penetrator  to  the  target  is  the  goal  of  the 
exterior  ballistician.  Launching  the  projectile  is  the  goal  of 
the  interior  ball5.stician,  who  studies  the  oun  and  projectile 
’.eacting  to  combustion  and  inertial  loads  as  th^  bore  riding 
projectile  traverses  the  length  of  the  barrel.  At  the  moment  the 
projectile  leaves  the  muzzle,  the  interior  ballistic  end 
conditions  become  the  initial  conditions  the  exterior  ballistician 
needs . 

To  provide  the  initial  launch  conditions  cf  the  projectile  at 
exit,  the  interior  ballistician  needs  to  be  able  to  predict  the 
actions  and  reactions  of  the  projectile  during  the  launch  cycle. 
When  fired,  the  bore  riding  projectile  undergoes  a  complex 
sequence  of  mechanical  and  gas  dynamic:  interactions  cn  its  way 
down  tne  barrel,  until  it  reaches  free  flight. 

This  paper  examines  the  simulated  lateral  dynamics  of  two 
particular  APFSDS  KE  rounds:  the  exi.stii.g  M829  and  a  conceptual 
puller  saboted  KE  projectile  ae  fired  from  two  particular  120-mm 
tank  cannons.  An  a.nalysis  of  the  results  of  these  simulations 
provides  the  lateral  in-bore  projectile  dynamics  which  at  muzzle 
exit  then  provide  initial  lateral  launch  conditions.  The 
simulations  are  modeled  by  the  Little  RASCAL  (UR)  gun  and 
projectile  dynamics  program  [1).  The  LR  code  .«s  a  fast  running 
code  thar  models  the  dominant  lateral  loads  of  gun  dynamics  and 
projectile/barrel  interaction  in  a  plane.  The  gun  dyuairics 
modeling  has  been  shown  to  match  experimental  results  quite 
well [2 , 3  ] . 
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The  M829  is  the  main  3  20~n«a  standard  for  the  l)S  Army  APFSDS 
KE  projectile  for  the  MlAl  tank  c/m.  This  projectile  with'  its 
double  ramp  design  has  excellent  in-bore  stability  and  dynamic 
characteristics.  It  is  e  design  that  has  kept  sabot  weight  down, 
and  yet  also  appears  to  keep  dynamic  displacements  at  a  minimum. 


Even  though  the  US  Army  has  selected  the  double  ramp  sabot 
desigii  (see  figure  1)  -  a  ramp  from  center  to  front  and  rear  ~  as 
the  most  efficient  type  of  discarding  sabot  design,  this  does  not 
preclude  investigations  into  other  types  of  geometrical  designs  in 
an  attempt  to  find  more  optimal  configurations.  One  such  design 
is  known  as  the  puller[41  sabot  configuration  (see  figure  2). 
Somewhat  recently  (November  1991) ,  a  puller  sabot  (see  figure  3) . 
configuration  was  patented  by  R.  Diel,  A.  Sippel,  J.  Meyer,  and  H- 
J.  Kruse  of  the  Federal  Republic  of  Germany[5].  However,  the 
puller  configuration  has  been  used  by  the  US  ARMY  for  projectiles 
in  the  past  (for  example,  the  75mm  ADMAG  gun  and  other  guns [6]). 


Figure  1.  M829  -•  Double  Ramp  Sabot  Design, 


Figure  2.  "Puller”  -  Alliant  Concept  Design. 
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The  puller  concept  represents  an  idea  where  the  main  bulkhead 
part  of  the  sabot  clamps  the  sub-projectile  in  a  forward  position. 
When  firing  this  projectile  the  gas  pressure  of  the  combustion 
process  is  allowed  to  proceed  to  the  forward  bulkhead,  which  also 
acts  as  an  obturator,  propelling  the  projectile  from  this  forward 
position.  Thus,  the  traiJ.ing  part  of  the  projectile  is  literally 
"pulled”  out  of  the  tube.  The  gas  pressure  of  the  combustion 
process  also  compresses  tlie  long  trailing  ramp  of  the  sabot 
against  the  sub-projectile.  Interesting  notes  about  the  puller 
sabot  projectile  when  firing  it  are:  1)  the  axial  loading  on  a 
major  percentage  of  the  flight  vehicle  will  be  axial  tension  (the 
contrast  is  significant  in  comparison  with  the  double  ramp  design 
where  the  front  half  of  the  projectile  is  in  axial  compression 
while  the  rear  half  is  ir  axial  tension) ;  2)  shot  exit  conditions 

with  combustion  gases  exiting  along  with  a  major  portion  of  the 
puller  projectile  may  ha^'e  more  turbulent  disturbances  than  the 
double  ramp  design;  and  :t)  lateral  vibration  characteristics  will 
be  completely  different  from  those  of  the  double  ramp  design. 

The  LR  code  used  herein  does  not  account  for  the  first  two  of 
the  above  notes  but  does  for  the  third.  The  Little  RASCAL  code 
can  make  predictions  of  shot  exit  conditions  produced  by  the 
induced  lateral  vibrations  as  the  projectile  follows  the 
centerline  of  a  tank  gun  tube.  Attempting  to  validate  the 
projectile  vibration  part  of  the  study,  the  M829  LR  projectile 
model  in-bore  predicteci  displacement  shapes  are  compared  to  the 
defoirmed  rod  shapes  of  M829  projectiles  as  taken  by  in-bore  x-ray 
radiographic  equipment [7] .  Three  different  tests  are  documented 
on  the  lateral  shapes  of  the  M829  as  captured  on  radiograghic  film 
within  tube  SN81.  The  three  different  experimental  rod  shapes  are 
matched  closely  by  the  LR  M829  projectile  model  simulated  in  tube 
SN81  in  two  out  of  tl.ree  cases. 

This  study  compares  the  M829  dynamics  directly  to  the  puller 
dynamics.  To  make  the  models  as  equal  as  possible  for  comparison 
purposes,  the  puller  concept  projectile  model  has  its  mass  nearly 
equal  to  the  M829  couble  ramp  design  model.  This  is  accomplished 
by:  l)the  puller  is  modeled  using  the  exact  same  sub-projectile  as 
the  M829  mode]  and.  2) proper  modeling  ensuring  the  mass  of  the 
puller  sabot  is  nearly  the  same  as  the  M829  sabot.  An  analysis  is 
made  by  observing  the  lateral  responses  of  the  puller  concept 
projectile  in  comparison  to  the  standard,  M829  lateral  responses. 
The  different  shot  exit  conditions  produced  by  the  two  different 
designs  as  predicted  by  LR  are  a  function  of  the  dominant  lateral 
mechanical  loading  of  the  projectile  traversing  the  length  of  the 
barrel.  These  mechanical  interactions  are  caused  by  the  "powder 
pressure  couple" [8]  and  the  projectile  interacting  with  the  non¬ 
straight  centerline  of  the  barrel. 

The  particula.  puller  configuration  analyzed  here  and 
compared  with  the  M829  double  ramp  design  is  based  on  the  Alliant 
geometrical  design,  rather  than  the  patented  design.  The  Alliant 
design  positions  the  rear  fluted  bulkhead  significantly  closer  to 
the  center  of  gravity  of  the  projectile  than  the  patented  design, 
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which  positions  the  fluted  rear  bulkhead  support  close  to  the 
fins.  On  the  otherhand,  the  M829  double  ramp  design  positioned 
the  rear  bulkhead  over  the  projectile  center  of  gravity. 


2 .  THEORY 

The  Little  RASCAL  gun  and  projectile  dynamics  program  is  a 
lateral  dynamic  displacements  code  employing  a  direct  structural 
dynamics  analysis  approach  to  the  simulation  of  firing  a 
projectile  from  a  gun.  Both  the  gun  system  and  the  projectile  are 
modeled  using  a  series  of  equally  spaced  cylindrical  elements. 
Nodes  are  centered  and  assigned  equivalent  mass  and  stiffness 
values  based  on  standard  engineering  formulae.  Inertial  forces 
and  flexura]  forces  are  calculated  using  this  simplified 
description.  Flexure  at  each  node  is  approximated  by  a  second 
order  finite  difference  method,  which  allows  the  bending  forces  to 
be  computed.  Transverse  nodal  accelerations  caused  by  these 
forces  are  integrated  with  respect  to  time  to  obtain  transverse 
nodal  velocities,  and  integrated  again  to  obtain  lateral  node 
displacements.  Loads  considered  are  pressure  effects,  mounting 
conditions,  breech  center  of  gravity  offset,  and 

projectile/barrel  interactions.  All  forces  are  then  integrated  by 
a  predictor-corrector  technique  stabilized  by  a  numerically  stiff 
ordinary  differential  equation  solvsr[9, 10] . 

The  gun  system  (includes  the  breech,  barrel  and  two  gun 
supports)  and  the  projectile  (includes  the  flight  vehicle  and  the 
sabot)  are  two  separate  models.  They  are  accounted  for 
individually  except  for  a  variational  algorithm  which  handles 
their  interaction.  The  interaction  of  the  projectile  with  the 
barrel  occurs  through  contact  points.  The  two  contact  points 
defined  on  the  projectile  are  usually  positioned  where  they  occur 
geometrically  at  the  bulkhead  and  scoop.  The  two  projectile 
contact  points  positions  on  the  barrel  are  dynamic  and  change  as 
the  projectile  traverses  the  bore.  The  gun  system  model  and  the 
projectile  model  are  two  separate  flexible  entities,  with  each 
projectile  contact  point  requiring  a  user  defined  spring  constant. 
The  spring  constants  serve  to  define  the  interface  loads  between 
the  projectile  model  and  the  gun  model.  The  importance  of  gocd 
projectile  spring  constant  values  for  accurate  modeling  results 
has  been  shown  [11].  The  values  used  for  spring  constants  in  this 
study  are  considered  the  most  up-to-date.  The  values  used  are 
within  a  range  of  values  that  were  found  in  experimental  work 
performed  at  the  Ballistic  Research  Laboratory f 12 ] , 


3.  THE  SIMULATIONS 

The  M256  120-inm  gun  system  used  in  the  MlAl  tank  is  a  high 
performance  weapon  system.  It  uses  a  smooth  bore  barrel  and  has  a 
concentric  recoil  design.  The  concentric  design  lends  itself 
readily  to  symmetric  gun  dynamics  modeling .  The  M256  gun  system 
has  been  tested  extensively  for  gun  dynamics  and  mathematical 
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modeling  has  emulated  its  dynamic  characteristics  quite  well 
[2,3].  In  the  vertical  plane  the  dominant  loadings  of  the-  "powder 
pressure  couple"  [8],  gravity  droop  and  the  non-straight  bore 
curvature  contribute  to  the  characteristic  and  repeatable  barrel 
reactions  including  a  muzzle  whipping  motion  around  the  time  of 
shot  exit.  Figure  4  shows  a  gun  dynamics  time  and  displacement 
surface  trace  of  the  vertical  plane  barrel  centerline  motion  due 
to  the  "powder  pressure  couple-'  of  tube  SN104.  The  simulations 
use  two  centerlines:  Tube  SN81  considered  a  "bent"  tube,  and  tube 
SN104  considered  to  be  a  fairly  straight  production  tube.  Figure 
5  shows  the  tube  vertical  center  line  shapes  where  the  muzzle  is 
noted  with  an  "x"  and  positioned  at  the  origin. 


t.a 


Figure  4.  Centerline  SN104  Gun  Dynamics  Motion  from 

Ignition  to  Shot  Exit. 
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Figure  5.  Vertical  Centerlines  -  H256  Tubes  SN81  and  3N104. 
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Table  2.  M829  Component  Physical  Properties 

Mass  Center  of  Gravity 
(kg)  (rara) 


Flight 

Vehicle 
(Rod, Fins 

Real 

4.25 

287.8 

and  Tip) 

i'odel 

4.37 

280.9 

Bore  Rider 

(Fl.ight 

Vehicle, 

Heal 

7 . 

290.6 

and  Sabot) 

Model 

7.11 

288.1 

In-Bore  Results  Firing  the  iS29  in  il  e  SN8i 

Th.  projectile  wa;.  exj.ierij.nentc  fir  from  the  non- 
straiyht  120-inm  tube  des  gna^^d  N81  T’o  «  apture  the  sub- 
projec  lit  rod  in-bore  fit <urc ’  ;  ape  w^ilt  traversing  the  barrel 
a  2.3-MeV  x-ray  experiment  was  7e  .>  ii. .  ^  tabern  documents  three 

separata  test  radiograghs  where  the  rod  s:  s  art  successfully 

extracted.  The  M829  rod  si  r'e  »  as  capturec  a  £>3,  66  and  52 
inches  from  the  muzzle  and  .  ^6  a  testi  .  2  and  3, 

respectively.  The  captured  >  xpea  .  ?intal  o  fiexural  shapes  are 
shown  with  a  in  ficjures  8  and  9.  n  as  a  so}  id  line  in 

the  figures  7,  8  and  9  ii  e  t  h*  Little  RASt  a  nalation  results  of 
the  M629  model  being  firec’  ■;  n  ^  be  EM81.  The  experimental  shapes 
are  slightly  shorter  than  t  e  iu-j-  il  ap?  because  only  the  rod 
shape  is  plotted,  whereas  t  ?  the  fins  an  nose  appear  in  the  LR 
results.  The  LR  displacemer  results  and  the  experimental  results 
are  posit  oned  ch  ti  e  pro_,  !cf-ile  center  of  gravity  at  the  0.0, 

0.0  coorr  nata.  Hei^.i  <  r  shape  represents  actual  projectile  pitch. 
These  pi  s  are  for  the  comp<  -ison  of  flexnrs  only.  The  liR 
results  re  a  sm  "ishc  or  v  ht  .irojectil  '  s  ape  as  close  as 
possible  to  hhe  a.  ai  -arre  position  ii.dii  ted  for  that 
partical  r  test. 


:  a  for 
.  arva  .. 

-risnl 
to  t  ha 
ic-r&y  £ 
illust;  ates 
LR  mod-  1  inq 


M029  projectile 
appears  to  have 


i;  are  8  si  ows  t  ie  res..  2  x-ray  of  .hi 

ed  shapn  a:  6f  nchi  s  from  the  muzzle  appears  to  have  a 
ue  that  lies  ainost  direct} y  on  top  of  the  LR  M829  model 
Figure  9  sho«/.s  test  3  deferred  px  ojectile  shape  similar 
rear  por  ion  '  the  simulatl  -  cui vv  with  the  front  of  the 

ape  she  l  O  'i  e  bendin  t  thaa  the  model.  Only  figure  7 
a.n  x-ray  vibration  ihao  significantly  different  from 
results. 
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e  8.  Test  2:  M829  Deformed  Shapes  66  Inches  From  the  Muzzlis. 


Figure  9.  Test  3:  M829  Deformed  Shapes  52  Inches  From  the  Muzzle 
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J, .  MODELING  PROJECTILES 

The  Interior  Ballistics  Parametors 

The  interior  ballistics  simulation  used  throughout,  these 
studies  is  based  on  the  M829  fired  from  the  M256  gun  system.  Both 
the  M829  and  the  puller  concept  projectile  models  use  this 
interior  ballistics  simulation  because  the  two  projectile  models 
are  mass  equivalent.  The  firing  simulaticn  assumes  an  ambient 
temperature  and  a  ratio  of  1.17  to  1  propellant  mass  to  projectile 
mass  ratio[13].  The  interior  ballistics  curves  of  projectile  baae 
pressure  and  projectile  axial  velocity  are  found  in  figure  6  with 
time  zeco  representing  shot  exit.  The  interior  ballistics 
propells  the  projectile  model  to  shot  exit  in  7.2  milliseconds. 


Figure  6.  The  M829  interior  Ballistics  Curves. 


The  M829  Projectile 

The  M829  projectile  modeled  foe  ^he  Little  RASCAL  program  is 
based  directly  on  the  unmodified  M629  projectile  used  in  the 
exper' mental  work  of  D.  Rabern.  The  material  parameters  of  the 
projectile  are  delineated  in  Table  1  and  the  component  physical 
differences  noted  between  the  model  and  the  real  M829  are  shown  in 
Table  2. 


Table  1.  M829  Material  Parameters 


Material 

Aluminum 

Uranium 

Steel 

Density  (kg/m^) 

2100.0 

19000.0 

7800.0 

Young ' s 

Modulus  (N/m^) 

6. 89el0 

1. 7ell 

2 . Dell 
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The  Puller  Projectile 

As  indicated  previously,  the  puller  projectile  model  is  based 
on  the  Alliant  geometrical  configuration  as  shown  in  figure  2. 

The  puller  flight  vehicle  is  exactly  the  same  flight  vehicle  used 
in  the  M829  model.  To  produce  a  puller  model  that  is  mass 
equivalent  to  the  M829  some  slight  modifications  to  the  original 
puller  sabot  were  required,  such  as  trimming  ?  aterial  off  the 
bulkheads  and  scoop.  In  Table  3  some  of  the  i-.iysical  properties 
of  the  two  projectile  models  are  given.  Note  the  differences  in 
the  models:  1)  the  center  of  gravity  of  the  puller  projectile  is 
forward  of  the  M829  by  almost  23  mm;  2)  the  distance  between  the 
contact  points,  also  known  as  the  "wheelbase",  is  250  mm  for  the 
puller  while  it  is  just  94  mm  for  the  M829;  3)  the  major  bulkhead 
for  each  projectile  (front  for  the  puller  and  rear  for  the  M829) 
is  assigned  a  hefty  spring  constant,  which  is  based  on  spring 
constant  testing  performed  on  double  ramp  projectiles  by  D.  Lyon 
of  ARL.  The  front  scoop  of  the  M829  is  given  a  slightly  softer 
spring  constant,  the  value  is  assumed  appropriate  because  it  is 
also  within  range  of  the  measurements [ 11 ] .  The  rear  bulkhead  of 
the  puller  is  then  assumed  to  have  the  same  softer  spring  value  as 
the  M829  scoop.  In  the  absence  of  having  any  physical  puller 
sabot  specimens  to  test,  this  is  assumed  to  be  a  reasonable  value 
for  this  conceptual  design  because  the  puller  rear  bulkhead  must 
be  fluted  open  to  allow  the  passage  of  the  combustion  gases. 


Table 

3.  M829  and 

Puller  Models  Physical  Properties 

(Located  From 

the  Base 

of  the  Fins) 

Mass 

Center  of 

Front 

Rear 

Gravity 

Scoop 

Spring 

Bulkhead 

Spring 

Contact 

Constant 

Contact 

Constant: 

(kg) 

(mm) 

(mm) 

(N/m) 

(mm) 

(N/m) 

M829 

7.11 

288.1 

381.0 

l.0e3 

287.0 

3 .0e8 

Puller 

7.12 

315.0 

510.0 

3.0e8 

260.0 

1.0e8 

5.  RESULTS  AND  DISCUSSION 


With  the  models  developed  as  noted,  they  were  put  on  a  CRAY 
supercomputer  and  run  on  a  FORTRAN  version  of  the  Little  RASCAL 
program.  There  are  four  simulations  run  for  this  study:  the  M929 
fired  from  tubes  SN81  and  SN104,  and  the  puller  fired  from  the 
same  two  SN's.  Figure  10  shows  one  in-bcre  comparison  of  the 
shape  of  the  M829  model  and  the  puller  model  at  58  inches  before 
the  muzzle  of  tube  SN81.  Different  cur-zatures  and  orientations 
are  predicted. 
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Figure  10.  M829  LR  Model  Deformed  Shape  Compared  to  the 
Puller  LR  Model  In-bore  58  InchP's  From  tha  Muazle. 


As  the  projectile  exits  the  tube  the  mechanical  interactions 
cease.  The  shot  exit  conditions  defined  as  the  first  step  out 
side  of  the  barrel  are  recorded  and  they  now  become  the  initial 
launch  conditions  for  the  exterior  ballistician.  The  snot  exit 
conditions  from  the  four  simulations  are  noted  in  Table  4. 


Table  4.  Snot  Exit  Conditions 


Projectile 


Projectile 

Muzzle 

Muzzle 

Pitch 

Pitch 

CG 

/Tube 

Slope 

Angular 

Rate 

Angie 

Rat  3 

Velocity 

Vector 

M829 

Rads 

Rads/ sec 

Rads 

Rads/ sec 

m/sec 

SN81 

1.58e-3 

-3.00 

6.97e“3 

14.20 

2.10 

M829 

SN104 

1.15e-3 

-2.15 

2.83e-3 

4.18 

1.59 

Puller 

SN81 

1. 35e-3 

-1.86 

" . 67e™3 

4.03 

2 . 12 

Puller 

SN104 

9.95E-4 

“1.65 

1.98E-3 

-1.89 

1.59 

Figure  11  illustrates  the  four  different  IJR  predictions  of 
pitch  and  shape  of  the  M829  and  puller  models  at  shot  exit  from 
the  tubes  SN81  and  SN104 .  For  comparative  purposes  some  shot  exi 
results  fro)a  the  LR  sxmxilations  are  shown  in  Table  4,  which 
describes  five  shot  exit  parameters:  IJmuzzle  slope,  2)muzzle 
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slope  angular  velocity,  3) projectile  pitch,  4) projectile  pitch 
rate,  and  projectile  center  of  gravity (CG)  velocity  vectot.  In 
figure  11  it  appears  that  the  bent  tube  of  SN81  has  a  more  violent 
interaction  with  the  projectiles  than  tube  SN104.  In  the  case  of 
the  M829  from  SN81  the  lateral  shape  of  the  M829  predicted  by  the 
liR  model  is  very  similar  to  the  lateral  shape  as  reported  by  Dr. 
Rabern[7  (Figure  54.  page  77)].  The  puller  reaction  is  quite 
sensitive  to  the  event  in  tube  SN81  as  indicated  by  its 
exaggerated  displacement  "fish  tailing"  shape  at  shot  exit. 

The  largest  magnitudes  for  the  exit  angles  of  interest  come  from 
the  case  of  the  M829  being  fired  from  tube  SN81.  Both  muzzle  and 
projectile  reactions  are  the  most  notable  of  all  cases  as  can  be 
seen  in  table  4.  Even  though  the  puller  projectile  reacts  with 
large  displacements  from  tube  SN81  as  seen  figure  11,  the  numbers 
in  table  4  show  the  puller  pitch  and  pitch  rates  as  significantly 
lower.  Also,  table  4  shows  the  puller  with  less  gun  and 
projecrile  reaction  to  each  other  for  tube  SN104  than  the  M829. 

As  for  the  projectile  center  of  gravity  trace  shown  in  figure  12 
and  given  as  the  CG  velocity  vector  in  table  4,  there  appears  to 
be  no  significant  difference. 
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Figure  12.  Projectile  Center  of  Gravity  Motion. 


Figure  13  plots  the  tail  displacement  histories  in  the  two 
tubes  of  the  two  projectile  models  from  ignition  to  just  past  shot 
exit.  Clearly  the  Puller  projectile  is  being  violently  exercised. 
The  other  two  models  appear  quiescent  in  comparison.  Figure  14 
illustrates  the  tip  dynamics  of  the  four  simulations.  Little  tip 
motion  was  expected  from  a  Puller  projectile  due  the  proximity  of 
the  forward  main  bulkhead.  Despite  this  assumption  it  is  noted 
that  there  is  a  fair  amount  of  tip  displacement,  especially,  in 
the  case  if  the  Puller  in  the  SN81.  From  figures  13  and  14  it  is 
noted  that  all  the  models  tip  and  tail  motion  appear  to  maximize  a 
negative  displacement  just  after  shot  exit. 
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Figure  13.  Tail  Motion  Histories  of  the  LR  Models  M82S  and  Puller 
In  the  Tubes  SN81  end  SN1C4. 
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Figure  14.  Projectile  Tip  Motion  Reference  the  Contact  Points. 


As  the  projectile  exits  the  tube  the  mechanical  intet actions 
cease.  The  shot  exit  conditions  defined  as  the  first  step  out 
side  of  the  barrel  are  recorded  and  they  now  become  the  initial 
l:iunch  conditions  for  the  exterior  ballistician >  The  shot  exit 
conditions  from  the  four  simulations  are  noted  in  Table  4. 


Table  4.  Shot  Exit  Conditions 


Projectile 


Projectil^i 

Muzzle 

Muzzle 

Pitch 

Pitch 

CG 

/Tube 

Slope 

Angular 

Rate 

Angle 

Rate 

Veloci 

Vector 

M829 

Rads 

Rads/sec 

Rads 

Rads/ sec 

m/sec 

SN81 

1. 58e-3 

-3.00 

6.97e-3 

14.20 

2. 10 

M829 

SN104 

1 . 15e-3 

-2.15 

2.83e-3 

4.18 

1.59 

Puller 

SN81 

1. 35e-3 

-1.86 

2 .67e-3 

4.03 

2.12 

Puller 

SN104 

9. 95E-4 

-1.65 

1.98E-3 

-1.89 

1.59 
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6.  CONCLUSIONS 


The  puller  concept  saboted  projectile  as  analyzed  here  allows 
an  interesting  comparison  to  the  M829.  As  far  as  mecnanical  shot 
exit  conditions  are  concerned  the  LR  predictions  indicate  the 
puller  design  exits  the  barrel  with  smalif  -  magnitudes  for  pitch, 
pitch  rates,  muzzle  slope  and  velocity  of  muzzle  slope.  One  way 
this  can  be  explained  is  by  the  fact  that  the  rear  spring  constant 
on  the  puller  is  softer  than  the  rear  bulkhead  spring  constant  of 
the  M029,  thus  the  transverse  loc.Jls  induced  at  this  location  on 
the  puller  sabot  should  be  less. 

Completely  different  vibrational  characteristics  between  the 
two  different  sabot  designs  are  observed  in  this  study.  Though 
the  shot  exit  conditions  mentioned  look  promising  for  the  puller 
concept,  the  puller  sabot  concept  is  s  gnificantly  less  stiff  in 
the  transverse  direction  which  may  allow  excessive  displacements. 
This  flexing  with  larger  displacements  than  the  doubii^  ramp  design 
in  crooked  tubes  may  t’-'erefore  be  a  disadvantage.  However,  since 
modern  tank  gun  tube  straightness  has  been  improving,  this 
potential  disadvantage  may  not  be  significant.  Thus,  if  the 
puller  sabot  design  can  be  shown  to  reduce  in-bore  weight,  retain 
in-bore  structural  integrity  and  meet  exterior  ballistics 
criteria,  then  this  design  should  to  be  studied  seriously. 
Certainly,  as  far  as  modern  materials  (composites)  are  concerned 
the  puller  sabot  design  appears  as  a  logical  next  step. 
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ABSTRACT: 

An  experimental  technique  for  statically  determining  the  riuJial  stiffness  of  projectiles  is 
presented.  This  technique  utilizes  a  length  of  gun  tube  into  which  a  modified  projectile  is 
fitted.  In  the  case  of  APFSDS  rounds,  which  contact  the  bore  at  two  locations,  a  fiat  area 
is  machined  into  the  subprojectile  at  each  of  these  locations.  A  corresponding  clearance 
hole  is  drilled  through  the  sabot  and  gun  tube.  When  assenr.bled,  ihe  holes  align  to  allow 
a  bar  to  apply  loads  directly  onto  the  subprojectile.  The  resulting  load  versus  deflection 
measurements,  taken  at  the  points  of  load  application,  allow  the  extraction  of  radial  stiffness 
values.  In  addition,  deflection  measurements  at  various  locations  over  the  projectile  length 
were  recorded  in  order  to  observe  the  longitudinal  bending  response. 

Accurate  radial  stiffness  values  are  important  parameters  for  in-bore  gun  dynamics  mod¬ 
els  as  the  predictive  capabilities  of  the  codes  are  directly  related  to  these  numbers. 
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INTRODUCTION 

Gun  dynamics  models  attempt  to  simulate  the  in-bore  behavior  of  projectile  and  gun/recoi! 
components.  The  simpler  models  accomplish  this  by  constructing  the  components  from  a 
series  of  beam  elements.  For  modern  APFSDS  rounds,  the  simulated  projectile  is  supported 
within  the  gun  tube;  by  means  of  two  radial  springs,  one  associated  with  the  rear  bulkhead 
contact  point  between  the  sabot  and  barrel,  and  the  other  with  the  front  bourrelet  contact 
point  [1,2,3].  Stiffness  values  corresponding  to  these  springs  have  been  derived  from  finite 
element  analysis  [4]  and  limited  static  experiments  [5].  However,  values  differing  by  as  much 
as  three  orders  of  magnitude  have  been  reported  using  these  methods.  In  order  to  obtain 
accurate  values,  an  important  step  towards  improving  the  predictive  capabilities  of  models, 
an  experimental  technfque  was  devised  and  exercised  on  several  120mm  projectiles;  M829A1, 
M830E1  and  M865. 

NOTE:  During  the  period  between  the  initiation  and  publication  of  this  work  the  M830E1 
achieved  type  cliissification  to  become  the  M830A1. 

Background 

Several  levels  of  modeling  complexity  can  be  employed  in  order  to  attempt  a  simulation  of 
the  in-bore  behavior  of  projectiles.  The  most  basic  of  which  is  the  two-dimensional  approach 
employed  by  RASCAL  [6].  This  allows  modeling  in  only  one  plane  at  a  time;  therefore,  no 
out-of-plane  or  coupling  effects  can  be  accounted  for.  If  these  effects  prove  to  be  significant, 
the  accuracy  of  this  approach  will  diminish.  The  next  level  of  complexity  incorporates  axis- 
symmetric,  three-dimensional  beam  elements,  as  incorporated  into  the  SHOGUN  [2]  and 
BALANS  [7]  codes.  This  type  of  model  includes  coupling  effects,  allowing  observation  of 
both  planes  simultaneously. 

Regardless  of  the  type  of  beam  element  used,  the  projectile  mode!  is  supported  within 
♦he  gun  tube  by  linear  springs,  through  which  all  forces  between  the  projectile  and  tube  are 
communicated.  In  the  case  of  APFSDS  rounds,  two  springs  are  utilized  which  simulate  the 
rear  bulkhead  (or  gas  seal)  and  the  front  bounelet,  or  bell.  I'he  design  of  the  M830E1  .is 
actu^dly  a  hybrid  between  a  saboted  kinetic  energy  round  and  a  full-bore  HEAT  round,  with 
its  discarding  sabot  and  full-bore  fins.  This  situation  adds  a  third  possible  point  of  contac*, 
that  of  the  fins,  and  would  require  modification  to  the  models  in  order  to  include  this  effect 
[8], 
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EXPERIMENTAL  TECHNIQUE 

In  order  to  provide  the  data  necessary  to  derive  static  radiai  spring  constants  at  the 
proper  locations,  loads  must  be  applied  in  the  radial  direction.  Since  the  sabots  of  the 
rounds  tested  were  divided  into  three  segments,  120  degrees  e^ich,  it  was  hypotliesized  that 
the  orientation  of  the  sabot  may  have  an  influence  upon  ti)e  stiffness  values  for  the  same 
projectile.  Therefore,  each  projectile  v/ould  be  tested  in  two  o  ientations,  loaded  parallel  to 
a  part  line  (0  degree),  and  rotated  60  degrf^rjs  from  that  part  ;  -h  (60  degre-e). 

Since  the  M830E1  utilizes  grooves  e.xclusively  aioiig  the  rod^  .  bi  '  interface,  this  allowed 
the  same  subprojectile  to  be  rotated  to  either  the  0  oi  60  degree  r.o  dij'uration  within  one 
sabot.  The  sabot,  in  turn  would  have  a  hole  at  each  orient  =*tion,  E  though  the  M865 
employs  a  V-thread  ak»ng  the  entire  length  of  engagei.nent,  the  interiat  » ^^ntains  clearances 
w'hich  allow  the  subprojectile  to  rotate  at  least  GO  degrees  within  the  sabot,  making  both 
measurements  again  pvoasible  with  a  single  projectile.  However,  since  the  M829A1  employs 
a  fine  friction  thread  over  a  portion  of  the  rear  sabot  r.'imp,  the  rod  is  unable  to  freely  rotate 
60  degrees  within  the  sabot.  Therefore,  two  individual  MS29AJ  projectiles  were  utilized,  one 
for  each  orientation. 

Experimental  Met h odology 

In  order  to  allow  transverse  loads  to  be  applied  to  the  penetrator  while  maintaining  the 
projectile  in  con.straints  similar  to  those  it  would  experience  while  traveling  down  the  gun 
tube,  various  possibilities  were  considered.  However,  it  was  decided  t.hat  using  a  rod  to  trans¬ 
fer  the  loa^l  directly  to  the  subprojectile  would  be  both  physically  feasible  and  mechanically 
correct.  This  would  entail  a  clearance  hole  drilled  through  both  the  sabot  and  gun  tube  to 
provide  a  passage  for  the  load  bar  as  well  as  a  fiat  area  on  the  rod  to  iiccept  the  bottom  of 
the  rod  and  tr.ansfer  the  load  without  undesirable  <3efiection  at  this  interface.  The  location 
of  these  holes,  with  respect  to  the  sabot,  would  also  be  important,  since  a  direct  comparison 
between  sabots  with  different  shapes  would  require  some  form  of  commonality. 

The  rationale  concerning  the  selection  of  load  points  is  described  a,9  follows.  By  loading 
the  sabot/penetrator  assemblage  at  indiscriminaie  locations,  one  couid  produce  unwanted 
bending  moments  in  addition  to  the  desired  transver.'<e  <iisplacements,  making  separation  of 
the  two  extremely  difficult.  Therefore,  the  load  poirit.s  rnusl  be  positioned  such  that  the  load 
is  transmitted  through  the  structure  wffide  producing  minimal  bending  moments. 

The  rear  contact  point  on  the  M829A1  posses.ses  a  rather  large  bore  findprint  of  93mm, 
the  majority  of  >vhich,  SLnm,  is  nylon  obturator  which  can  deform  to  allow  contact  between 
the  sabot  and  the  bore  (9).  Tht?rei’ore,  the  load  irar  at  she  rear  contact  j>oint  should  be 
located  such  that  it  spans  the  forward  edge  of  the  fulbbrji  *  portion  of  the  scaL'ot  rearward 
into  the  obturator,  ,iis  illu.strated  in  Figure  !.  At  the  front  bell,  the  sii’jaiion  i.s  somewhat 
different  because  the  bell  is  angled  and  precludes  loading  ut  Vi  sinular  ni.anner  Tor  this  ca.se 
a  vertical  line  drawn  tangent  to  the  inner  surface  of  the  bell  would  sru  ve  a.H  the  forward  edge 
of  the  load  bai  huic,  also  depicted  in  F'igure  1.  Although  a  load  applied  at  t  his  point  will 
impart  a  moment,  because  it  i.s  not  directly  over  the  reaction  point,  it  was  felt  t  lis  would  not 
corrupt  tbe  results  and  could  be  accounted  for  if  necessary.  F^urlher,  appiyitig  a  ioa.<J  directly 
over  the  front  bell  reaction  point  would  indme  iongitudinai  betiding  of  t  he  assemblage  which 
would  be  included  in  the  deflection  rnea.su'-eineiit,  an  undesirable  situation. 
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Figure  1.  Section  of  Generic  APFSDS  Projectile,  Showing  Load  Red  Locations. 
Experimental  Setup 

First,  each  projectile  was  disassembled  and  appropriate  load  points  established.  The 
penetrators  were  then  meausured  for  machining  of  the  flat  &te&s  and  the  fins  were  removed. 
Each  set  vof  sabots  then  had  two  load  rod  holes  drilled  at  each  of  the  two  orientations. 
These  again  corresponded  to  the  hole  orientations  relative  to  the  wabot  part  lines.  Next, 
the  projectile  was  reassembled,  obturator  affixed,  and  rear  sealed  with  JRTV  in  an  attempt 
to  simulate  a  production  line  condition.  Finally,  the  obturator  was  lathe  turned  until  it 
provided  a  light  interference  fit  inside  the  tube. 

The  gun  tube  fixture  consisted  of  a  length  of  120mm  guii  t  ube,  the  bottom  of  which 
was  cross-drilled  and  threaded  to  accept  two  Linear  Variable  Displacement  Transducers 
(LVDTs;.  Due  to  the  hmgth  of  the  IVDTs,  the  gun  tube  was  secured  to  a  standoff  plate  for 
clearance.  These  device, s  were  situated  so  that  they  would  protrude  up  into  the  tube  and 
rest  in  the  saddle  region  of  the  sabots.  Holes  were  also  drilled  irough  the  top  of  the  tube 
at  corresponding  load  rod  locations.  Lastly,  a  third  LVDT  wa  .threaded  into  the  standoff 
plate  in  order  to  obtain  deflection  data  approximately  half  vay  uown  the  sabot  rear  ramp  for 
M829A1.  With  the  projectile  properly  aligned  in  the  tube  this  entire  assemblage  was  then 
situated  on  the  base  platen  of  a  Baldwin  hydraulic  load  frame.  The  load  rod  was  inserted 
into  the  hole  and  alignment  checked  against  the  crosshead.  Proper  alignment  was  found  to 
be  critical  in  obtaining  quality  data.  Next,  dial  indicators  were  arranged  to  measure  the 
deflection  at  various  point.s!  of  interest  along  the  subprojectile.  'I'hese  indicators  weie  affixed 
to  measure  displacements  v/ith  respect  to  the  gun  tube  itself,  rather  than  any  part  of  the 
load  frame,  also  found  to  be  of  critical  importance.  The  details  of  this  setup  are  shown  in 
Figure  2. 

Exj>en mental  P rocr^ me 

Tlie  rna-Kiiiiani  loads  to  be  appdied  at  each  point  were  decided  upon  after  considering 
HA.SCAI.  results  for  the  DM13  .A,PF''SDS-T  projectile.  The  peak  loads  transmitted  through 
the  front  and  rear  contact  points  we  re  4,700  lb/  and  6,500  lb  r  re.spectively.  Although  the 
cuiTcnt  generation  projectiles  are  somewhat  more  ma  sive,  loads  in  this  rjtnge  were  felt  to 
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be  l  >th  L.  a  a-  Kt  otiysically  safe.  Therefore,  a  uiax'murn  ioad  of  5,500  Ibf  for  the  front 
bouneko,  i  V,o  lb  .  tor  the  rear  bulkhead  would  be  i.tOizt  1. 

Followi  i;'  insei  on  <.  f  i  ii*  projectile  into  the  tube  and  installation  of  all  instrumentation, 
the  load  rot  wfu^  sorted  into  the  appropriate  hole  and  its  alignment  checked  against  the 
crosshead  of  he  i  iici  frame.  Next,  the  setup  was  cycled  to  the  maximum  load  and  returned 
to  /.ero  in  an  atei  ipt  to  further  align  all  components  and  alleviate  any  clearances  or  initial 
set.  As  this  w,  i  rept  ted  several  times  it  became  clear  that  under  very  small  loads,  less  than 
50  Ib  f,  the  re:  p  >n.ses  verv^eriatic  and  non  repeatable.  Therefore,  it  was  decided  that  the  load 
profile  would  i.irl  wtt.ii  a  50  il>,-  (>re-load  and  pro  gress  up  to  the  maximum  and  then  return 
to  50  ib/  in  Si'O  r'lj  iin  rement:.  m\  addition  to  (he  displacement  data,  clearance.s  between 
the  tube  and  I  >n  l>ell  a<  well  s;  betw<*<'n  the  sabat  petals  themseive^s  were  measur**d  in  a. 
attempt  to  ‘,.sci<u  my  shilling  spir^adm)';  that  the  f>etals  may  have  undergone. 

La^i  ly,  bi,K  -  ilie  delledion  measureiue'  t  on  the  load  ro<l  would  have  to  be  taken  near 
the  top,  the  c  i  ij.  a’.s.sion  of  the  rod  itsel,  wt  uld  be  included  in  the  ine.isurement  and  would 
have  tc  he  len  ed  duriiig  data  pruc<- .siiiai.  istahlislunent  of  a  spring  constant  for  the  loaxi 
bar  itself  wa.s  a  nnpif  lit  d  t  tilizing  liuea:  Finite  Ficinent  Analysis  (FEAi  software  flO]  and 
comparing  the  <  ■:  iilt  w  !h  tin  nuinerica!  laU  uiatiou  for  an  axially  loaded  rod  [il].  The  h'FA 
methoti  produ'  ‘d  a  value  of  3.139  x  10“  !!i/,/!n  wliile  the  numerical  calculation  yielded  3.233 
X  10'’  111  /in.  Sirue  the  n  siiits  provided  i.y  tl:es<  two  methods  agreed  within  several  percent, 
and  the  'FA  looi.  into  .  rount  edg**  f-fh-ets  .a*  the  fiie.isui einenl  point,  the  F’EiA  value  wa.s 
se!ect<*<i  In  a  idiljon,  .i  1  a  1  frame  exjier  rnent  was  later  conducted,  priividing  ev-n  greater 
contideiH*'  in  i  hese  value:  l  or  this  scAup  twc>  ident  ical  load  bars  were  slacked,  end  to  end, 
then  axially  compressed  widle  the  total  delleciion  was  nie.asured.  This  technique  served  tc 
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reduce  the  ocisociated  measuremeat  error  by  increasing  the  deflections  twofold.  A  spring 
constant  of  3.191  x  10®  lb//in  was  derived  form  this  procedure, 

EXPERIMENTAL  RESULTS  and  DISCUSSION 

APFSDS  Projectiles 

In  order  to  validate  the  repeatability  of  the  experimental  technique,  a  minimum  of  four 
load  cycles  were  recorded  for  each  setup.  The  plots  were  then  overlaid  to  disclose  any  vari¬ 
ations.  Figure  3,  which  contains  the  plots  from  four  loat  cycles,  serves  as  an  illustratation. 
The  only  differences  in  response  occurred  during  the  first  1,000  lb/  of  load,  and  were  most 
likely  due  to  the  take-up  of  clearances  amd  shifting  of  components.  These  anomalies  resulted 
in  a  bias  of  up  to  se'^eral  thousandths  of  an  inch.  Otherwise,  the  composite  plots  revealed  a 
very  consistent  response,  even  though  the  total  deflections  may  have  varied.  This  behavior 
provided  adequate  confidence  in  the  repeatability  of  the  experimental  technique. 

M829A1  FRONT  BELL  STIFFNESS 

0  DEGREE.  4  RUN  COMPOSITE 


FigUi  ?  3.  Results  From  Four  Independent  Load  Cycles. 


With  the  method  est  .iblished,  it  was  then  nece.ssary  to  examine  and  compare  the  data 
more  closely.  Since  the  M829A1  and  M865  are  both  APFSDS  type  rounds,  with  aluminum 
alloy  (7075-T6511)  sabots,  they  will  be  examined  and  compared  firt>t.  Since  the  M830E1 
is  unique  in  design  it  therefore  requires  an  alternate  data  analysis  technique  which  will  be 
discussed  later. 

While  the  M829A!  design  has  not  changed  noticeably  since  its  type  classification,  the 
M865  i>rojecti!e  utilizr  d  for  these  measurements  was  manufactured  according  to  the  original 
sabot  design,  not  the  Product  Improvement  Program  (PIP)  design  wliich  decrea-sed  the 
distance  between  contact  points,  thickened  the  saddle  region  and  changed  the  angle  of  the 
front  bell.  A  photo  of  the  subprojectile  and  sabot,  with  modifications  .o  npleted,  are  shown 
in  Figure  4.  Also  note  that  the  obturator  and  forwead  band  were  frtw  tured  along  one  of 
the  sabot  part  lines  to  facilitate  disassembly.  These  components  were  then  cemented  after 
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reassembly  in  an  attempt  to  introduce  the  original  constraints. 


Figure  4.  Modified  M865  Subprojectile  (top)  and  Sabot  (bottom). 


d'hc  r<  .iponses  due  to  front  bell  loading  for  the  M829A1  and  M865  are  shown  in  Figure  5 
with  the  0  degree  orientation  in  the  top  row  and  60  degree  beiow.  This  plot  layout  allows 
a  dire(  t  comparison  between  projectile  types,  along  the  horizontal,  as  well  as  orientation, 
along  the  vertical.  These  particular  ph  -s  were  seic'-ted  as  being  typical  of  that  distinct 
configuration.  In  general,  the  plots  <tre  similar  in  shape  and  reveal  a  response  that  is  non¬ 
linear  over  the  lower  load  range,  subsequently  approaching  a  lu'arly  linear  behavior  as  the 
load  increased  bevond  tlse  1,000  -  2,000  lb/  region. 

Furthermore,  a  very  repeatable  hysteresis  differentiates  tlie  increasing  load,  or  upload, 
response  from  the  download  rt’.sponse  of  the  loa<l  profile.  Tim.  eiFect  was  ob.served  throughout 
all  configurations  of  all  projectiles  as  will  b<*  s«“en  in  later  pl-.c.s,  Although  slightly  larger,  in 
absolute  terms,  ii\  some  instances  this  hysteresis  gt  nerally  s’.av-  vf  vithii:  the  11003”- .0007” 
range.  Several  factors  are  belit'veil  to  be  irossibh*  contributors  to  this  phenomena  f  mst,  the 
r(‘lativ<«ly  soft  obturator,  compressing  with  tmu-  and  load,  may  experience  a  retov<  ry  t'lne 
lag  and  not  return  to  its  original  shape  within  the  elap.st'd  tinu*  of  the  load  cychc  S<‘cond, 
the  friction  h-'twtH!'  the  petals  and  tul)e  wall  as  wcdl  .as  betwr^m  the  petals  themsrdves  may 
introduce  a  hysteresis  effect,  b.'mtly,  it  was  thought  that  the  dial  indicators  may  contain  a 
certain  amount  of  mechanical  backl.tsh,  inluTenl  to  thcur  internal  gearing.  However,  after 
rc'viewmg  the  lA  1)  1  data,  a  device  which  should  c'xhibit  z«*ro  bac  khtsh,  a  similar  hvslerc-sis 
was  obscTved, 

('om[)aring  the  plots  along  eac  h  row  of  l-'igurc*  f),  the  rcdative  stiffness  of  e.u  h  projc-clile 
can  bc‘  observed  by  comparing  the  slopes  of  c-ac  h  Imc'ar  region.  This  is  jossible  Ix'camsc' 
the  stiffnc'ss  is  simply  the  inverse  of  the  sl.)p«'.  ('onlrasting  -ic  ross  both  rows  rc'veals  that, 
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although  the  response  shape  is  similai ,  both  the  magnitudes  of  total  deflection  and  the  slopes 
are  quite  difterent.  Selecting  the  M829A1  as  the  baseline,  the  data  indicate  that  the  front 
bell  of  the  M865  is  considerably  less  stiff.  This  disparity  is  thought  to  be  strongly  geometry 
related,  and  was  found  to  be  consistent  over  both  orientations. 

Referring  now  to  the  columns  of  Figure  5,  comparisons  between  the  two  orientations  for 
the  same  projectile  can  be  made.  The  M829A1  produced  a  larger  total  deflection  in  the 
60  degree  orientation,  however,  examination  revealed  that  the  majority  of  the  difference  oc¬ 
curred  during  the  first  1,000  lb/  of  load  and  that  the  linear  responses  are  quite  similar.  These 
differences  are  primarily  attributed  to  initial  spreading  of  the  sabot  petals  and  elimination 
of  clearances.  On  the  other  hand,  the  M865  display  almost  identical  behaviors  over  both 
orientations. 

Turning  now  to  Figure  6,  which  contains  the  same  series  of  plots  for  the  rear  bulkhead 
data,  a  different  set  of  results  are  depicted.  First,  these  plots  reveal  greater  differences  due  to 
orientation.  The  0  degree  configuration  for  M829A1  exhibits  non-linear  behavior  out  to  the 
2,000  -  3,000  lb/  range,  after  which  the  response  flattens  out  to  follow  a  relatively  shallow 
slope.  The  60  degree  orientation  of  the  M829A1  displayed  a  more  erratic  response  with 
increased  hysteresis,  especially  in  the  medium  load  range.  Smaller  differences  in  slope  tend 
to  wash  out  any  definitive  transition  from  the  non-linear  to  linear  portions.  Across  the  top 
row  the  M865  displayed  less  total  deflection  than  the  M829A1  However,  a  large  portion 
of  the  M829A1  displacement  occurred  over  the  first  2,500  lb/,  indicative  of  clearances  and 
sabot  opening.  Examining  the  bottom  row  shows  almost  the  exact  opposite,  with  the  MS65 
experiencing  greater  deflection. 

Results  such  as  these  warrant  a  closer  examination  of  the  details  in  order  to  offer  possible 
explanations.  First,  the  M865  employs  a  low-profile,  plastic  obturator  which  is  injcctioii 
molded  in  place.  This  is  radically  different  from  the  thick,  nylon  obturator  that  is  heated  and 
pressed  onto  the  M829A1.  By  nature,  the.se  systems  possess  different  pre-stresses  and  exhibit 
unique  constraining  forces  which  oppose  sabot  petal  spreading.  Second,  the  M865  contains  a 
thread  along  the  sabot/subprojectile  inlerf£ice  while  the  M829A1  uses  a  combination  buttress 
groove  and  friction  thread.  Again,  differences  between  the  systems,  such  as  tolerance  stack- 
ups,  can  lead  to  differing  behaviors.  Lastly,  the  geometries  of  the  two  rear  bulkheads  are 
also  different.  The  M865  u.ses  a  .solid  rear  bulkhead  with  sabot  material  on  both  sides  of 
the  obturator,  while  the  M829A1  relies  upon  a  double  saw-tooth  taper,  which  reduces  sabot 
contact  to  a  small  footprint  just  forward  of  the  obturator.  In  conclusion,  these  distinctions 
most  likely  interact  to  produce  a  unique  system  response,  which  could  explain  the  diftcrences 
exposed  in  this  series  of  rear  bulkhead  results. 

M830E1  Projectile 

The  M830E1  proj  ctile  was  designed  to  fulfill  a  multi-purpose  function,  lo  be  used  against 
ground  targets  as  well  as  certain  air  threats.  As  staled  previou.sly,  the  configuration  utilizes 
both  a  discarding  sabot  and  full- bore  fins.  T  he  sabot  contacts  the  bore  at  two  locations,  the 
front  l>ell  and  rear  bulkhead,  similar  to  an  APFSDS  round,  Howevei,  since  the  thin-wallcd 
warhead  body  contains  only  explosive  fill  and  a  shaped  charge  liner,  ihe  entire  assembly 
coinpu  sses  appreciably  when  loaded  in  the  radial  direction.  Therefore,  a  .somewhat  modified 
technique  was  employed  to  obtain  the  necessary  data.  The  devised  method  entailed  recording 
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data  from  two  different  setups  and  manipulating  the  results  to  produce  the  desired  effect. 

Because  the  explosive  fill  and  shaped  charge  liner  offer  little  to  no  radial  stiffness,  an 
empty  warhead  was  utilized.  This  also  alleviated  many  safety  concerns.  The  projectile 
was  prepared  in  a  fashion  similar  to  the  previous  rounds  with  two  flat  areas  machined  into 
the  exterior  of  the  warhead  body  and  corresponding  holes  drilled  through  the  sabot.  The 
projectile  was  then  assembled,  fitted  into  the  tube,  and  load  cycled  to  obtain  data.  However, 
this  arrangement  compressed  the  entire  wa^he^^d  body  as  well  as  one  half  of  the  sabot 
order  to  isolate  the  compression  of  the  warhead  from  that  of  the  sabot,  a  second  setup  was 
used.  The  only  modification  to  this  setup  was  that  a  solid  steel  cylinder  was  inserted  inside 
the  warhead.  The  outer  diameter  of  the  disk  formed  a  tight  fit  when  situated  within  the 
warhead  body,  with  clearances  less  than  .0005”.  Then  the  load  cycles  were  repeated  to 
obtain  data  with  essentially  nc  warhead  compression.  This  lack  of  warhead  compression 
was  confirmed  with  differential  dial  indicator  measurements.  This  setup  therefore  produced 
data  for  deflection  of  the  sabot  only.  Utilizing  linear  spring  theory,  it  is  possible  to  deduce  a 
spring  constant  for  one  half  the  projectile,  the  desired  result.  These  calculations  are  included 
in  the  Appendix. 

The  plots  in  Figure  7  contain  the  front  bell  data  for  setups  both  with  and  without  the  steel 
disk.  The  hollow  warhead  results  depict  a  graceful  curve  over  the  low  loads,  approaching 
a  nearly  linear  response  beginning  in  the  2,000  -  3,000  lb/  range.  Focusing  now  on  the 
solid  warhead  0  degree  configuration,  the  curve  is  actually  of  steeper  slope  initially,  until  the 
2,000  lb/  load  where  it  sharply  turns  to  an  almost  horizontal  line.  This  comparison  blatantly 
depicts  the  effects  of  warhead  compression.  System  clearances  and  sabot  spreading  account 
for  initial  deflections,  however,  after  these  are  expended,  the  structure  exhibits  an  extremely 
stiff  response. 

Studying  the  60  degree  results,  a  similar  trend  is  revealed.  Here  the  plots  closely  mimic 
one  another  until  approximately  the  2,000  lb/  load,  beyond  which  divergence  becomes  promi¬ 
nent.  However,  the  slope  never  diminished  to  that  of  the  0  degree  plot.  It  is  conjectured 
that  some  spreading  of  sabot  petals  continued  throughout  the  load  cycle  for  this  orientation. 

The  rear  bulkhead  results  are  shown  in  Figure  8.  Again  the  0  degree  plot  exhibits  a 
nearly  linear  behavior  past  the  2,000  lb/  load.  Comparing  this  to  the  solid  warhead  plot 
beneath  it,  the  difference  in  slope.s,  due  to  warhead  compression,  is  once  again  obvious. 
Examining  the  last  .set  of  plots,  those  for  60  degrees,  a  similar  reaction  was  obs<?rved.  The 
60  degree*  orientation  displayed  a  greater  total  deflection  then  the  0  degree,  both  with  and 
without  rhe  disk  inside  the  warhead.  The  rationalization  offered  is  that  ihe  spreading  of 
sabots  contributes  a  larger  total  deflection  to  the  60  degr«*  than  the  0  degree  configurations. 
Notice,  however,  that  a  compaiison  of  the  plots  for  both  solid  warheatl  orientations  indicates 
that  the  front  bell  exhibit.^  greater  stiffness  than  the  rear  bulkhead.  Ahso,  it  is  still  unclear  as 
to  why  the  initial  slope  was  greater  for  the  solid  warheatl  plot  at  0  degretes,  but  this  occurred 
for  that  one  configuration  only. 

DA'I'A  ANALY.SIS 

Radial  .Spring  Constants 

Since  the  majority  of  gun  dyn.imics  codes  allow  only  linear  spring  constants  to  com- 
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municate  forces  between  the  tube  and  projectile,  it  was  necessary  to  describe  the  behavior 
illustrated  by  each  configuration  with  a  single  slope,  one  for  the  front  bell  and  one  for  the  rear 
bulkhead.  In  order  to  as  l  ive  at  this  linear  approximation,  a  Least  Squares  Fit  (LSF)  routine 
was  applied  over  all  the  data  points  of  each  run.  The  resulting  slopes  for  each  configuration 
were  then  averaged  and  inverted  to  generate  spring  constants  with  the  proper  units,  lb//iri  in 
this  case.  Utilizing  this  approach  resulted  in  the  values  contained  in  Table  1.  Although  this 
reduction  method  provides  first-order  results,  it  includes  data  over  the  the  entire  load  profile, 
combining  all  the  effects  that  influence  the  response.  While  a  LSF  through  the  plots  may 
produce  an  acceptable  result  for  some  configurations,  others  are  clearly  una.ble  to  accurately 
mimic  the  experimental  behavior,  as  illustrated  in  Figure  9. 


Table  1.  Projectile  Radial  Spring  Constants. 


Projectile 

Configuration 

Front  0  Deg 
Iby/in 

Front  60  Deg 
lb/ /in 

Rear  0  Deg 
lb//in 

Rear  60  Deg 
lb//in 

M829A1 

M865 

M830A1 

.904  E-(-06 
.373  C-f-06 
.581  E-f06 

.610  E-1-06 
.360  E-(-06 
.438  E-f-06 

1.45  E-l-06 
2.00  Eq-oe 
1.39  E-f06 

1.56  E+06 
1.33  E-»-06 
1.21  E-l-06 

Since  several  of  the  simulation  codes  are  capable  of  utilizing  spring  constants  which  are 
constructed  from  a  series  of  linear  segments  (BALANS)  a  somewhat  more  refined  cinaJysis  is 
warranted.  This  improved  method  should  attempt  to  allow  the  mechanical  interactions,  such 
as  clearance  elimination  and  sabot  spreading,  to  be  isolated  from  the  compressive  response  of 
the  structure  itself,  While  it  is  somewhat  impossible  to  experimentally  isolate  these  effects, 
observation  of  the  overall  response  can  provide  insight  into  contributing  factors. 

Another  approach  might  be  to  eliminate  the  initial  portion  of  data  and  fit  the  remaining 
section.  However,  this  technique  vmuld  yield  a  slope  which  was  biased  towards  the  higher 
load  data,  diluting  the  strongly  non-linear  effects  associated  with  the  lower  load  regions.  And, 
since  large  forces  are  transmitted  between  the  barrel  and  projectile  for  only  a  small  portion 
of  the  in-bore  travel  (Erhne  1991),  this  approach  could  significantly  degrade  code  accuracy. 
However,  by  separating  each  response  plot  into  two  parts,  the  first  of  which  contains  the 
majority  of  non-linea.r  behavior,  and  apply  a  LSF'  to  each,  if  is  possible  to  extract  a  spring 
constant  composed  of  two  linear  segments,  one  from  each  region.  Employing  this  method 
produced  the  results  contained  in  Table  2.  Since  the  dimensional  clearances  should  have  l>een 
eliminated  in  the  lower  load  regions,  (he  rightmost  rohmin  of  spring  constants  represent  true 
sabot  structural  response  and,  therefore,  should  be  used  for  comparisons  betw«‘en  projectiles. 
Referring  to  the  M829A  1  as  tlie  baseline  pn>jectile,  the.se  numlx  rs  imjily  that  the  front  bell  of 
the  M856  is  considerably  .softer  while  the  rear  bulkheads  are  quite  similar  in  stiffness  in  Ixjth 
directions.  Regarding  the  derived  results  for  the  M830E1,  these  also  show  a  front  bell  that 
is  softer  when  compared  to  the  .M829A1,  however,  not  as  soft  as  the  M865.  Referring  now 
to  the  rear  Imlkhead,  the  M83UE1  is  considerably  lower  in  stiffiu'ss  than  either  the  M829,A  1 
or  M8(>5. 

Using  this  dual  slope  approach  to  differentiate  betwr^en  the  effects  typical  of  the  lower 
load  region  from  those  of  the  higher  load  data  provided  an  analysi.s  that  was  able  to  closely 
match  the  measured  resfronse  over  I  lie  entire  lead  profile,  again  depic  terl  m  Figure  9. 
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Table  2.  Dual  Range  Radial  Spring  Constants. 


Projectile 

Configuration 

Load 

Range, Ib/ 

Dual  Load  R 
Spring 

Constant,  lb/ /in 

ange  Analysis 
Load 

Range,  lb/ 

1 

Spring 

Constant,  lb//in 

M829A1 

Front  0  Deg 
Front  60  Deg 
Rear  0  Deg 
Rear  60  Deg 

50-  1103 

50  -  1118 
50  -  1597 
50  -  2754 

.370  E+06 
.233  E-l-06 
.411  E+06 
.887  E'+06 

1103-  6000 
1118-  5500 
1597  -  7500 
2754  -  7500 

1.06  E+06 
.860  E+06 

2.74  E+06 

2.30  E  +06 

M865 

FVont  0  Deg 
Front  60  Deg 
Rear  0  Deg 
Rear  60  Deg 

50  -  1240 

50  -  1888 
50  -  1966 

50  -  2087 

.204  E+06 
.267  E  1-06 
.952  E+06 
.513  E+06 

1240  -  5500 
1888  -  5500 
1966  -  7500 
2087  -  7500 

.447  E+06 
.425  E+06 

2.80  E+06 

2.32  E+06 

M830E1 

Front  0  Deg 
Front  60  Deg 
Rear  0  Deg 
Rear  60  Deg 

50  -  1665 
50  -  1777 

50  -  2215 

50  -  1999 

.267  E+06 
.241  E+06 
.791  E+06 
.583  E+06 

1665  -  5500 
1777  -  5500 
2215  -  7500 
1999  -  7500 

.943  E  +06 
.684  E-l-06 

1.62  E-f-06 

1.80  E+06 

Another  quantity  of  importance,  which  is  a  contributing  factor  to  the  in-bore  projectile 
response,  is  the  ratio  between  front  and  rear  spring  constants,  rather  than  their  absolute 
values.  Therefore,  Table  3  was  constructed  which  contains  the  spring  constant  ratios  for 
each  configuration.  The  spring  constant  values  used  to  arrive  at  these  ratios  were  extracted 
from  the  LSF  of  the  higher  load  data  previously  discussed  in  Table  2. 


Table  3.  Projectile  Radial  Spring  Constant  Ratios. 


Projectile 

Orientation 

Ratio  (Rear/Front) 

M829A1 

(0  Degree) 

2.58 

M829A1 

(60  Degree) 

2.67 

M865 

(0  Degree) 

6.26 

M865 

(60  Degree) 

5.46 

M830E1 

(0  Degree) 

1.72 

M830E1 

(60  Degree) 

2.63 

Sabot  Separation  Measurements 

The  clearance  measurements  between  the  front  bell  and  tube  wall  indicated  that  after  a 
load  was  applied,  in  either  orientation,  the  front  bell  settled  to  the  bottom  of  the  tube  where 
it  remained,  even  after  all  load  was  removed.  Furthermore,  this  clearance,  which  measured 
^ls  much  as  .013”  for  several  projectiles,  remained  nearly  constant  over  the  entire  load  profile. 

The  openings  between  sabot  petals  could  only  be  measured  in  the  forward  bell  area  of 
the  sabot,  due  to  accessibility  within  the  fixture.  Opening  mecisurernents  due  to  loading  of 
the  front  bell  varied  with  both  the  orientation  and  projectile  type.  Due  to  the  tight  fit  of 
the  forward  retaining  ring  the  M830EI  experienced  no  rneasureable  opening  between  petals. 
The  results  are  summarized  in  Table  4.  Again,  the  table  orniL;>  all  rear  loading  configurations 
because  gap.s  in  the  obturator  region  could  not  be  measured. 
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Table  4.  Clearances  Between  Sabot  Petals  due  to  Front  Bell  Loading. 


Orientation 

Load 

1  Projectile  Type 

M829A1 

M863 

M830E1 

0  Degree 

Pre-Load 

.001” 

.0015” 

NA 

0  Degree 

Max  Load 

.011” 

.010” 

NA 

60  Degree 

Pre-Load 

.001” 

,004” 

NA 

60  Degree 

Max  Load 

.097” 

.007” 

NA 

Projectile  Axial  Response 

In  addition  to  recording  the  deflections  at  the  point  of  load  application,  the  displacements 
at  several  other  points  along  each  projectile  were  measured.  For  both  the  M829  and  M830E1 
projectiles  this  included  the  nose,  two  sabot  saddle  points,  the  contact  point  wen;  no  load 
was  being  applied,  a  point  along  the  rear  sabot  ramp  and  the  tail  end  of  the  rod.  For  the 
M865  the  rear  ramp  position  was  eliminated,  due  to  the  shorter  sabot  and  subprojectile. 

Displacements  at  the  seven  locations  .along  the  projectile  were  plotted  at  specific  loads 
during  the  increasing  portion  of  a  load  cycle.  These  results  are  portrayed  to  provide  insight 
into  the  flexure  over  the  entire  projectile  length  and  are  illustrated  in  Figure  iO.  Examining 
the  front  bell  of  the  M829A1  first,  the  response  can  be  categorized  as  a  rigid  body  rotation 
of  the  entire  assemblage  about  the  rear  bulkhead  in  conjunction  with  a  change  in  slope 
(bending)  in  the  loaded  region.  Next,  the  M865  displays  a  pure  rigid  body  rotation,  pivoting 
about  the  obturator  region.  Note  also  the  large  magnitude  of  total  deflections.  Due  to  the 
relatively  short  and  stiff  subprojectile,  this  type  of  behavior  was  not  surprising.  In  addition, 
the  short  wheelbase  serves  to  magnify  the  total  deflections.  Finally,  the  sharp  change  in 
slope  on  the  M830E1  is  somewhat  deceiving  due  to  the  fact  that  compre.ssion  of  the  warhead 
is  included,  accounting  tor  the  majority  of  the  deflection.  Plots  from  the  other  orientations 
produced  similai  results  and,  for  brevity,  have  not  been  included. 

Referring  now  to  Figure  li,  the  rear  bulkhea<l  plots  reveal  another  set  of  projectile 
dependent  shapes.  The  Mj29A1  '•esponds  almost  as  a  simply  supported  beam  subjected 
to  a  concentrated  load  near  the  mid  point,  while  the  M865  portrays  some  bending  through 
the  saddle  region.  The  M830E1  appears  to  display  bending  in  the  bulkhead  area,  however, 
warhead  compression  has  again  biased  thi.s  observation. 

SUMMARY  and  CONCLUSIONS 

A  unique  rnea^uirement  technique  for  extracting  radial  deflection  versus  load  litLs  been 
administered  to  three  120mm  tank  projectiles.  The  resulting  data  was  then  analysed  using 
two  methods.  The  first  was  a  sirnp'e  LSF  of  all  data  point.s  for  a  particular  load  cycle.  Results 
R0.0  this  technique  are  applicable  to  the  most  rudimentary  gun  cedes  that  allow  only  a  single 
linear  spring  comstant.  I'he  second  method  broke  the  response  into  two  discreet  segments, 
dependent  upon  the  load,  and  performed  a  LSF  on  eaxh  segment.  This  dual-slope  approach 
was  able  to  fit  the  measured  curves  much  more  closely  over  the  entire  load  cycle.  Furthermore, 
an  orientation  sensitivity  was  shown  to  exist.  This  dependency  was  bcised  upon  the  relation 
of  the  sabot  part  line  to  the  load  plane.  Although  only  two  orientations  were  mejisured  for 
each  projectile,  presumably  both  the  minimum  and  rnaxitnum,  this  relationship  w’arrants 
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further  investigated.  Also,  spreading  of  the  sabot  petals  as  well  as  longitudinal  bending 
responses  were  recorded.  The  bending  data  revealed  rigid  body  rotation  in  combination 
with  various  bending  responses.  The  loads  implied  were  not  necessarily  intended  to  simulate 
an  inertial  load  of  the  type  encountered  in-bore,  instead,  they  were  simply  utilized  to  elicit 
load  versus  deflection  data  at  points  of  interest.  In  addition  to  absolute  stiffness  values,  the 
ratios  between  contact  points  were  presented  as  quantities  of  interest. 

It  is  recommended  that  gi'n  dynamics  codes  should  allow  input  of  at  least  a  dual-slope 
spring  constant  in  addition  to  a  bore  clearance  dimension  associated  with  the  front  bell  in 
order  to  more  accurately  simulate  the  experimental  data. 

APPENDIX 

In  order  to  arrive  at  an  equivalent  spring  rate  for  the  M830E1,  a  two  step  experimental 
process  was  devised.  This  technique  then  utilized  linear  spring  theory  for  multiple  springs 
in  a  series  arrangement. 

The  analysis  began  by  rearranging  the  terms  found  in  the  definition  for  series  springs  [12] 
and  isolating  the  spring  constant  associated  with  the  entire  warheawl  (Kgu,).  This  value  was 
then  equated  to  the  spring  constant  extracted  form  the  experimental  setup  which  compressed 
the  hollow  warhead. 
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Next,  the  spring  rate  for  one  side  of  the  sabot  (K.ofroj)  was  found  during  the  second 
experimental  setup  which  utilized  the  solid  warhead.  Sub-stituting  the  appropriate  variables 
allowed  the  calculation  of  the  desired  constant  which  is  the  effective  stiffness  for  one  half  of 
the  complete  projectile  (Ke//). 
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Figure  5.  Deflection  vs.  Load  Plots  for  M829A1  (left)  and  M865  fright)  Due  to  Loading 
of  the  Front  Bell. 
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I'lgure  6.  Deflection  vs.  Load  Plots  for  M829A1  (left)  and  M865  (right)  Due  to  Loading 
of  the  Rear  Bulkhead. 
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Figure  7.  Deflection  vs.  Load  Plots  for  M830E1  Due  to  Loading  of  the  Front  Bell. 
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Figure  8.  Deflection  vs  Load  Plots  for  M830E1  Due  to  Loading  of  the  Rear  Bulkhead. 
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Figure  9.  Deflection  vs.  Load  Data  with  Fitting  Techniques. 
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Figure  10.  Projectile  Flexure  Due  to  Front  Bell  Loading  for  M829A1  (left),  M865  (right) 
and  M830E1  (bottom). 


184 


Deflection  (inj 


LYON 


M829A1  FLEXURE,  REAR  BULKHE  AD  LOADING 

60  D«gree,  Run 


0.020 

0.015 

0.G10 

0.005 

0.000 

-0.005 

-0.010 


a  so  lb  PRLLOAD 
0  1500  lb  LOAD 

A.ZisM.lbiOAD. 

L 

±.,J5,oa 

X  4500 
O  5500 

IfeJjOAD 
lb  LOAD 
lb  lOAO 

lb  LOAO 

■  7500 

m . 

— 

- m — i 

1 

■ 

mpip! 

a 

p 

i 

20  40  60  80 

Location  (%  ot  total  rod  length) 


c 

o 


L> 


Maes  FLEXURE,  REAP  BULKHEAD  LOADING 

60  D«gr««,  Run  0'i 


0.015 


O.C10 


0.005 


0.000 


-0.005 


-0.010 


100 


a  50  lb  PRELOAD 
Q  1500  lb  LOAD 

±.  JS00.lkJ-e*Q. 

X  4500  lb  LOAD 
O  5500  lb  LOAD 

.V...65.P.R.It..W.AR. 

■  7500  lb  LOAD 


20  40  60  SO 

Location  (%  ot  total  rod  length) 


100 


M830E1  FLEXURE.  REAR  BULKHEAD  LOADING 

0  Degree.  Hollow  Worheod,  Run  #4 


c: 

o 

"t} 

V 

Q 


0.010 

0.005 

0.000 


-0.005 


-0.010 


-0.015 


-0.020 


- — 

_ 

1-  -B 

wT^ 

n 

- 

•  50  It  PRELOAD 

O  1500  lb  LOAD 
+  2500  lb  LOAO 

X  “3500  lb  LOAO 

4500  lb  LOAD 
■  5500  lb  lOAb 

-  !  ■  . 

0  5  10  15  20  25 

Locotion  (in) 


Figure  11,  Projectile  Flexure  Due  to  Rear  FRiIkhead  Ijoaxliiig  for  M829A1  (left),  M865 
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TITLE 

AN  EXPERIMENTAL  VALIDATION  OF  THE  SIMBAD  GUN  DYNAMICS  SIMULATION  PACKAGE 
FOR  FLEXIBLE  SABQTED  LONG  ROD  PROJECTILES 


ABSTRACT 


An  experimental  firing  programme  has  been  carried  out  using  the  RMCS  30min  Aii  Powered  Gun  to  study 
the  flexing  of  saboted  long  rod  penetrators  in-bore.  A  number  of  special  two  piece  projectiles  were  develcpeo, 
each  with  as  nearly  as  possible  the  same  mass,  position  of  centre  of  gravity,  pitch  inertia,  and  band  spacing, 
but  with  different  rod  aiamcters.  A  rigid  one  piece  projectile  was  also  developed,  that  had  the  same  physical 
properties  and  band  spacings. 


A  refined  technique  for  measuring  the  in-bore  motion  of  the  shot  was  introduced  into  the  experimental  facility. 
This  technique  enabled  the  pitch  and  yaw  motion  of  the  front  end  of  the  rod  to  be  measured,  thus  producing 
data  that  could  be  directly  compared  with  theoretical  simulations.  The  technique  made  use  of  an  optic^ 
displacement  transducer  mounted  perpendicular  to  and  down  range  from  the  muzzle.  A  light  beam  from  this 
transducer  was  directed  on  to  a  mirror  on  the  front  of  the  projectile  via  a  circular  mirror  in  the  path  of  the 
shot.  This  latter  mirror  was  formed  by  stretching  a  thin  aluminised  membrane  over  an  annulus,  through  which 
the  projectile  passed  without  damage.  The  dis^acement  of  the  returning  light  beam  from  the  projectile  was 
then  measureu  by  the  transducer,  from  which  shot  pitch  and  yaw  motions  could  be  calculated. 

Accurate  measurement  of  the  barrel  profile  was  found  to  be  necessary  for  the  simulation  work.  This  was 
achieved  by  pushing  the  rigid  one  piece  shot  slowly  oown  the  barrel,  whilst  measuring  its  pitch  andc.  The 
resulting  data  was  thv'n  analysed  to  remove  the  gravity  droop  component,  thus  producing  the  barrel  bend. 

As  the  shots  were  required  to  be  re -usable,  a  method  of  catching  them  in  the  indtxir  range  without  damage 
was  required.  A  special  catcher  was  therefore  developed  that  consisted  of  a  long  hoiizontal  tube  filled  with 
water,  into  which  the  projectile  wa.s  fired,  with  no  resulting  damage. 


The  data  obtained  from  the  experimental  work  was  used  for  the  validation  of  the  flc.xiblc  saboted  long  rod 
projectile  code  as  found  in  the  gun  dynamics  simulation  package  SIMBAD.  SIMBAD  had  been  used  in  some 
earlier  work  to  minlel  the  effects  of  cradle  design  on  barrel  motion,  inclusion  of  this  early  work  being  necessary 
for  the  correct  modelling  of  the  system  The  theoretical  results  obtained  were  then  compared  successfully 
with  the  experimental  results. 


This  paper  describes  in  more  detail  ihc  work  (hat  has  been  carried  out  into  the  in-borc  flexing  of  saboted  long 
rcxl  proicciiles,  a.s  outlined  above.  It  presents  and  compares  results  from  both  the  experimental  and  theoretical 
work,  discusses  the  findings,  and  gives  conclusions 
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1.0  INTRODUCTION 

Over  the  last  few  years,  a  considerable  amount  of  work  has  been  carried  out  world-wide  in  the  area  of  tank 
gun  dynamics.  This  work  has  generally  included  both  theoretical  simulation  and  experimental  trials  The 
simulation  work  has  been  conducted  in  an  attempt  to  gain  a  greater  understanding  of  the  dynamics  tcvolved, 
and  to  keep  costs  low.  Mathematical  simulation  packages  have  been  developed  that  can  be  used  to  model 
many  of  the  parameters  of  these  tank  guns,  and  can  include  barrel  dynamics,  cradle  dynamics,  barrel  to  cradle 
interactions,  shot  in-borc  dynamics  and  the  interaction  of  the  shot  with  the  barrel  ( 1,-2, 3,4,5).  The  development 
of  the  very  high  L/D  ratio  long  rod  penetrators  as  used  in  modern  APFSDS  anti-armour  rounds  has  required 
a  further  development  of  the  shot  models  in  order  to  correctly  simulate  the  characteristics  of  these  types  of 
projectile. 

Modem  long  rod  penetrators  generally  consist  of  a  rod  with  a  high  L/D  ratio  and  are  made  of  a  high  density 
material.  They  aie  usually  supported  in  the  barrel  by  a  three  piece  sabot  which  separates  from  the  penetrator 
on  leaving  the  muzzle.  The  penetrator  is  supported  axially  by  a  screw  thread  along  the  part  of  its  length  in 
contact  with  the  sabot,  but  the  front  of  the  penetrator  can  overhang  the  front  of  the  sabot  by  a  considerable 
fraction  of  its  total  length.  When  the  penetrator  is  accelerated  along  the  barrel,  any  bending  of  the  penetrator 
due  to  transverse  loads  will  be  exacerbated  by  the  tendency  of  the  penetrator  to  buckle,  and  this  will  be  most 
severe  at  the  front  overhang  where  it  is  transversely  unrestrained  by  the  sabot.  The  forces  exerted  on  the 
penetrator  by  these  bending  and  buckling  loads  can  be  very  high,  and  have  led  in  practise  to  penetrator  and/or 
sabot  failure. 

The  gun  dynamics  simulation  package  SIMBAD  |6)  has  been  developed  in  order  to  simulate  the  dynamics  of 
modern  tank  guns.  In  p:.rticular,  a  recent  version  has  included  a  facility  for  modelling  the  in-borc  dynamics 
of  saboted  long  rod  penetrator  APFSDS  projectiles  (7).  The  model  can  utilize  a  flexible  sabot  with  linear  or 
non-linear  stiffness  rear  bands  and  front  cups,  and  a  flexible  penetrator.  The  screw  thread  type  interface 
between  the  penetrator  and  sabot  can  be  modelled,  but  other  interface  arrangements  can  also  be  included. 
The  model  places  particular  empha.Ms  on  the  bending  and  buckling  aspects  of  the  penetrators’  in-bore  dynamics. 
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Validation  of  these  simulation  packages  can  often  pose  more  problems  than  their  initial  development,  as 
obtaining  meaningful  experimental  data  for  comparison  with  their  predictions  is  very  difficult.  These  problems 
are  even  more  severe  where  the  in-bore  dynamics  of  long  rod  projectiles  are  concerned.  Deciding  just  what 
projectile  parameter  to  measure  is  one  concern,  and  any  attempt  to  measure  the  projectiles’  motion  in  a  real 
gun  using  optical  techniques  poses  difficulties  due  to  obscuration  by  propellant  gases.  However,  these  problems 
can  be  largely  overcome  by  using  specially  designed  experimental  guns  as  opposed  to  full  sized  guns.  One 
such  experimental  gun  is  the  RMCvS  30mm  Air  Powered  Gun  [8],  which  has  been  used  successfully  to  validate 
gun  dynamic  codes.  This  paper  describes  the  use  of  the  gun  to  assist  in  validating  the  flexible  two  piece  shot 
model  now  incorporated  in  SIMBAD. 

2.0  EXPERIMENTAL  APPARAfUS 

A  third  generation  development  of  the  experimental  RMCS  Air  Powered  Gun  has  been  used  as  the  basis  for 
studying  the  in-bore  flexing  dynamics  of  saboted  long  rod  penctrators.  The  equipment  used  consists  of  a 
number  of  different  sub-assemblies,  which  are  described  in  more  detail  below. 

2,1  THE  AIR  GUN. 

The  air  gun  used  in  the  investigation  consisted  of  a  cylindrical  pressure  vessel  witii  a  quick  release  valve,  which 
on  firing,  enabled  rapid  dumping  of  a  compressed  air  charge  to  the  75  calibre  smooth-bore  barrel,  thus 
propelling  the  projectile.  The  air  gun  was  supported  by  a  flexible  cradle,  and  as  iJ  had  been  used  in  some 
earlier  experimental  work,  the  dynamic  characteristics  were  known  [9].  The  transverse  motions  of  the  barrel 
and  cradle  were  measured  by  inductive  proximity  transducers,  and  output  data  was  captured  and  stored  by 
computer. 
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2.2  PROJECTILEii. 

As  the  investigation  was  carried  out  to  study  the  in-bore  dynamics  of  saboted  iong  rod  projectiles,  the  design 
of  the  experimental  projectiles  was  particularly  important.  Each  projectile  had  to  incorporate  a  sufficiently 
long  unsupported  rod  to  enable  a  measurable  amount  of  flexing  to  take  place,  while  at  the  same  time  keeping 
overall  projectile  length  to  a  minimum.  A  control  projectile  was  also  required  for  comparison  with  the  saboted 
loo.g  rod  projectiles.  Both  types  of  projectile  were  designed  with  the  aid  of  SIMBAD,  such  that  both  had  the 
same  mass,  position  of  centre  of  gravity,  and  pitch  inertia.  This  meant  that  any  differences  in  the  measured 
pitch  motion  of  the  front  of  the  projectile  would  be  due  ’o  the  different  dynamics  caused  by  bending  of  the 
rod.  The  dilTerent  projectiles  are  discu.ssed  in  more  detail  Ixjlow. 

2.2.1  Saboted  long  rod  projectiles. 

The  saboted  long  rod  projectile  used  in  the  investigation  is  shown  as  a  cross  section  in  Figure  1.  The  projectile 
consisted  of  a  rigid  sabot  with  two  10mm  wide  bands,  front  and  rear,  situated  60mm  apart.  Down  the  centre 
of  the  sabot  was  a  9mm  diameter  hole  which  extended  to  a  |K>int  20mm  in  front  of  the  rear  face  of  the  sabr>t, 
the  hole  being  continued  at  8mm  diameter.  A  .t55mm  long  Smm  diameter  rod  was  rigidly  attached  to  the  rear 
of  the  sabot,  leaving  140miu  unsupported.  The  front  end  of  the  long  rod  was  polished  to  a  mirror  finish.  A 
second  .saboted  long  rod  projectile  was  also  developed.  This  had  a  6mm  diameter  rod  of  the  same  length  as 
the  Smm  rod,  but  as  all  the  other  dimensions  of  the  projectile  remained  the  same,  it  had  a  slightly  reduced 
mass. 

For  nractical  reasons,  both  projcctiJes  were  designed  with  the  aid  of  dynamic  beam  theory  to  enable  the  first 
natural  frequency  of  the  rod  to  be  predicted.  This  would  ensure  that  there  would  be  a  reasonable  number  of 
Frst  mode  beam  vibrations  (between  5  and  10)  to  be  measured  v/bile  the  projectile  was  in  the  barrel.  The  first 
oatura!  frequencies  of  the  8mm  and  6mm  rod  projectiles  were  calculated  to  be  316  and  237  Hz  respectively, 
giving  about  9  and  6  oscillations  while  the  projectile  was  in  the  barrel.  These  frequencies  were  subsequently 
measured  to  be  293  and  204  Hz  respectively. 

2.2.2  Control  projectile. 

The  control  projectile  was  designed  ffir  comparison  with  the  saboted  long  rod  projectiles.  This  projectile  was 
made  in  one  piece,  and  had  a  ftcxural  stiffness  many  times  greater  than  the  flexible  long  rod,  making  it  effectively 
a  ’rigid’  shot.  The  front  end  of  this  shot  included  a  raised  surface  polished  to  a  mirror  finish.  The  control 
projectile  was  designed  to  have  as  nearly  as  possible  the  same  mass,  position  of  centre  of  gravity  relative  to 
the  two  bands,  and  pitch  inertia  as  the  saboted  long  rod  projectiles.  The  control  projectile  is  also  shown  in 
Figure  1. 
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2.3  MEASUREMENT  OF  IN-BORE  PITCH  MOTION  AND  BARREL  PROFILE 

For  the  sneasurement  of  projectile  in-bore  motion,  a  system  based  on  an  optical  displacement  traasducer  was 
developed  flOj.  This  technique  made  use  of  a  ’Zimmer’  camera  that  produced  and  then  meastired  the 
displacement  of  a  collimated  beam  of  light  reflecteo  off  the  mirror  on  the  front  of  the  projectile.  Knowing  the 
distance  of  *be  projectile  from  the  camera,  and  the  displacement  of  the  reflected  beam  of  light,  the  pitch  angle 
of  the  front  of  the  shot  could  be  calculated.  The  distance  travelled  by  the  projectile  down  the  barrel  was  derived 
from  double  integration  of  its  acceleration  curve,  this  being  proportional  to  the  measured  pressure  in  the 
barrel. 


In  order  to  avoid  the  projectile  impacting  the  camera,  the  latter  was  situated  down  range  of,  and  off-set 
perpendicular  to,  the  muzzle.  The  collimated  beam  of  light  was  then  reflected  down  the  barrel  via  a  disposable 
nairror  in  the  path  of  the  projectile.  This  mirror  was  formed  by  stretching  a  thin  film  of  aluminized  plastic 
over  an  annulus,  through  which  the  projectile  was  fired,  it  being  replaced  after  every  firing. 

The  vertical  barrel  profile  (shape)  was  measured  in  a  similar  fashion  to  the  in-borc  projectile  motion  using 
the  Zimmer  camera.  Instead  of  firing  the  projectile,  it  was  pushed  down  the  barrel  in  increments  of  3cm,  the 
pitch  displacement  being  recorded  for  each  increment.  Having  obtained  this  data,  it  was  analysed  to  give  the 
barrel  internal  displacement  at  each  increment  relative  to  a  "straight"  (zero  gravity  di  oop  and  zero  bend)  barrel. 
Figure  2  shows  the  barrel  profile. 

2.4  PROJECTILE  CATCHER 

The  projectiles  needed  to  be  captured  after  firing  without  damage  in  order  that  they  might  be  reused.  It  was 
decided  to  develop  a  projectile  catcher  based  on  a  cylindrical  horizontal  tube  filled  with  water,  into  which  the 
projectiles  were  fired.  The  catcher  therefore  consisted  of  a  pipe,  3.5m  long  and  160mm  bore.  This  was  attached 
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to  two  drums,  0.6m  diameter  and  1.0m  high,  one  at  each  end.  This  arrangement  is  shown  b  Figure  3  below. 
In  operation,  the  water  was  retained  in  the  pipe  using  a  thin  plastic  membrane  that  was  attached  with  a  seal 
to  the  front  end  of  the  pipe.  The  rear  drum  and  pipe  were  then  filled  with  water  to  a  level  above  the  top  of 
the  pipe,  makmg  sure  that  all  air  was  expelled  from  the  pipe.  The  projectile  was  then  fired  through  a  hole  b 
the  frout  drum,  through  the  membrane  and  into  the  pipe  filled  with  water.  The  water  in  the  pipe  then  flowed 
bto  the  front  drum  and  drained  away.  The  projectile  catcher  as  described  was  found  to  be  very  efficient  at 
ratchbg  the  projectiles  without  damage. 


3.0  FIRING  FKQGRAMME  ANP  EXFERiMENTAL  RESULTS 

A  number  of  firings  were  made  with  each  projectile  in  order  to  ensure  consistency.  Each  of  the  projectiles 
weighed  230g,  and  were  fired  at  a  pressure  of  2.67  MN/m.m  (400  psi),  giving  a  muzzle  velocity  of  150  ra/s. 
Time  to  shot  exit  was  26  ms. 

The  experimental  results  are  presented  as  graphs  of  shot  pitch  motion  and  muzzle  motion.  Figure  4  shows 
the  pitch  motion  of  the  nose  of  the  rod  for  the  saboted  8mm  diameter  long  rod  projectile  (dotted  Ibe),  figure 
5  shows  the  same  motion  for  the  nose  of  the  saboted  6mm  diameter  long  rod  projectile  (dotted  line),  and 
figure  6  shows  the  pitch  motion  for  the  rigid  control  projectile  (dotted  line). 

Comparisson  of  the  curves  of  muzzle  motion  for  these  three  types  of  projectile  show  a  high  degree  of  similarity 
up  to  and  including  shot  exit,  hence  one  typical  muzzle  motion  is  shown  in  figure  7  (dotted  line).  This  finding 
might  be  expected  as  only  the  projectile  was  varied  betw'een  the  different  firings. 

When  the  curves  of  projectile  pitch  motion  are  considered,  there  is  a  marked  difference  between  the  three 
firings.  Figure  4  clearly  shows  the  oscillatory  type  pitch  motion  of  the  front  end  of  the  8mm  diameter  long  rod 
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projectile  (dotted  line).  This  motion  is  due  primarily  to  the  flexing  motion  of  the  rod  relative  to  the  sabot,  and 
has  a  frequency  of  about  285  Hz.  This  value  compares  very  well  with  that  predicted  by  the  dynamic  beam 
theory,  of  316  Hz. 

Note:  The  shot  exit  point  shown  for  the  experimental  curves  is  slightly  different  to  that  of  the  same  figure 
presented  previously  in  Reference  7.  It  was  realised  that  due  to  the  length  of  the  rod,  shot  exit  was  triggered 
while  the  sabot  was  still  in-bore.  The  point  of  shot  exit  has  therefore  been  altered  by  approximately  one  msec 
(time  of  flight  over  length  of  projectile)  to  take  account  of  tills  fact. 

Figure  5  shows  the  oscillatory  type  pitch  motion  of  the  front  end  of  the  6mm  diameter  long  rod  projectile 
(dotted  line).  This  motion  is  not  as  pronounced  as  that  seen  in  figure  4,  but  close  inspection  reveals  a  frequency 
of  about  220  Hz.  This  value  is  slightly  lower  than  that  predicted  by  the  dynamic  beam  theory,  of  237  Hz,  but 
still  compares  favourably. 

Figure  6  shows  the  pitch  motion  of  the  front  end  of  the  rigid  shot  (dotted  line).  As  the  shot  Ls  rigid,  this  motion 
can  be  assumed  to  represent  the  pitch  motion  of  the  whole  projectile.  The  pitch  motion  is  clearly  quite  smooth 
until  after  shot  exit,  the  upward  trend  while  the  projectile  is  in  the  barrel  being  largely  due  to  the  projectile 
following  the  bend  in  the  barrel, 

4.0  THEORETICAL  MODELLING  AND  RE.SI)LTS 

4.1  THEORETICAL  MODELLING 

Two  types  of  projectile  were  modelled  in  the  simulation;  a  rigid  projectile,  and  the  two  piece  saboted  long  rod 
projectiles.  These  arc  discussed  separately  below. 

4.1.1  RIGID  (CONTROL)  PROJECTILE 

Rigid  projectiles  could  be  modelled  as  either  1;  a  lumped  mass  with  linear  or  non-linear  stiffness  bands  at 
front  and  rear,  or  2;  a  very  high  stiffness  flexible  one  piece  projectile  with  similar  front  and  rear  bands.  In  this 
case  the  former  was  chosen,  with  linear  stiffness  bands  front  and  rear. 

4.1.2  FLEXIBLE  SABOTED  LONG  ROD  PROJECTILES 

With  this  type  of  projectile,  the  sabot  and  penetrator  were  modelled  separately.  The  sabot  was  modelled  usmg 
Timoshenko  elements,  as  shear  was  likely  to  be  dominant  mechanism  by  which  deflection  took  place.  The 
penetrator  was  modelled  using  Euler-Bernoulli  beam  elements,  as  bending  was  likely  to  be  the  dominant 
mechanism  by  which  deflection  took  place. 
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As  noted  above,  considerable  emphasis  was  placed  on  the  bending  and  buckling  aspects  ol'  the  saboted  long 
rod  projectiles.  Simple  fmite  element  analysis  would  not  normally  consider  the  phenomenon  of  buckling  in 
such  a  model,  especially  if  the  interaction  between  the  axial  forces  (or  accelerations)  and  the  transverse 
deflections  (bending)  was  small.  However,  with  long  rod  penetrators  that  are  partially  unsupported  transversely 
and  which  are  subjected  to  very  high  levels  of  axial  acceleration,  this  is  not  the  case.  In  order  to  overcome  this 
problem,  the  stiffness  matrices  of  the  penetrator  and  sabot  were  reformed  a  number  of  times  during  the 
simulation  to  take  account  of  the  change  in  position  of  the  penetrator  and  sabot  elements.  Theoretically,  the 
stiffness  matrices  need  to  be  reformed  after  every  time  step  in  the  simulation  in  accordance  with  each  new 
position,  but  in  practise,  reforming  the  stiffness  matrices  200  times  during  the  simulation  was  sufficient  to 
produce  convergence  of  the  solution. 

The  interaction  bet  ween  the  sabot  and  the  penetrator  was  made  up  of  two  components;  axial  and  transverse. 
Both  types  of  interaction  could  be  linear  or  non-linear.  In  this  case,  the  interface  was  modelled  as  a  screw 
thread  with  an  assumed  square  cross-section,  with  linear  axial  and  radial  stiffnesses  [7]. 

4.2  THEORETICAL  RESULTS 

The  theoretical  results  are  pre.sented  as  the  pitch  motion  of  the  front  end  of  the  projectile  against  time. 
Figure  4  shows  the  oscillatory  type  motion  for  the  8inm  diameter  long  rod  projectile  (solid  line).  Close 
inspection  of  this  curve  shows  a  frequency  of  about  260  Hz,  which  is  lower  than  that  seen  experimentally. 

Figure  5  shows  the  same  type  of  motion  for  the  6mm  diameter  long  rod  projectile  (solid  line).  Again,  the 
frequency  of  vibration  is  lower  than  that  seen  experimentally,  as  it  has  a  frequency  of  about  180  Hz. 

Figure  6  shows  the  pitch  motion  of  the  rigid  shot  (solid  line).  It  has  a  rather  high  pitch  frequency  of  low 
amplitude  that  follows  a  general  trend  upwards. 

Figure  7  shows  the  predicted  motion  of  the  muzzle  (solid  line). 

5.0  DISCUSSION  OF  RE.StJLTS 

A  comparison  of  the  theoretical  and  experimental  results  both  show  essentially  the  same  differences  in  in-bore 
pitch  motion  between  the  rigid  projectiles  and  the  saboted  long  rod  projectiles.  With  the  rigid  projectiles, 
there  is  no  significant  pitch  motion  at  low  frequencies  until  shot  exit,  and  the  high  frequency  component  for 
this  projectile  predicted  by  the  simulation  is  of  low  amplitude.  The  pitch  motion  of  the  projectile  is  seen  to 
follow  a  general  trend  upwards  and  is  due  primarily  to  the  shot  following  the  curve  in  the  barrel.  After  shot 
exit,  the  experimental  results  show  some  pitch  motion  as  the  unstabilised  projectile  begins  to  tumble. 
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Both  the  theoretical  and  experimental  results  show  a  marked  difference  in  the  pitch  motion  of  the  saboted 
long  rod  projectiles  as  compared  to  the  rigid  projectiles.  As  noted  above,  this  pitch  motion  is  a  measure  of 
the  flexing  of  the  rod  of  the  projectile,  and  clearly  demonstrates  that  the  rod  does  in  fact  flex  while  the  projectile 
is  in-bore. 

The  frequency  of  the  flexing  rod  in-bore  varies  with  its  diameter,  but  not  quite  as  one  would  expect.  For  the 
Smm  diameter  rod  projectile,  the  experimental  flexing  frequency  in-borc  is  slightly  lower  than  that  predicted 
by  the  dynamic  beam  theory  used  in  its  design,  285  and  316  Hz  respectively,  but  compares  favourably.  However, 
the  flexing  frequency  predicted  in  the  simulation  is  slightly  lower  at  around  260  Hz.  This  is  because  the 
experimental  projectile  had  the  rod  attached  rigidly  to  the  sabot,  whereas  the  simulation  projectile  used  a 
screw  thread  interface,  thus  effectively  making  the  rod  longer  and  less  st’^'f. 

For  the  6mm  diameter  rod,  a  similar  situation  applied.  The  experimentally  measured  flexing  frequency  in-bore 
was  about  220  Hz  which  is  slightly  lower  than  that  predicted  in  the  design  of  the  shot,  237  Hz.  Again,  the 
frequency  predicted  by  the  simulation,  180  Hz,  was  lower  than  the  measured  frequency,  for  the  same  reasons 
as  the  8mm  diameter  rod.  The  amplitude  of  vibration  for  the  experimental  curve  is  less  than  that  of  the 
theoretical  curve  due  to  incorrect  damping  values  in  the  simulation. 

The  muzzle  motion  predicted  by  the  simulation  compares  favourably  with  the  experimental  muzzle  motion, 
both  as  to  shape  and  amplitude. 

Although  not  shown  here,  more  simulations  were  carried  out  with  slight  changes  to  the  barrel  straightness 
data.  This  produced  noticeable  changes  in  the  in-bore  motion  of  both  the  rigid  and  saboted  long  rod  projectiles, 
and  could  easily  account  for  the  discrepancies  between  the  measured  and  predicted  in-bore  pitch  motions. 

6.0  CONrLIJSION.S 

1.  Experimental  long  rod  projectiles  have  been  used  successfully  in  the  RMCS  30mm  Air  Powered  Gun  to 
study  the  in-bore  flexing  dynamics  of  saboted  long  rod  projectiles. 

2.  The  dominant  frequencies  in-bore  were  slightly  lower  than  the  first  natural  frequency  of  the  rod  as  calculated 
using  dynamic  beam  theory,  and  also  measured  by  experiment. 

3.  The  theoretical  results  agreed  with  the  experimental  results,  but  accurate  data  concerning  the  barrel  profile 
needs  to  be  used  for  the  correct  simulation  of  the  in-bore  dvnamics. 
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Maximum  horizontal  scale  =  40msecs . 
Maximum  vertical  scole  i=  O.Dinrads. 
Solid  line  shows  theoret I co l  resu  I  t  . 
Dotted  I  I ne  shows  experimental  result 
Vertical  line  is  shot  exit. 


Fig  4,  Comporison  of  Theoretical  ona  Experimentoi  Results. 

Pitch  angle  of  the  nose  of  the  8mm  flexible  rod. 
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Pitch  onqie  of  the  rigid  shot. 


Max  i 

murri 

nor i zonta 1  see i e 

=  40msecs. 

Max  i 

mum 

vert  1 ca 1 

sea  1 e  = 

.  5mm. 

So  1  i 

d  1 

i  ne  shows 

theoret i 

i  CO  1  resu ' t . 

Dot  t 

i  1 ne  shows 

experimentol  result 

Vert 

i  CO 

1  line  is 

Shot  exit. 

r  Ineoretico'  ana 
o  .  d  i  sp  I  ncemef^'t  cr 


Rastegar,  Tu,  Khorrami,  Mattice  and  Coleman 


TRAJECTORY  PATTERN  METHOD  APPLIED  TO  A  TURRETED  WEAPON 

SYSTEM 

J.  Rastegar.  Department  of  Mechanical  Engineering 
State  University  of  New  York  at  Stony  Brook,  Stony  Brook,  New  York  11794 

Q.  Tu,  Department  of  Engineering,  University  of  Redlands,  Redlands,  C'alifornia  92373 

F.  Khorrami.  School  of  Electrical  Engineering  and  C'omputer  Science 
Polytechnic  University.  Brooklyn,  New  York  11201 

M.  Mattice  and  N.  Coleman,  U.S.  .4rrny  Armament  Research,  Development, 
and  Engineering  Center  (ARDEC)  Dover,  New  Jersey  07806-5000 

ABSTRACT 
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ABSTRACT 

The  U.S.  Army  hu  built  a  test  fixture  called  ATBlOOO  which 
emulates  the  types  of  noniinearitiei  and  flexibilitiei  found  on  most 
lightweight  turreted  weapon  t’  temt  [2J.  In  this  study,  the  Trajec¬ 
tory  Pattern  Method  ll-5j  is  u-  I  to  synthesize  motion  trajectories 
and  generate  inverse  dynamics  model  based  feedforward  actuating 
signals  for  the  test  fixture.  The  main  contribution  of  the  present 
study  is  the  derivation  of  the  inverse  dynamics  model  of  the  sys¬ 
tem  in  parametric  form  and  synthesizing  trajectories  for  point  to 
point  motions  such  that  the  resulting  actuating  torques  do  not 
contain  the  harmonic  with  frequency  of  the  dominant  first  natu¬ 
ral  mode  of  vibration  of  the  flexible  beam  representing  the  cannon. 
With  this  trajectory  pattern,  point  to  point  motions  with  mini¬ 
mal  residusd  vibration  can  be  accomplished  with  zero  end  point 
jerk.  A  feedforward  controller  together  with  a  PD  feedback  loop  is 
constructed  and  implemented.  Computer  simulations  of  the  open- 
loop  response  of  the  system  are  performed  and  the  efTectiveness 
of  the  approach  is  verified  experimentally.  The  extension  of  this 
approach  to  vibration  luppresiion  problem  is  discussed. 

1-  INTRODUCTION 

In  the  past,  turreted  weapon  systems  on  helicopters  were  de¬ 
signed  to  be  area  weapon  systems.  Large  dispersions  about  the 
main  aim  point  were  accepted  and  increased  the  probability  of  hit. 

If  the  targets  were  relatively  vulnerable,  this  increased  the  prob¬ 
ability  of  kill.  Currently,  these  systems  are  being  asked  to  serve 
as  air-to-air  weapons  where  much  smaller  dispersions  are  required 
not  only  to  hit  the  target,  but  to  hit  it  multiple  times  in  order  to 
increase  the  probability  of  a  kill.  Lightweight  turret  designs  gen¬ 
erally  result  in  structures  that  are  relativdy  more  flexible.  The 
structural  flexibility  causes  vibration,  control  and  accuracy  prob¬ 
lems.  This  means  that  the  flexibility  has  to  be  included  in  the 
dynamics  model  and  considered  in  the  control  algorithm. 

The  problems  of  modeling  and  control  of  flexible  structures 
have  been  under  intensive  investigation  in  recent  years  (2,  6-18|. 
The  dynamics  models  of  flexible  mechanical  systems  are  more 
complex  than  their  rigid  counterparts  since  they  are  usually  sys¬ 
tems  with  distributed  parameters.  The  equations  of  motion  of 
such  systems  consist  of  a  set  of  ordinary  differential  equations 
I O  D.b  j  coupled  with  a  set  of  partial  differential  equations  (P.D.E.) 
The  O  D  E.  describe  the  rigid  body  motion  and  the  P.D.E.  de¬ 
scribe  the  motion  of  the  elements  with  distributed  parameters. 
Ii.  general,  the  P.D.E.  are  transformed  into  O.D.E.  using  modal 
expaiiiiuii  techniques,  lumped  mans  (lumped  parametric  beam) 
models,  or  finite  element  models.  The  equations  of  motion  of  the 
system  are  then  derived  using  the  Lagrangian  equation,  Euler 
Newton  equation,  or  Hamilton’s  principle.  The  control  of  the 
dynamic  behavior  of  such  systems  is  also  more  complicated  due 
to  the  complexity  of  the  inverse  dynamics,  nonlinearity  of  the  sys 
lent,  stability,  and  controllability  problems. 

In  this  study,  the  Trajectory  Pattern  Method  |1.5|  is  used  to 
develop  the  inverse  dynamics  models  of  the  systeni.  The  main 
coritiibulioii  of  this  study  is  the  derivation  of  the  inverse  dynamics 
model  of  the  system  in  parametric  form  for  point  to  point  motions 
with  trajectories  that  do  not  require  aclualing  torque  harmonic 


with  frequency  of  the  dominant  first  natural  mode  of  vibration 
of  the  flexible  beam.  A  feedforward  controller  together  with  a 
PD  feedback  loop  is  constructed  and  implemented  on  the  testbed. 
The  elTectiveness  of  the  approach  is  experimentally  verified.  The 
extension  of  the  approach  to  vibration  suppression  is  discussed. 


2-  INVERSE  DYNAMICS  FORMULATION  AND 
TRAJECTORY  SYNTHESIS 


The  schematic  of  the  testbed  is  shown  in  Fig  1  The  sys- 
tern  consists  of  an  inertia  wheel  with  a  moment  c  inertia  to 
which  a  steel  beam,  representing  the  relatively  h  xibir  cannon 
and  0.915  m  long  and  0.476  ern  in  diameter  is  connected  The 
link  mass  is  0.1285  kg.  The  motor  has  an  inertia  The  motor 
is  connected  to  the  inertia  wheel  by  a  torsional  spring  with  spring 
constant  k,.  The  motor  produces  the  torque  r  The  angular  po 
sition  of  the  wheel  and  the  motor  relative  to  a  fixed  coordinate 
system  are  indicated  by  S  and  respectively.  In  the  molioiis  to 
be  considered,  the  system  start-v  at  rest  from  some  initial  position 
and  comes  to  rest  at  the  completion  of  its  motion.  The  fie.xiblc 
oeam  is  initially  undeformed  and  is  desired  to  come  to  rest  un- 
deformed  at  the  completioti  of  motion.  An  assumed  mode  ihai  c 
method  is  used  to  formulate  the  dynamics  of  the  flexible  beaut 
The  approach  is,  however,  general  and  can  be  used  to  formuKie 
the  inverse  dynamics  of  systems  modeled  using  finite  elements, 
segmented  beam  elements,  o'  lumped  masses. 


Fig.  1:  The  schematic  of  the  vest  fixiuie 


The  flexible  besin  hiw  a  uiiiforiii  cross  section  and  a  uniloriuly 
distributed  mass  along  its  length  The  beam  in  the  plane  of  iis 
motion  is  shown  in  Fig,  2  In  the  coordinate  system  shown  in  Fig 
2,  IS  the  deflection  of  a  point  along  the  bnk  length  wuh  le 

•  peel  to  its  rigid  position.  Aisuining  that  tne  beam  is  much  ilitfri 
III  the  longitudinal  direction  than  in  the  transverse  diteiiiun,  ihr 
longitudinal  deformation  is  considered  to  be  negligible 

Using  the  asiuitied- mode  method  IlS.'lOj,  the  PDF  n  reju.  ee 
to  O  D  E.  SI  follows.  Let 
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Fig.  2:  The  flexible  beam. 


where 


dt.t.-i  = 


",  -  ' ) 


The  inertia  wheel  velocity  and  position  expressions  are  oblamed 
by  integrating  (4a)  as 


sin(»u;£)  • 


------  cos(tu;t)  +  —  -  sin  iuj«) 

1’  1' 


COS(  lu.'t  )J 
+ 


|4^l 


(4c| 


where  is  the  constant  of  integration.  The  constant  o.f  integration 
in  the  velocity  equations  (3b)  and  (4b)  are  set  to  zero  in  order  lo 
avoid  the  introduction  of  nonsinuaoidal  time  terms  in  Ih  position 
equation.  Equation  (2b)  for  ;  =  2,3,  -.n,  can  then  be  wrillen 

in  the  following  form 


(1) 

,•1 

where  n  is  the  number  of  the  assumed-modes,  is  the  com¬ 

parison  function,  and  is  the  amplitude  of  the  jth  natural  mode 
of  vibration.  In  this  study,  the  eigenfunction  of  a  clamped-free 
beam  is  chosen  to  describe  Using  the  procedure  described 

III  ll!i-20|,  the  equations  of  motion  are  obtained  as  [21| 


(/„  ■+  ^mZ,’)d  -t  md  ^  B,q]  -t  2md  ^  B,qjqj  +  m  ^  D,q, 

;rl  jal  /*! 

(2a) 


-6  +  d' 


n  ■  2  =  1.'  (2(>) 

kwl 


where  in  is  the  mass  per  unit  beam  length,  L  is  the  total  beam 
length,  and  is  the  ;th  natural  frequencv.  B,,  D,,  and  E,^  are 
as  given  in  |19-20|. 


In  ine  present  method,  in  order  to  avoid  the  introduction  of 
the  harmonic  with  the  frequency  of  the  first  mode  of  oscillation 
'll  the  liearii  in  the  actuating  torque,  r,  the  motion  of  the  sys- 
iriii  IS  defined  by  the  acceleration  of  the  generalized  coordinates 
qi,  1C,  the  amplitude  of  the  first  natural  mode  of  oscillation  of 
I  hr  brain,  using  a  number  of  bnsic  sinusoidal  time  functions  and  a 
I  hen  harmonics  Here,  in  order  to  keep  the  derivations  simple,  the 
nuilimis  are  considered  lo  be  point  to  point  with  zero  end  point 
■u  (  elcfatioii  and  lerk,  and  synthesized  using  one  basic  (fuiidamen- 
iwl )  sinusoidal  tune  function  and  (in  -  1 )  number  of  its  harmonics 
as 

|ii„  ,  coi(iu't)  H  <f,,  s.n(iwt)J  (3a) 


lirrr  ca.  i^  ihr  (r~i.  urnuy  of  ihc  funclarnrnitJ  ninutoid^  iiiilc  func- 
ti  11  of  ihr  UAjec  t  .>ry  aric^  Ihc  corfficienti  j,  {j  1.2,  ,2m), 

iM  '  tdMsi.anl  cof'tli  nl»  I'hr  corrciponding  velocity  and  po«ivion 
rx  pi rfisttiiis  are  io\  n;i  by  inlrgtalion  4a 


1  f‘^,1 1. 


\W 


toil  I 


M  f 


ain(  tu>t ) 


(3f, 


ill  rnuAli*.  II  r2l>),  ‘be  jighl  hand  iidr  coniponenti  of  the  ceiitnfu 
lortri  A[r  uiiiaJly  vr;y  iinail  and  are,  therefore,  neglected 
I's  'ubMiliiiihg  |3a!  MuJ  (Jc)  in  the  fuil  modal  equation,  i.e  , 
■-ijti Aiii'ii  i  21'  I  i“t  }  K  the  ac  celeraiion  9  of  the  inertia  wheel  '% 
'I'-. ('funned  i,i  lerms  nf  llir  I'indainentaJ  iiiiuioidaJ  Ifrnr  function 
■  ihi*  I  f  .-i  irc  Ui:  V  anti  lU  htrnioluci  aa 


^  ,d#j.  ,  I  oti  iv*  f )  4  j,  ain(  lu  ^  )j 


(4u) 


q,  +  LJjq,  =  >  =  2,3,--,ri  1 .5 1 

where  are  in  terms  of  the  fundamental  sinusoidal  time  func 

tion  of  the  trajectory  and  its  harmonics.  The  functions  are 

readily  shown  to  be 

iin(iw'()  (hi 


where 


Equations  (5)  are  a  set  of  second  order  decoupled  ordinary  ditfer 
enlial  equa'ions  with  constant  coefficients,  and  are  readily  solved 
for  y  =  2, 3,  •  ■  ■ ,  n.  For  the  desired  zero  initial  modal  displace 
ments  and  velocities,  i.e.,  for  q,{0}  -  9,(0)  =  0,  ;  =  2,  3,  ,  n  tiir 

solution  can  be  shown  to  be 


II 


(iw) 


|cOS(w,f  )  -  C05(li.'(  l|  ♦ 


a„,,.  I 


smluijf)  -  sin(iui() 


The  corresponding  modal  velocities,  f cceleralions,  and  jerks  are 
obtained  by  differentiating  equations  (7)  with  respect  to  time  The 
rigiit  hand  terms  in  the  equation  of  motion  (2a)  are  now  known 
The  required  (feedforward)  actuating  torque  r  is,  therefore,  ob 
tamed  in  terms  of  the  fundamental  sinusoidal  tune  function  of  the 
trajectory  and  its  rii  harmonics. 


Now  consider  point  to  point  motions  that  begin  at  lime  i  U 
and  end  at  lime  t  =  t,.  At  the  start  and  the  end  ot  motion,  the 
flexible  beam  is  considered  lo  be  undeformed  ..nd  stalionaiv  In 
order  to  ensure  smooth  motions,  the  end  point  accelrrMion  and 
jerk  are  desired  to  be  sero  The  starting  poiilion  of  the  inertia 
wheel  IS  arbil.tary  and  is  considered  lo  be  zero,  T.'ie  following  end 
conditions  must,  therefore,  hr  satisfied 

<((0)  !?(0)  -•  0  ,  K,, 

9i(0)  V  v,(0!  9,(0)  ,,(0)  V  0  ik(m 

9,1 0)  (I  ;  2.  J,  ,  n  '  a  , 

®(f/i  =  0  ,  M 

■Jii'r)  ~  Vi(</!  ^  9i('.r)  "  0 

9j(*/ )  ■'  9.ilf/ )  d  J  -  ■.  3,  ,  n  ' ' 

wliere  |t,  is  ifir  final  jioiition  ..f  tlir  irier'ia  wltr.rl 

A  lolaj  number  of  i4?i  y  Ml  inilisj  and  fintJ  cor'dilioiu  louti 
iberefore,  be  aa'.iined  in  order  fc  i  Ibe  aloremrni'oneil  luoiMin' 
lo  be  realized  Hy  setting  i  0  and  (  (,  ,,,  ,  ! 

14),  (7)  and  D.eii  tune  lie ri va ti vei ,  and  using  ibe  ,,  oi,.!ii,,,ii'  ' 


2(tl 
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i4ii  »  HI  rffl»tion«hip8  between  the  trajectory  coefficientt  d„j, 

'  p  I , '2 _ ^m),  anil  the  conitanli  of  integration  S,,  equati>jn 

It.  I.  are  obtained.  Note  that  «inte  each  harmonic  provides  two 
'  orfiirieni).  the  ininimuin  number  of  harmonics  with  which  such 
I  rajec lories  may  be  syntheiixed  is  2(n  +  2).  By  including  more  har¬ 
monics  in  the  trajectory,  trajectories  that  are  optimal  according 
lo  some  criterion  are  synthesiied. 

Once  the  required  feedforward  torque  t,  equation  (2a),  is  de- 
lerniined,  the  corresponding  motor  torque,  tm,  t*  obtained  as  fol¬ 
lows  Krotii  Fig.  1,  the  required  motor  trajectory  is  lound  as 

de,  =  +  «  (9) 

4...  IS  therefore  in  terms  of  the  fundamental  sinusoidal  function  of 
the  irajectory  and  its  hariiioiiics.  d„,  is  obtained  by  differentiating 

twice  with  respect  to  time  From  Fig.  1,  it  is  readily  seen  that 

-b  -  0)  (10) 

Having  lound  ft,  and  8„,  the  feedforward  actuator  torque  r,„ 
IS  obtained  from  equation  (10)  in  terms  of  the  fundamental  sinu- 
soidri  function  of  the  trajectory  and  its  harmonics.  Note  that  the 
computed  actuating  torque  does  not  contain  the  harmonic  with 
the  first  natural  frequency  of  the  beam.  One  can  obviously  choose 
to  eliminate  any  one  of  the  natural  frequencies  from  the  actuating 
t  cirque 

.Note  that  in  order  to  eliminate  the  actuating  torque  compo¬ 
nent  corresponding  to  more  than  one  natural  frequency  of  the 
beam,  the  inertia  wheel  must  have  more  than  one  independent 
I  actuated  I  motion,  e.g.,  translational  motions  in  the  X  and  V 
directions  in  the  XY  plane.  Fig.  2.  In  which  case  and  not  con¬ 
sidering  special  situations,  actuating  torque  (force)  components 
t  orresponding  to  three  natural  frequencies  may  be  eliminated. 

3-  EXAMPLE 

The  system  parameters  are  identified  lo  be  /»  =  .15  kg  -  m’, 
l,„  -  0023  kg  —  m’  and  k,  =  24.5  X  —  m/red.  The  PD  gains 
are  set  at  =:  80  and  A;„  -  1,  and  the  resulting  signal  is  added 
lo  the  control  signal  after  the  planned  motion  time  has  elapsed. 
The  iiiaxtmuiii  motor  torque  is  10  A  -  m.  The  motor  friction 
torque  is  measured  to  be  approximately  .5  A  -  m  and  is  com¬ 
pensated  for.  A  100  Herli  dither  signal  of  .6  A  —  m  is  used  to 
reduce  the  effects  of  sticking  at  low  velocities.  During  the  ex- 
pei intents,  the  position  of  the  motor  shaft  and  the  inertia  wheel 
ate  measured  by  optical  encoders.  The  position  signals  are  Jiffer- 
eiilialed  numerically  to  obtain  the  corresponding  veiocitita.  The 
defcirmalion  of  the  beam  is  determined  using  tip  accelerometer 
and  strain  gage  outputs  mersuring  lateral  bending  strains  a*  two 
'quail;  spaced  locations  along  the  beam.  The  first  three  natu¬ 
ral  (requenries  of  the  beam  are  calculated  to  be  w,  =  24.6,  '38.7 
and  345  5  radhec,  for  i  -=  1.2,3.  The  first  n.'nral  frequency  is 
verified  experimentally.  The  frequencies  of  the  fundamental  sinu¬ 
soidal  liiiie  functions  of  the  synthesiaed  trajectories  ate  selected 
sill  li  that  1  e  above  natural  frequencies  of  the  beam  ate  not  ex- 
<  lied  For  more  information  about  the  testbed  and  the  control 
hard'vare  and  software,  the  reader  is  referred  to  (2j. 

Ill  ihr  full'jwing  experiment,  the  trajectory  is  synthesized  ^or 
I  hr  generalized  coordinate  equation  (3),  coriesponding  lo  the 
htst  natural  mode  of  vibration  of  the  beam.  The  higher  modes  of 
ciloatiori  are  determined  to  have  negligible  contribution,  and  are 
ilirtefoir  neglected.  The  trajectory  of  ‘he  generalized  coordinate 

IS  sviitbesired  using  a  fundamental  sinusoidal  viiise  function 
wih  frr,,uency  w  =  ir  radjatc,  and  five  of  its  hssrniomcs  The 
I, me  taken  to  coinpli  *,e  Ine  motion  is  tf  —  1  sec. 

I  fie  rxp.-essiun  indicating  ,  euuation  (3c),  contains  12  roefh 
leiiis.  /,  ,,(i  '  1,2  ,  1 2 ).  and  there  is  an  integration  cnnslani 

r,  I,,  t'u-  8  expresiioi',  equation  (4c).  There  are,  therefore,  a  lo- 
'.il  nunibrr  of  13  trajectory  parameters  that  can  be  used  lo  satisfy 
I  .fie  12  etid  coiuli  I  ions  gi  ven  by  equations  {8a),  {8b),  ( 8d)  and  (8r ). 


With  the  selected  trajectory,  fundamental  frequency  and  (/,  the 
remaining  end  conditions  are  automatically  satisfied 

Following  the  aforementioned  procedure,  for  a  total  rotation 
of  6{ti)  =  0.5  rad  and  by  arbitraiily  setting  an  extra  trajectory 
coefficient,  in  this  case  d,,  ,3  =  0,  the  remaining  12  trajectory  har 
monic  coefficients  in  (3c),  i.e.,  -(( l/co*)/i’|d,,  ,,  (1  =  1.2,  .  11  1 

and  6,  are  determined  as 

d,,,.  =  -S.OSSE-d,  C.OOO,  15.528,  0.000,  4.549,  0.000,  24  845. 

0.000,  -1.516,  0.000,  9,317,  0.000 

9,  =  0,000 

The  structure  of  the  resulting  inverse  dynamics  based  con 
troller  is  shown  in  the  block  diagram  of  Fig.  3.  The  feedforward 
(actuator)  signal  is  generated  using  the  sinusoidal  time  functions 
and  the  constant  trajectory  coefficients.  The  desired  motor  posi 
tion  and  velocity  signals  are  generated  using  the  sinusoidal  time 
functions  and  the  constant  trajectory  parameters  in  the  block  m 
dicated  as  the  "trajectory  lyntlieiizer".  An  outer  loop  PD  coni  ml 
action  is  used  to  correct  for  model  inaccuracies  and  noise 


Fig.  3;  The  structure  of  the  iiiverie  dynamics  model  based 
controller. 

For  the  aforemeutioned  motion,  the  synthesized  and  the  mea¬ 
sured  motor  trajectories  are  shown  in  Fig.  4.  The  correspondintr 
velocities  are  shown  in  Fig.  5.  Note  that  the  high  frequency  ve 
locily  signal  is  due  to  the  input  100  Hertz  dither  signal  In  Fig 
6,  the  computed  feedforward  torque,  the  measured  PD  and  'ip 
accelerometer  signals  are  illustrated,  respectively.  In  this  ilius 
tration,  due  to  the  way  that  the  hardware  connections  are  made, 
a  negative  tip  acceleration  corresponds  to  a  positive  actuating 
torque.  The  total  deformation  of  the  torsional  spring,  i.e..  the  po 
•ilion  of  the  wheel  relative  to  the  motor,  is  shown  in  Fig  7  The 


Fig.  4:  The  synthesized  (top)  and  the  measuied  (  bottom  1 
motor  trajectories 
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rxprriiiit.'nts  nrr  done  at  a  aainpling  rate  of  500  Herti.  Trajectory 
synthesis  and  the  feedforward  torque  computation  are  performed 
un  line  using  separate  processors  jSj.  As  can  be  seen  from  the 
above  illustrations,  the  tip  motion  ciosely  follows  the  intended 
pattern,  and  the  tip  comes  to  rest  at  the  completion  of  motion. 
In  the  measured  acceleration  signal,  the  slowly  decaying  signal  it 
due  to  the  charge  amplifier.  The  authors  are  currently  involved 
in  the  process  of  implementing  a  tip  position  vibration  tupp.'et- 
sion  algorithm  based  on  the  present  methodology.  The  algorithm 
involves  the  use  of  the  mesisured  wheel  position  and  velocity  and 
the  ti|i  acceleration  to  generate  the  required  initial  conditions  to 
replace  their  lero  values  in  (8),  and  on-line  synthesis  of  trajecto¬ 
ries  to  bring  the  system  to  rest  or  to  the  desired  end  conditions 
lor  the  case  of  tracking  motions. 


Fig.  5i  The  synthesised  (top)  and  the  measured  (bottom) 
motor  velocities. 


Fig.  G:  The  computed  feedforward  torque  (top),  measured 
PD  signal  (middle)  and  tip  accelerometer  (bottom). 


4-  DISCUSSION  AND  CONCLUSIONS 


(Jiic  of  the  advantages  of  the  trajectory  pattern  method  ••  the 
tixrd  structure  of  the  resulting  inverse  dynamics  model,  and  the 
fact  that  all  derivations  related  to  the  trajectory  synthesis  and 
ferdfurwaid  Signal  generation  are  made  in  parametric  form.  For 
systems  that  are  not  too  complex  and  foi  classes  of  trajectory 
pal  terns,  xplicil  analytical  formulations  can  be  performed.  This 
makes  the  iraief  .ory  pattern  iiicthod  ideal  for  use  in  n  del  based 
controllers  requiring  mininisJ  on-line  computations  that  can  be 
pet (oriiied  iiiostiy  in  parallel. 


The  present  approach  is  shown  to  permits  trajectory  synthe¬ 
sis  such  that  the  component  corresponding  to  the  dominant  (one) 
natural  modes  of  vibration  of  the  flexible  beam  is  not  present  in 
the  required  actuating  signal.  In  general,  for  each  actuator  af 
feeling  the  rigid  body  motion,  the  component  corresponding  to 
one  mode  of  vibration  can  be  eliminated  from  the  actuating  sig 
nxl.  The  synthesized  (tracking  and  regulatory)  motions  produce 
minimal  residual  vibration  which  arc  accomplished  with  zero  end 
point  jerk. 
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ABSTRACT: 

A  recoil  analysis  to  assess  several  recoil  mitigating 
technologies  applied  to  shoulder-fired  weapons  such  as  a  grenade 
launcher  or  shotgun  has  been  conducted.  Parameters  such  as  weapon 
weight,  recoil  impulse,  recoil  velocity  and  recoil  energy  were 
identified  as  critical.  A  range  of  values  were  selected  for 
evaluation.  In  order  to  monitor  and  assess  the  dynamics  occurring 
during  its  cyclic  motion,  a  mathematical  model  for  a  12  Gauge  weapon 
has  been  developed.  The  model  defines  each  major  component  and  the 
relative  connectivity  between  them  is  defined  in  terms  of  kinematic 
joints.  A  Lagrangian  methodology  is  utilized  to  formulate  the  rigid 
body  dynamic  equations  of  motion.  Three  commercial  recoil  reducing 
devices  were  evaluated  in  the  model  to  determine  their  specific  effect 
on  reccil  motion,  both  on  the  weapon  and  on  the  soldier  firing  the 
weapon.  A  full  test  program  was  conducted  at  the  Armaments  Research 
Laboratory  (ARL)  on  a  modified  12  Gauge  shotgun  to  measure  recoil 
control  for  each  of  the  recoil  devices.  An  additional  model  was 
formulated  for  this  fixture.  Comparisons  between  model  and 
experimental  test  results  were  made.  Further  tests  and  evaluation 
include  combinations  of  recoil  devices.  Documentation  of  sample  model 
output  is  included. 
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INTRODUCTION 

The  primary  objective  of  the  Parametric  Recoil  Analysis  program 
was  to  create  computer  models  that  are  capable  of  quantifying  the 
effectiveness  of  recoil  mitigating  devices  in  shoulder  fired  grenade 
launchers/weapons  with  known  weapon  weights  and  cartridge 
characteristics.  Early  models  were  concentrated  on  the  M203  system  as 
a  baseline.  Followon  analyses  were  concentrated  on  modeling  a  12  Gauge 
weapon  installed  in  a  firing  fixture  designed  and  fabricated  by  the 
Armaments  Research  Labcratory's  Weapons  Branch  at  Aberdeen  Proving 
Grounds,  This  decision  was  based  upon  the  fact  that  physical  data 
obtained  from  firing  from  the  test  fixture  would  provide  the  basis  for 
model  comparison.  The  ARL  fixture  was  designed  to  simulate  the  motion 
of  a  shooter's  shoulder,  represented  by  a  sliding  mass,  when  firing  a 
weapon.  The  capability  to  incorporate  shock  absorbers  and  recoil  pads 
was  designed  into  the  fixture.  By  comparing  the  model  results  to  the 
actual  test  fixture  results,  a  good  correlation  could  be  obtained.  By 
obtaining  this  correlation,  the  necessity  to  test  future  shock  absorber 
designs  is  substantially  reduced  or  eliminated. 

The  ultimate  goal  was  to  produce  a  model  for  use  in  determining 
the  characteristics  of  an  "ideal  damper"  based  upon  known  ammunition 
parameters  and  weapon  configuration.  In  this  way,  damping  parameters 
can  be  input  to  the  model  until  the  best  recoil  mitigating  results  are 
obtained.  The  damper  can  then  be  designed  around  those  damping 
characteristics.  This  provides  the  background  for  the  subject  paper. 

A  detailed  description  of  the  system  and  the  analysis  performed  along 
with  the  results  follows  below. 

WEAPON  SYSTEM  MODELING 

In  order  to  address  the  analysis  of  the  weapon,  a  brief 
description  of  the  weapon  is  relevant.  Initial  analyses  were  based 
upon  the  40mm  M203  grenade  launcner  system.  However,  based  upon  a  test 
program  conducted  at  ARL  using  a  12  Ga  Remington,  this  system  was 
selected  for  a  modeling  effort.  A  test  fixture  for  the  test  firing 
program  was  designed  and  built  {see  figures  1  and  2)  at  the  ARL 
facility,  where  the  test  firings  were  conducted.  A  later  fixture  was 
developed  which  substantially  reduced  the  weight  of  the  sliding  mass. 
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Which  represents  the  shoulder  mass.  This  reduction  in  mass  was  based 
upon  initial  testing  results,  indicating  the  first  translating  mass 
shown  in  figures  1  and  2  did  not  replicate  actual  motion.  The  fixture 
did,  however,  allow  for  the  development  of  a  generic  computer  model. 

The  12  Ga  weapon  was  modified  by  cutting  the  stock  and  constructing  a 
translating  fixture  which  would  allow  for  insertion  of  the  recoil 
devices  and  pads.  Three  specific  rounds  of  ammunition  -  a  target  load, 
a  rifled  slug  load  and  a  heavy  magnum  load,  were  utilized  in  testing, 
consequently  their  pressure-time  curves  were  used  in  the  model  as 
system  drivers.  A  typical  curve  is  shown  for  the  magnum  round  in 
figure  3.  A  schematic  drawing  representing  the  ARL  fixture/weapon 
system  is  shown  in  figure  4.  This  schematic  actually  represents  the 
later  test  fixture  described  above  which  was  developed  to  change  the 
mass  of  the  translating  mass.  Mass  one  with  coordinates  x.,  y, 
represents  the  Inertial  Reference  Frame  from  which  all  global 
measurements  are  made.  Mass  two  with  coordinates  x-/  represents  the 
mass  center  of  the  shoulder,  mass  three  with  coordinates  x^/  y^ 
represents  the  mass  center  of  the  rifle  and  finally  mass  four  with 
coordinates  x^,  y^  represents  the  mass  center  of  the  projectile.  The 
associated  coordinates  are  shown  on  the  figure.  Connectivity  is 
indicated  by  spring  and  damper  pairs  k-,  c.  and  between  masses 

one  and  two  and  k-.,C2  and  k^,c^  between  masses  two  and  three.  The 
spring  and  damper "^palrs  between  masses  one  and  two  represent  two 
springs  with  k.=  149  Ibs/inch  and  c.=  0^=  0.  The  operating  height 

of  these  two  springs  is  4.4  inches,  which  is  also  the  free  length.  The 
spring  and  damper  pair  represented  by  k,,  c^  is  a  recoil  dissipating 
device  such  as  a  shock  absorber  where  kf  is'^a  constant  value  and  c^  is 
variable  with  velocity.  The  spring  and'^damper  pair  represented  by'^k^, 
c.  is  a  secondary  dissipative  device  such  as  a  pad  where  measured 
values  are  utilized  for  k.  and  c . .  The  variable  pressure  time  curve 
for  the  ammunition  is  applied  to^the  projectile  in  the  forward 
direction  and  conversely  applied  to  the  rifle  in  the  rearward 
direction.  The  dynamic  equations  of  motion  are  code  generated  [1]  and 
are  in  the  Lagrangian  form  given  by 


where 


L.  f  ^  ^  -  IL.  -  n  +  iiJ 
dc  ^ 


0 


1 


1, 


.N 


(1) 


T  is  the  kinetic  energy 

q.  are  the  generalized  coordinates 

Q.  are  the  generalized  external  forces  acting  on  the  system 
is  the  set  of  Lagrange  Multipliers  associated  with  the 
constraints  imposed  on  the  system 
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The  equations  of  constraint  are  of  the  form 

♦(q,t)  •  0  (2) 

These  equations  represent  the  mathematical  description  of  constraining 
motion.  The  model,  then,  can  be  exercised  to  obtain  the  dynamic  motion 
for  given  parameter  changes  such  as  spring  damper  rates.  This  analysis 
provides  the  basis  for  any  future  design  and/or  redesign  efforts.  The 
author  has  has  significant  experience  in  application  of  dynamics  code 
to  weapon  and  armament  system  analysis  in  [3]  through  [11]. 

ANALYSIS 

Mass  two,  the  shoulder,  on  the  ARL  fixture,  (see  figure  4)  weighed 
32  pounds.  This  weight  was  utilized  based  upon  a  previous  man-weapon 
analysis  [2].  There  were  no  springs  between  masses  one  and  two,  so 
effectively  =  k^  =  c_  =  0.  as  shown  in  figure  4.  Two  of  the 

most  promising  shock  absorbers  based  upon  initial  testing  and  analysis 
were  selected  for  inclusion  in  this  paper.  Curves  depicting  velocity 
versus  damping  coefficients  for  these  two  shocks  are  shown  in  figures  5 
and  6,  and  provide  the  force  effects  of  the  shock  absorbers.  These 
data  were  furnished  by  the  manufacturers. 

The  first  series  of  output  given  in  figures  7,  8  and  9  depict 
displacement,  velocity  and  acceleration  versus  time,  respectively,  for 
the  translating  mass,  or  shoulder  (for  the  early  BRL  test  fixture  model 
shown  in  figures  1  and  2).  In  each  of  the  figures  the  motion  for  the 
cases  of  no  shock,  an  Ace  and  a  Taylor  shock  absorber  is  shown.  The 
ammunition  round  is  the  magnum  round  with  its  P-T  curve  shown  in  figure 
4.  The  significant  difference  in  absorber  effect  is  best  shown  in 
figure  9  for  accelerations,  where  the  magnitude  is  substantially 
greater  for  the  case  with  no  shock  absorber.  Similarly  the 
displacement,  velocity  and  acceleration  versus  time  for  the  rifle  is 
shown  in  figures  10,  11  and  12,  respectively.  The  velocities  in  figure 
11  are  significantly  higher  for  cases  with  the  shock  absorbers  as 
compared  with  the  translating  mass  in  the  previous  figures,  as  is  also 
the  case  in  figure  12  for  accelerations  of  the  rifle.  For  tlie  case  of 
the  ARL  test  fixture  with  the  lighter  translating  mass,  specifically 
11-12  pounds,  it  is  shown  schematically  in  figure  4.  The  early  ARL 
test  fixture  weighed  32  pounds  and  did  not  have  the  two  large  springs 
represented  by  kw  k^,  c,  and  c_  in  figure  4.  The  displacement, 
velocity  and  acceleration  versus  time  for  the  translating  mass,  or 
shoulder,  are  shown  in  figures  13,  14  and  15,  respectively.  The 
significant  difference  in  shock  absorber  effect  is  best  shown  in  figure 
15  for  acceleration ,  with  the  magnitude  being  substantially  greater  for 
the  case  of  no  shock  absorber.  The  displacement,  velocity  and 
acceleration  versus  time  for  the  rifle  are  shown  in  figures  16,  17  and 
16,  respectively.  Some  increase  in  velocitjes  over  that  for  the 
translating  mass,  or  shoulder,  is  noted  for  the  cases  with  shock 
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Figure  5.  Damping  coefficient  versus  velocity  for  Ace  shock 


Figure  6. 


Damping  coefficient  versus  velocity  for  Taylor  shock 
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Figure  15,  Acceleration  versus  time  for  shoulder  mass 
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Figure  16,  Displacement  versus  time  for  rifle 
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absorbers.  Substantial  increases  in  accelerations  for  the  shock 
absorber  cases  over  that  for  the  shoulder  are  also  depicted  in  figure 
18. 

In  order  to  assess  the  effect  of  varying  tlie  damping  rates 
associated  with  the  shock  absorbers,  a  series  of  analyses  were  made. 

The  Ace  shock  was  arbitrarily  selected  to  evaluate  differences  in 
performance.  The  case  for  a  damping  ratf*  equal  to  that  used  in  the 
analyses  to  date  was  used  as  a  reference,  and  two  additional  rates  were 
selected.  These  are  specifically  fifty  percent  and  thirty  percent  of 
the  damping  rate  used  to  date.  The  displacement,  velocity  and 
acceleration  versus  time  for  the  translating  mass,  or  shoulder,  for  the 
three  cases  are  shown  in  figures  19,  20  and  21,  respectively. 
Interestingly,  a  decrease  in  damping  rate  decreases  peak  velocities  and 
accelerations.  Conversely,  looking  at  idie  displacement,  velocity  and 
accelerations  versus  time  for  the  rifle,  respectively,  shown  in  figures 
22,  23  and  24,  a  decrease  in  damping  rate  increases  peak  velocities  and 
accelerations.  A  change  in  damping  rate,  then,  has  significant  impact 
on  the  motion . 

Several  comparisons  between  simulation  results  and  experimental 
data  from  ARL  testing  are  shown  in  figures  25,  26,  27  and  28.  Figure 
25  shows  displacements  versus  time  for  the  magnum  round  with  no  shock 
absorber  for  ARL  test  data  versus  simulation  results.  Similarly, 
displacements  for  the  case  when  a  shock  absorber  is  used  is  shown  in 
figure  26.  Figure  27  shows  velocities  for  a  magnum  round  and  finally 
figure  28  shows  accelerations  for  the  case  of  no  shock  absorber.  In 
general,  good  comparison  is  made  in  terms  of  displacements  and 
velocities.  Acceleration  tracks  relatively  good  up  to  peak  and  even 
after  peak  except  a  shift  does  occur. 

CONCLUSIONS  AND  RECOMMENDATIONS 

Some  inaccuracies  are  apparent  when  observing  motion  results  as 
simulation  values  do  not  fully  coincide  with  test  data.  Several 
significant  factors  may  well  have  affected  the  results  as  provided  in 
the  figures  above.  One,  the  pressure-time  curve  used  for  the  11  pound 
shoulder  mass  model  is  based  on  Remington's  Magnum  round,  and  the  round 
used  at  ARL  for  the  11  pound  system  was  the  Duplex  round.  Even  though 
the  impulse  measured  was  similar,  there  very  well  could  be  a  shift  in 
the  actual  curve's  shape.  The  second  important  factor  is  that  the 
damping  curves  used  in  the  simulation  are  based  on  manufacturer- 
furnished  data,  and  some  error  may  exist  in  this  data.  The  last  factor 
is  is  the  accuracy  of  the  model  itself.  Although  a  good  check  has  been 
made  of  the  math  model  and  the  inpvit  to  the  code,  and  the  fact  that 
the  code  itself  is  felt  to  be  a  verified  one,  further  investigation  is 
warranted.  Good  match  with  displacement  and  velocity  is  shown,  and  in 
general  peak  accelerations  are  matched.  However,  some  shift  in  curve 
shape  and  magnitude  values  are  evidenced.  Further  Remington  data  has 
been  requested  and  further  interface  witti  the  shock  absorber 
manufacturers  will  be  pursued.  A  good  model  of  the  ARL  fixture  has 
been  developed  and  will  provide  the  basis  for  further  analysis  and 
investigation. 
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ABSTRACT 

Improvements  have  been  made  in  a  suite  of  computer  simulations  designed  to  model  the  launch¬ 
ing  of  saboted,  fin-stabilized  projectiles  from  smooth  bore  guns.  These  modifications  mclude  mod¬ 
eling  of  the  projectile  release  from  the  gun  tube,  subsequent  sabot  petal  shape  alteration  because  of 
the  release  of  the  gun  tube  constraints  on  the  launch  package  and  inclusion  of  more  realistic  initial 
conditions  for  the  sabot  discard  model.  Inclusion  of  these  modifications  has  altered  the  resulting 
initial  linear  and  angular  motion  of  the  projectile  as  it  enters  free  flight  from  the  motion  reported  in 
earlier  papers.  It  has  also  modified  the  degree  of  agreement  with  experimental  results.  Additionally, 
mechanisms  now  exist  within  the  model  to  provide  some  variability  in  the  initial  free  flight  projectile 
motion,  resulting  in  target  impact  dispersions,  heretofore  not  present  in  this  simulation  suite. 
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INTRODUCTION 

A  principal  goal  of  modelling  the  launch  process  for  direct  fire  ammunition  is  to  correctly  pre¬ 
dict  the  impact  of  rounds  on  target.  Once  this  is  achieved,  the  sensitivity  of  impact  to  variations 
in  launch  conditions  can  be  studied  for  the  purpose  of  analyzing  bias  and  dispersion.  A  pre/ious 
paper'  discussed  the  application  of  a  suite  of  computer  simulations  to  describe  the  launch  process 
for  saboted  120mm  tank  main  gun  ammunition,  including  gun  dynamics,  in- bore  projectile  motion, 
and  sabot  discard.  The  primary  elements  of  this  simulation  suite,  also  used  in  the  current  imple¬ 
mentation,  are  ’’The  Little  Rascal”^  gun  and  in-bore  projectile  Dynamics  model  and  the  AVCO 
sabot  discard  modeP  as  modified  by  Sepri''.  Predicted  impacts  for  T20mm  training  ammunition 
were  compared  with  experimental  results.  Discrepancies  between  prediction  and  test  results  were 
noted  and  suggestions  for  further  improvements  of  the  model,  which  might  lead  to  the  resolution 
of  these  disparities,  were  mentioned. 

The  current  paper  discusses  three  extensions  of  the  earlier  model.  The  first,  developed  by 
Kietzman^,  examines  the  initial  stage  of  the  sabot  discard  process  immediately  after  the  launch 
package  exits  the  muzzle  and  is  released  from  the  constraint  of  the  gun  tube.  At  this  point  in 
the  projectile  trajectory,  the  relatively  elastic  sabot  petals  have  been  deformed  from  their  initial 
shape  through  interaction  with  the  gun  tube  resulting  from  in-bore  balloting  motion.  Once  released 
from  the  gun  tube,  the  petals  are  free  to  return  to  their  original,  undefcrmed  state.  This  latter 
process  is  referred  to  as  sabot  decompression.  The  resulting  redistribution  of  energy  and  momentum 
among  the  individual  components  comprising  the  launch  package  (three  or  more  sabot  petals  and 
the  projectile)  can  modify  both  the  linear  and  angular  motion  of  the  projectile. 

In  his  original  work,  Kietzman  simplified  the  problem  by  assuming  that  both  the  front  and 
rear  bore- riding  surfaces  are  released  simi’.ltaneously  from  the  constraints  of  the  gun  tube.  Given 
the  relatively  high  projectile  velocity  at  the  muzzle  and  f<drly  close  spacing  of  the  two  boreriding 
surfaces,  it  was  presumed  that  the  time  span  required  fcr  passage  of  the  two  surfaces  by  the  muzzle 
would  be  small  compared  to  the  time  requited  for  the  decompression  process  to  finish.  Subsequent 
computations  showed  that  this  assumption  was  incorrect.  In  the  second  extension,  Deaver®  modified 
the  analysis  to  consider  the  sequential  release  of  the  front  and  rear  bore-riding  surfaces,  together 
with  the  interaction  between  the  launch  package  and  gun  tube  during  this  transitional  phase. 

The  final  extension  of  the  model  suite  is  the  use  of  a  more  complete  set  of  initial  conditions  for 
the  sabot  discard  model.  In  the  earlier  paper,  it  was  assumed  that  the  sabot  is  firmly  attached  to 
the  penetrator  and  shares  a  common  pitching  motion  during  sabot  discard  initiation.  In  the  cuirent 
implementation,  individual  pitch  and  yaw  rates  are  specified  for  each  petal  and  a  separate  pitch  rate 
is  specified  for  the  penetrator.  Inclusion  of  projectile  release  from  the  gun,  sabot  decompression  and 
more  complete  initial  conditions  for  sabot  discard  have  resulted  in  changes  of  the  predicted  target 
impact  point  and  have  modified  the  degree  of  agreement  with  experimental  data.  I'he  sensitivity  of 
these  enhancements  of  the  initial  roll  orientation  (d  the  projectile  withn.i  the  gun  has  also  injected 
mechanisms  that  produce  target  impact  dispersion. 


SABOT  DECOMPRESSION  MODEL 

During  in-bore  travel,  piojectile.s  arc.  subjected  to  lateral  loads  brought  alrout  by  both  curva¬ 
ture  of  the  bore  and  motion  o[  the  gun  lube.  .'\t  ti'e  same  tune,  the  proieclde  reniaui.':',  radialK' 
constrained,  leading  to  elastic  deformation  of  both  the  penetrator  and  cabtit  pet.ds,  I'lie  major¬ 
ity  of  this  deformation  normally  occurs  to  the  sabot  petals.  Sinn?  the  forc(\s  ‘'xerted  by  the  gun 
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tube  upon  the  sabot  elements  are  directed  inward  toward  the  centerline,  the  induced  stress  will  be 
compressive.  Once  the  projectile  exits  the  muzzle,  the  radial  constraint  is  removed,  p>ermitting  ihe 
petals  to  return  to  their  original  shape  and  giving  each  sabot  element  a  linear  and  angular  velocity 
relative  to  the  penetrator. 

The  model  developed  by  Kietzman  describes  the  situation  for  a  projectile  consisting  of  a  rigid 
penetrator  surrounded  by  three  rigid  sabot  petals.  Extension  of  the  model  for  systems  consisting 
of  four  or  more  sabot  petals  can,  however,  be  easily  accomplished.  Following  the  lead  of  lumped 
parameter  in-bore  dynamics  models,  e.g.,  “Little  Rascal”,  the  forces  resulting  from  interaction 
among  the  four  components  ar  .nodeled  using  six  linear  springs,  with  two  springs  connecting  each 
sabot  petal  to  the  penetrator  see  Figure  1).  The  contact  points  for  each  spring  are  located  on 
the  longitudinal  axes  of  the  appropriate  bodies,  at  axial  j)osiiions  roughly  corresponding  to  the 
locations  of  the  front  bore  rider  and  rear  obturator. 


The  model  begins  with  the  state  of  the  projectile  immediately  before  it  exits  the  gun  tube. 
At  this  stage,  the  sabot  is  represented  as  a  solid  annular  body  surrounding  the  penetrator  and 
connected  to  it  by  the  linear  springs.  The  initial  compression  of  each  spring  is  determined  by  the 
location  of  the  projectile  axis  with  respect  to  the  tube  center.  The  “Little  Rascal”  simulation  is 
used  to  provide  the  initial  position  and  orientation  of  the  projectile. 

The  Kietzman  model  assumes  that  the  launch  package  is  ejected  from  the  gun  tube  instanta¬ 
neously,  i.e.,  the  radial  constraints  on  both  bore-riding  surfaces  are  removed  simultaneously.  Once 
this  occurs,  the  petals  are  no  longer  connected  to  one  another,  and  each  petal  is  affected  only  by 
interaction  with  the  penetrator.  Thus,  the  effect  of  any  side  forces  acting  between  sabot  petals  is 
neglected. 

Another  limitation  of  this  model  is  the  treatment  of  the  sabot  compressibility.  While  the 
overall  volumes  of  the  actual  petals  compress,  the  model  assumes  that  all  the  compression  effects 
can  be  described  by  a  spring  placed  between  a  rigid  body  petal  and  a  rigid  body  penetrator.  This 
implies  that  all  of  the  energy  of  sabot  compression  is  tiansformed  into  kinetic  energy  of  the  petal 
and  penetrator,  rather  than  into  other  effects,  such  as  deformation  or  vibration  of  the  petal  itself. 


The  mechanics  of  the  simulation  are  centered  about  the  temporal  integration  of  equations 
defining  Newton’s  second  law 
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and  the  orientation  of  each  body  in  space 


tpi  =  {u)y.  sin  <i>i  +  cos  (j)i)  sec  (7) 

9i  —  Uly^  COS  (pi  —  LOx-  S\Xl<pi  (8) 

4>i  =  +  (^y,  sin  (pi  f-  tOj.  COS  Pi)  tan  (9) 

for  each  of  the  four  bodies  considered  in  the  simulation.  The  parameters  ip,  0,  and  p  represent  Euler 
angles  describing  the  rotation  of  a  point  from  the  inertial  coordinate  system  into  the  non-inertiaJ 
body  fixed  systems  employed  within  the  simulation  and  are  chosen  as  a  “3-2-1”  system. 

To  simplify  the  integration  process,  multiple  coordinate  systems  are  used.  The  majority  of 
the  computations  and  the  reporting  of  results  is  done  in  an  inertial  system.  For  convenience, 
the  current  version  of  the  model  employs  the  .same  coordinate  system  as  the  Little  Rascal  model. 
Four  sepeirate  body-  fixed  coordinate  systems  have  also  been  defined  to  simplify  the  computation  of 
angular  velocities.  Each  of  these  coordinate  systems  is  centered  at  the  body  center  of  gravity  (c.g.). 

For  the  integration  process,  the  system  of  equations  is  reformulated  into  a  system  of  48  first 
order  differential  equations,  12  equations  describing  the  motion  of  each  of  the  4  bodies.  The  model 
uses  the  IMSL  subroutine  DIVPRK^,  which  employs  fifth  and  sixth  order  Runge-Kutta-Vemer 
methods  to  solve  the  initial  value  problem.  In  its  current  configuration,  a  complete  run  for  the 
model  requires  a  few  minutes  time  on  a  VAX8600  operating  in  a  multi-user  environment.  Since 
there  are  no  external  forces  acting  upon  the  system,  checks  for  the  conservation  of  linear  momentum, 
angular  momentum,  and  total  energy  are  performed  at  each  time  step  to  ensure  the  correctness  of 
the  integration  process. 


APPLICATION  OF  THE  SABOT  DECOMPRESSION  MODEL 

A  series  of  computations  was  performed  for  an  XM866  fin  stabilized,  disc«irding  sabot  treiining 
praictice  (TPFSDS-T)  round  fired  irom  the  120mm  M256  maun  gun  of  an  MlAl  tank.  Three  cases 
were  examined,  each  representing  one  of  the  three  gun  tubes  discussed  in  the  original  paper  by  Lyon 
et  al.  Results  from  the  “Little  Rascal”  in-bore  projectile  dynamics  model  were  used  to  provide  initial 
conditions.  For  the  simulation,  the  flight  body  mass  was  2.73  kg,  the  totaJ  launch  package  mass 
was  5.43  kg  and  the  c.g.  was  0.216  meter  from  the  projectile  base.  These  values  differ  somewhat 
with  those  used  in  the  earlier  paper  but  more  closely  represent  measured  values. 

In  both  the  iri-bore  dynamics  and  sabot  decompression  models,  the  interaction  between  each 
sabot  and  the  penetrator  is  assumed  to  take  place  at  a  single  contact  point  rather  than  spread 
over  a  circular  arc.  Thus,  the  compression  of  the  individual  springs  will  vary  as  the  initial  roll 
angle  is  modified,  changing  the  magnitude  and  direction  of  the  net  forc^  uiitially  acting  upon  the 
penetrator  and  affecting  projectile  tiajectories  once  the  sabots  are  decompressed.  This  apparently 
artificial  variation  of  force  is,  to  some  degree,  mirrored  in  reality.  Lyon®  has  shown  that  the  force- 
displacement  relationship  at  the  forward  ano  rear  bore  riders  of  real  .sabots  depends  on  the  roll 
orientation  o'  the  sabot,  i.o.,  location  of  the  interfaces  between  petals. 

Based  upon  the  simulation  results,  the  complete  decompre-ssion  process,  from  the  point  that 
the  front  bore  rider  exits  the  gun  until  the  sabot  attains  its  initial  undeformed  state,  requires 
approximately  0.5  ms  for  a  120nrn  “jaboted  training  round.  Some  variation  in  this  figure  does 
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occur  because  of  differing  initial  sabot  deformation  brought  about  by  differing  in-bore  trajectories, 
gun-tube  bore  straightness  profiles  and  initial  roll  orientation,  does  occur.  The  sabots  should  be 
fully  decompressed  when  the  projectile  is  approximately  0.8  meter  downrange. 

Sabot  decompression  has  a  negligible  effect  upon  the  axial  penetrator  velocity  component  (u). 
It  does  however,  have  a  mecisurable  impact  upon  both  transverse  components.  For  example,  the 
vertical  velocity  component  for  an  XM866  round  launched  from  gun  #104  varies  between  0.71  m/s 
and  0.95  m/s.  This  differs  substantially  from  the  initial  muzzle  value  of  0.58  m/s,  that  weis  used  in 
earlier  simulations.  In  the  horizontal  direction,  the  velocity  varies  between  -0.65  m/s  and  -1.0  m/s 
compared  with  a  value  of  -0.76  m/s  at  the  muzzle. 

Figure  2  displays  the  trajectories  of  rounds  launched  from,  the  three  gun  tubes  used  in  the 
earlier  paper  of  Lyon  et  al.  For  purposes  of  comparison,  the  experimentally  measured  values  at 
a  point  1.8  meters  downrange  have  also  been  included.  It  should  be  noted,  however,  that  at  the 
1.8  meter  downrange  position,  sabot  discard  disturbances  may  already  be  having  some  effect  upon 
projectile  mot  on.  Also,  in  the  expei’mental  measurements,  a  muzzle  bore  telescope  was  used  to 
orient  the  gun  a  the  range  coordinate  system.  The  telescope  has  mounting  feet  approximately  70 
mm  and  301  mm  uprange  from  the  muzzle  when  the  unit  is  fully  seated  in  the  gun  tube.  The  local 
slope  of  each  gun  tube  at  those  points  was  used  to  rotate  the  simulation  results  into  a  coordinate 
S3'^stem  consistent  with  the  measurements.  This  convention  will  be  used  in  the  further  comparisons 
of  simulation  and  experimental  results. 

From  the  figure,  it  is  apparent  that  the  decompression  process  adds  not  onh^  a  bias  but  also 
a  Vviiiacdiiy  to  the  projectile  trajectory.  The  introduction  of  a  large  variability  is  especially  true 
in  the  caic.:  of  guns  84  and  85  which,  as  noted  by  Lyon  et  al.,  contain  significant  bore  curvatures. 
The  large  curvature  results  in  major  in-bore  accelerations  of  the  launch  package,  with  subsequent 
deforma*  ion  of  the  sabot  petals.  By  lumping  all  the  compress! hi Ity  of  each  sabot  petal  along  a  single 
axis  (represented  by  the  spring),  there  is  a  tendency  for  the  simulation  to  «  nhance  the  influence 
of  initial  roll  orientation.  Although  differences  exist  between  trajectories  determined  by  simulation 
and  those  re  "lorted  fro,Ti  experiments,  the  simulations  do  tend  to  follow  the  trends  seen  in  the  test 
results,  suggesting  that  it  captures  many  of  the  essential  elements  of  the  actual  physical  processes. 

Projectile  angular  rates  are  also  affected  by  the  decompression  process.  Figure  3  depicts  the 
rates  predicted  by  the  simulation,  together  with  the  rates  determined  from  measurement.  Here,  the 
agreement  between  simulation  and  reality  is  far  less  encouraging,  suggesting  that  a  more  detailed 
model  is  required. 


PROJECTILE  RELEASE  MODELING 

One  c"  the  principal  cissumptions  in  the  original  sabot  decompression  model  was  that  one 
could  allov  both  the  front  and  rear  bore-riding  surfaces  of  ‘  he  launch  package  to  be  simultaneously 
released  from  the  constraints  of  the  gun  tube.  This  was  based  upon  the  presumption  that  the 
decompression  process  would  be  relatively  long  compared  with  the  elapsed  time  between  passage 
of  the  two  bore-riding  surfaces  by  the  muzzle.  IJnforiunately,  this  is  not  truely  the  case.  For  the 
cases  currently  being  examined,  decompression  .requires  approximately  500  microseconds  while  the 
rear  bore  rider  passes  the  muzzle  roughly  90  microseconds  after  the  front  bore  rider.  Thus  for  a 
appreciable  portion  of  the  decompression  process,  the  front  of  each  sabot  petal  is  free  to  move  in 
space,  while  the  rear  portion  is  still  constrained  and  driven  by  the  motion  of  tih?  gun. 
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Deaver  modified  the  original  model  by  dividing  the  sabct  decompression  into  a  two-stage 
process.  The  initial  phase  begins  as  the  front  bore-riding  surface  reaches  the  muzzle  and  lasts  until 
the  rear  obturator  reaches  the  muzzle.  During  this  stage,  the  front  spring  between  each  sabot 
element  and  the  penetrator  is  permitted  to  decompress  and  the  front  portion  of  each  sabot  is 
permitted  to  interact  only  with  the  penetrator  At  the  same  time  the  rear  portion  of  the  launch 
package  is  treated  as  a  single  solid  body,  constrained  to  follow  the  motion  of  the  gun  tube.  Given  the 
relative  masses  of  gun  tube  and  launch  package,  it  is  assumed  that  the  gun  motion  will  be  determined 
primarily  by  its  vibrational  characteristics  and  that  the  solutions  obtained  by  the  lumped  parameter 
gun  dynamics  models,  which  do  not  treat  the  reieatse  process,  remain  valid.  During  the  second  phcise 
of  the  moael,  both  front  and  rear  bore-riding  surfaces  are  free  of  the  gun,  and  the  model  proceeds 
according  to  the  original  formulation  of  Kietzrnan. 

Figures  4  and  ,5  depict  the  projectile  trajectory  and  angular  motion  after  sabot  decompression, 
as  obtained  using  the  modified  version  of  the  model.  Comparison  with  Figures  and  3  indicates 
that  while  introduction  of  sequential  release  of  the  front  and  rear  bore-riding  surfaces  has  increased 
the  variability  of  linear  and  angular  motion  with  roll  orientation,  it  has  not  drastically  altered 
projectile  behavior.  Thus,  some  other  aspect  of  the  model  must  be  responsible  for  its  inability  to 
reproduce  the  angular  rate  of  the  projectile. 


SABOT  DISCARD  MODEL 

The  AVCO  sabot  discard  code  describes  the  flight  dynamics  of  the  sabots  and  projectile  and 
calculates  the  forces  and  moments  acting  on  the  projectile.  The  flight  dynamics  are  affected  by 
sabot  interactions  with  the  projectile.  If  the  forces  and  moments  are  distributed  asymmetrically 
around  the  projectile,  the  penetrator  flight  path  will  bt;  disturbed.  Three  types  of  interactions  are 
considered  in  the  code.  First  is  the  contact  or  mechanical  interaction  that  occurs  as  the  sabot  pivots 
off  the  projectile.  Second  is  the  a.erodynaraic  interaction  caused  by  pressure  variations  because  of 
the  sabot  shock  waves  impinging  on  the:  projectile.  Third  is  aerodynamic  interaction  caused  by  the 
sabots  as  they  lift  of  and  temporarily  shield  the  fins  from  the  oncoming  flow  causing  an  uneven 
pressure  distribution  across  the  control  surfaces. 

The  code  requires  a  number  ot  parameters  to  make  the  necessary  calculations.  These  include 
the  geometry  of  the  sabot,  the  initial  position  of  the  sabot  segments  with  respect  to  the  penetrator, 
the  aerodynamic  coefficients  for  the  bodies  and  their  inertial  properties. 

The  version  of  the  code  used  in  the  earlier  paper  by  Lyon  et  al  assumed  that  penetrator 
and  sabot  initially  behaved  &s  a  single  rigid  body  which  could  possess  only  a  pitching  motion. 
This  should  approximate  the  expected  behavior  of  an  inelastic,  saboted  round,  subject  to  in-bore 
balloting  motion,  as  it  exits  the  muzzle.  For  those  simulations,  the  projectile  pitch  rate  wcus  provided 
by  the  gun  dynamics  codes  Rascal  and  SHOGUN^. 

The  current  versioi::  of  the  discard  model  permits  each  of  the  individual  sabot  petals  to  have 
both  a  linear  and  angular  velocity  with  respect  to  the  penetrator.  Thus,  the  sabot  and  penetrator 
can  act  as  elastic  bodies  within  the  gun,  storing  energy  through  compression  of  the  sabot  petals 
and  ultimately  causing  motion  of  the  petals  with  respect  to  the  penetrator  as  tiit  en^ngy  is  released 
when  the  round  leaves  the  tube. 

While  the  sabot  petals  can  have  independent  linear  veiocitie.s  and  rates  at  the  outset  of  the 
integration  process,  it  is  cissumed  that  the  position  and  oricirtation  of  each  petal  with  respect  to  the 
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penetrator  are  identical  to  those  found  before  the  round  was  launched.  Strictly  speaking,  there  is 
an  improper  matching  of  conditions  between  the  sabot  decompression  code  and  the  discard  model. 
However,  given  the  small  magnitudes  of  the  angles  and  offsets  between  the  penetrator  and  sabot 
elements  given  by  the  decompression  code,  the  error  introduced  was  presumed  to  be  small. 

Both  versions  of  the  program  yield  two  output  parameters  that  are  used  to  compute  the  total 
projectile  jump:  q,  the  angular  rate  of  the  projectile,  and  a,  the  c.g.  trajectory  of  the  projectile. 
The  parameters  are  computed  by  integrating  the  forces  and  moments  applied  to  the  projectile. 
Results  obtained  through  the  application  of  the  code  are  discussed  in  the  following  section. 

COMPARISON  WITH  EXPERIMENTAL  RESULTS 

lb  evaluate  the  ability  of  the  model  to  accurately  predict  target  impact  and  the  magnitude 
of  the  intermediate  disturbances  acting  upon  the  projectile,  compariscn.s  wei-e  made  with  earlier 
experimental  data  for  XM866  projectiles  fired  from  an  MlAl  tank.  In  its  current  configuration,  the 
sabot  discard  code  is  limited  to  the  treatment  of  cases  for  which  the  initial  angular  motion  of  the 
penetrator  is  a  pure  pitching  motion.  Thus,  only  two  computations  were  performed  for  each  of  the 
three  gun  tubes  considered  in  the  investigation:  one  case  in  which  the  projectile  was  pitching  up 
and  another  in  which  it  was  pitching  down.  For  each  gun  tube  these  two  situations  occur  for  roll 
orientations  that  are  approximately,  though  not  exactly,  180®  apart. 

Figiire  6  presents  a  comparison  of  the  target  impacts  predicted  by  the  current  version  of  the 
simulation  suite  with  the  results  of  the  earlier  paper  and  the  cente’^s  of  impacts  obtained  from 
test  firings  XM866  projectiles  from  those  gun  tubes*.  Tv'o  features  become  immediately  apparent. 
First  is  an  increased  spicing  between  impact  locations  as  a  function  of  gun  tube.  For  example, 
the  impacts  for  rounds  launched  from  gun  ^85  have  moved  over  0.5  mil  toward  the  left,  somewhat 
closer  to  the  center  of  impacts  from  firing  exercises.  Second  is  the  large  variation  impact  point 
for  projectiles  launched  from  the  same  gun  tube  but  with  differing  initial  roll  orientation.  This  is 
particularly  noticeable  for  the  projectiles  fired  from  gun  tube  ii^84. 

To  determine  which  of  the  simulation  program  modifications  has  provided  the  more  significant 
contribution  to  the  observed  change  in  projectile  impact  location,  the  simulation  was  run  with  the 
sabot  decompression  program  (simultaneous  release),  but  with  the  older  version  of  the  sabot  discard 
code,  which  only  permits  a  uniform  initial  pitching  motion  for  both  the  penetrator  and  sabot  petals. 
The  results  of  this  computation  fo'  projectiles  fired  from  gun  is  shown  in  F'igure  7.  At  least 
for  this  case,  it  can  be  clearly  seen  that  the  addition  of  the  sabot  decompression  code  minimally 
altered  the  trajectory  of  the  projectile.  This  suggests  ttiat  the  introduction  of  eisymmetrical  initia’ 
conditions  for  the  discard  code  had  the  greatest  nnpact.  The  initial  conditions  are,  however,  the 
result  of  the  decompression  code,  albeit  indirectly.  Additionally,  the  sabot  decompression  process 
contributes  substantially  to  the  angular  projectile  moHon  (though  discrepancies  between  computed 
and  measured  values  exist).  Thus,  it  is  difficult  to  say  which  model  extension  has  made  the  greater 
contribution  to  the  changes  in  the  predicted  impact  location. 

Finally,  while  the  impact  locations  predicted  by  the  simulation  have  moved  '"ov'ard  the  impacts 
measured  during  test  firing.s,  .sigriificaiii  differences  between  the  two  values  still  exist,  implying  that 
the  current  model  still  does  not  fully  capture  the  physics  of  the  launch  process. 
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CONCLUDING  REMARKS 

This  paper  has  discussed  an  extension  of  the  suite  of  models  being  used  at  tlie  U.S.  Army 
Research  Laboratory  to  quantitatively  describe  the  launch  dynamics  of  large  caliber  ammunition 
for  direct  fire  weapons.  The  extension  hcis  considered  the  process  by  which  sabot  petals,  deformed 
by  :n-bore  balloting  motion,  decompress  once  the  constraints  of  the  gun  tube  axe  released,  causing 
the  relative  motion  between  each  of  the  petals  and  the  flight  body.  It  heis  also  used  an  improved 
version  of  the  AVCO  sabot  discard  code  which  permits  the  initial  state  of  the  projectile  to  include 
the  relative  motion  of  the  penetrator  and  sabot  petcils.  While  the  results  obtained  by  using  this 
improved  version  of  the  model  show  somewhat  better  agreement  with  experiment  than  the  previously 
reported  model,  room  for  further  improvement  exists. 
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LIST  OF  SYMBOLS 


F 

force 

M 

moment 

m 

mass 

u,v,w 

x,y  &  z  velocity  components 

X,Y,Z 

coordinates  in  the  inertial  coordinate  system 

x,y,z 

coordinates  in  the  body-fixed  coordinate  system 

a 

projectile  pitch  angle 

Euler  angles 

U! 

angular  velocity 

Figure  1.  Geometry  of  projectile  used  for  sabot  decompression  model 
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Figure  2.  Projectile  trajectories  after  sabot  decompression  -  Kietzman  model. 
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Figure  3.  Projectile  angular  velocity  after  sabot  decompression  -  Kietzman  model 
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Figure  4.  Projectile  trajectories  after  sabot  decompression  -  with  sequential  release  of  front  and 
rear  bore-riding  surfaces. 
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Figure  5.  Projectile  angular  velocity  after  sabot  decompression  -  with  sequential  release  of  front 
and  rear  bore-riding  surfaces. 


236 


BORNSTEIN,  SAVICK,  LYON,  SCHMIDT.  KIETZMAN  &  DEAVER 


|C«  impte 
•  •  Ifftyac 
O'*  ACtW« 

tt  u| 

t«  (tai*  Lt* 

•imtalAI 
«  •!  «l 

■ 

O  *4 

J 

J«4  tC 

m** 

«4 

■  104 

'  MB 

O 

•t 

t«4 

■ 

^104 

1 

! 

,j  : - ; - 1 - 1 - - - . - - 

-S  ■}  -1  0  1  » 

Horizontal  Imrati] 


Figure  6.  Comparison  of  impacts  obtained  from  simulation  and  test  firings. 
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Figure  7.  Comparison  of  impacts  obtmned  for  rounds  launched  from  gun  #84,  using  different 
simulation  suites. 
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Currently,  each  i20mm  gun-tube,  as  pan  of  the  manufacturing  and  inspection  process,  undergoes  a  series  of  measure¬ 
ments  to  determine  whether  the  tube's  centerline  profile  meets  critical  tolerances.  Hie  measuring  apparatus  consists  of  a 
chain-driven  plunger  that  is  inserted  down  the  gun-tube  trom  the  muzzle  end  toward  the  breech.  At  the  same  time,  a  laser 
device,  which  is  positioned  at  the  breech  end  of  the  gun-tube  just  in  front  of  the  forcing  cone,  traasmits  a  laser  signal  to  the 
plunger  that  records  the  location  of  the  beam  using  a  photo  sensor.  The  "true  centerline"  is  estimated  as  the  straight  line 
between  the  laser  device  and  the  plunger  at  the  muzzle.  Then  as  the  plunger  is  inserted  further  down  the  gun-tube  toward  the 
laser,  variations  in  the  laser  light  are  correlated  with  actual  vertical  and  horizontal  displacements  to  produce  an  estimate  of 
the  gun-tube’s  profile  with  regards  to  its  "true  centerline." 

When  a  bullet  is  frred  out  of  a  gun-tube,  the  bullet  i.s  Forced  to  follow  the  tube’s  profile.  Due  to  the  huge  forces  applied 
on  the  bullet  by  the  propellant  gases,  considerable  interaction  between  tbs  bullet  and  gun-tube  are  possible  during  the  interior 
ballistic  cycle.  These  interactions  maaTest  themselves  in  the  form  of  out-of-plane  vituations.  (CKit-of-plane  refers  to  any 
direcdon  other  than  the  intended  axial  or  down  bore  motion.)  Shot  to  shot  variations  in  those  vibrations  can  lead  to  scatter 
and  a  loss  of  gun  accuracy.  Therefore,  duplicating  she  current  response  of  she  system’s  dynamic  behavior  numerically  requires 
an  accurate  representation  of  the  gun-tube’s  centerline  profile.  Hiis  p^r  describes  two  methods  for  acquiring  an  nccqitable 
gun-tube  profile  for  use  with  numerical  models  of  the  M256  weapon  system  ProbleniS  associated  with  the  measurement 
techniques  and  the  numerical  modeling  of  this  system  are  discussed.  Recommendations  in  both  areas  are  additionally  made. 
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A  CONSISTED'  METHOD  FOR  DETERMINING  GUN-TUBE  STRAIGHTNESS  ON  THE  1X156  120MM  GUN 


Dr.  Stephen  Wilkerson 
U.S.  Army  Research  Laboratoiy 
ATTN:  AMSRL-WT-PD 
Aberdeen  Proving  Ground,  MD  21005-5066 


INTRODUCTION 


When  a  gun  system  is  fired,  typically  the  aiming  point  and  muzzle  pointing  direction  do  not  coincide.  The  aim  point  is 
located  as  to  compensate  for  gravity,  ac^ynamic  drag,  and  some  estiinate  for  the  efiects  of  cross  winds^^'l  Und^  ideal 
conditions,  each  time  the  weapon  is  fired  the  projectile  would  impact  in  the  exact  same  location.  However,  every  aspect 
affecting  the  flight  path  of  the  projectile  is  not  fully  understood  and  therefore  not  compensated  for.  The  term  "jump"  is  used 
to  classify  things  that  are  not  properly  balanced  for  by  the  weapons  ctmttol  systems.  Such  motions  as  introduced  into  the 
projectile,  due  to  gravity-droop,  proje^e  initial  searing,  sabot  liftoff,  thermal  heating  of  the  gun-tube,  and  motions  which 
are  possibly  inaoduced  by  a  non-straight  gun-tube,  are  at  present  not  considered.  Since  buUets  are  forced  to  follow  a  gun- 
tube’s  center  line,  which  can  also  be  affected  by  themud  heating  conditions,  gravity-droop,  mount  vibrations  (the  tank  may 
be  moving)  etc.,  it  is  felt  that  rqxesenting  this  important  attribute  of  the  system  accurately  will  be  critical  to  any  numerical 
simuladon  of  the  gun  and  projectile’s  dynamic  response  to  tlte  firing  cycle.  For  years  analysts  have  estiinated  the  gun’s 
centerline  profile  from  measurements  taken  daring  manufocturing  at  Watervliet  Arsenal  aiul  subsequent  measiaemenh;  taken 
occasronaliy  at  Aberdeen  Proving  Ground  Gxnbat  Systems  Test  Activity  (CSTA).  These  measurements  are  routinely  included 
in  numerical  simulations  of  the  gun  and  projectile’s  dynamic  behavicr^'^^.  This  paper  examines  how  these  measurements 
are  taken  and  how  best  to  incorporate  the  data  into  a  numerical  simulation  of  the  weapon  systems  performance.  The  paper 
also  makes  ^recific  reconunend^ons  regarding  these  measurements  and  how  they  might  be  changed  or  better  quantifi^  for 
use  with  numerical  formulations  of  gun  dynamics. 

BACKGROUND 


Watervliet  Arsenal  lin  New  York  has  designed  and  maintains  equipment  to  measure  the  variations  of  the  gun-tube’s 
centerline  profile  accurately^^.  Basically,  the  measuring  device  consists  of  a  laser  which  is  positioned  just  forward  of  the 
forcing  cone  and  a  photo  sensor  which  is  aitachdd  to  a  plunger  and  pushed  down  the  gun-tube,  from  the  muzzle  end,  by  a 
mechanical  device.  Initially,  the  plunger  is  inserted  just  into  the  muzzle  and  a  straight  line  of  sight  is  established  between  the 
laser  device  and  the  plunger.  Then  as  the  plungei  is  pushed  down  the  gun-tube  toward  the  laser,  variations  from  the 
established  straight  line  of  sight  ate  measured  to  produce  a  profile  ui  the  vertical  and  horizontal  planes.  A  typical  profile  in 
the  vertical  direction  is  shown  for  gun-tube  5065  in  Figure  1.  A  number  of  importatt  issues  n^arding  the  c^biation  of  the 
insiiument  have  been  and  continue  to  be  addressed  by  Watervliet^^l  This  will  be  discuses  in  marc  detail  liiitet  on. 


On  the  other  hand,  the  method  cunently  employed  at  USACSTA  is  based  on  an  alignment  telescope  which  had 
subsequently  been  used  at  Watervliet  Arsenal.  The  older  method  employed  at  CSTA  typically  requires  more  operattxr  skill 
and  is  not  as  accurate  as  the  method  being  employed  at  WatervUet^^^  Nonetheless,  efTorts/proposaLs  are  underway  to  improve 
both  techniques’^.  In  a  compatibility  test  bt^wm  the  CSTA  method  and  Waietviiet’s  more  robust  equipment.  & 
discrepancy  of  mproximaiely  O.CT/mm  was  observed.  However,  the  maximum  discrepancy  observed  was  0J25inm.  It  is  pointed 
out  by  Weddle’^,  these  disoepancies  are  too  large,  particularly  when  two  successive  measurements  were  conducted  on  the 
same  tube  using  die  same  CSTA  equipment  and  produced  a  mean  discrepancy  of  0.02nun  and  a  maximum  of  O.utinun.  In 
as  much  as  the  maximum  discrepancy  between  the  two  methods  is  nearly  of  the  same  magnitude  as  the  actual  displacemeius 
being  measured,  this  is  cf  some  concern  when  trying  to  iiicoqxirate  this  as  a  parameter  in  a  finite  element  simulation  of  the 
system.  It  is  understood  'hat  these  measurements  ate  adequaic  in  assuring  that  reasonable  tolerances  have  beeti  achieved  during 
manu£<ictuiing.  Nonethr;less,  they  may  need  addition^  safeguaids  when  loddng  closely  at  tube-to-tube  variations  with  regard 
to  jump. 


2i9 


WELKERSON 


Typical  Vertical  Profile  From  120mm  Gun-Tube 


Axial  Location  from  the  Breech  End  of  the  Gun  Tube  (Inches) 


Figure  1.  WatervUct  measuiemeni  of  gun-tube  5065. 

When  developing  a  fuiite  element  model  of  the  gun-tube  and  projectile,  it  is  desirable  to  include  the  influence  of  the  gun- 
tube’s  profile  and  gravity-droop  in  the  model.  Since  the  gun-tube’s  gravity  droop  and  actual  profile  are  dependent  on  how 
the  tube  is  supported  as  v;ell  as  any  additional  weights  that  are  attached  to  iL  and  since  the  measurement  conditions  are  not 
identical  to  tlte  firing  conditions,  this  is  not  always  a  simple  procedure.  In  the  past,  two  basic  technioues  have  been  employed 
to  incorporate  this  information  in  dynamic  models  of  tlw  system.  For  example,  Rabem  and  Lewis^,  and  Rabem^^^  used  a 
linear  combination  of  a  calculated  gun-droop  and  the  measured  profiles  and  included  them  directly  in  their  model.  On  the 
other  hand,  Htqtkins^^^  used  the  measured  profile  to  calculate  interferences  between  the  projectile  and  gun-tube  Erom  the 
nteasured  profile  alone.  Similarly,  Erlinc  et  al.^^^  used  the  profiles  alone  to  estimate  a  curve  representing  the  forcing  fuiKtion; 
typically,  that  curve  esdmaie  is  of  second  order.  All  three  methods  have  their  merit  and  use  the  measured  profile  in  a 
straightforward  way.  In  this  report,  a  somewiiat  in-depth  investigation  was  imdertaken  into  how  the  measurements  were  being 
gathered,  possible  sources  of  error,  and  how  best  to  incoipmate  the  measuiements  into  a  finite  elentent  model.  In  particular, 
this  study  considered  the  two  gun-tubes  that  were  used  in  the  balanced  breech  test^^l  They  were  gun-tubes  5064  and  5065. 


METHODOLOGY 


Initially,  only  the  measurements  taken  at  CSTA,  on  lubes  5064  and  5065,  were  available.  USACSTA  measurements  on 
those  two  tubes  consisted  of  a  single-pass  test.  Subsequenuy.  the  measured  profiles  taken  at  Watervliet  Arsenal  were  obtained. 
The  measurements  at  Watervliet  typically  measure  the  vertical  pirofile  on  the  initial  pass  and  then  rotated  the  gun-tube  180 
degrees  and  repeated  the  measuremenb  Therefore,  for  that  case,  the  Watervliet  data  consisted  of  two  measurements  in  the 
vertical  plane.  This  is  iinptHtan'  in  that  using  the  WaiervlKt  data  allowed  a  direct  comparison  with  the  CSTA  measurements 
for  f^h  tube,  thereby  giving  an  estimation  of  error  between  the  two  measuring  techniques.  Furthermore,  Watervliet’s  meihod, 
being  redundanu  gave  more  information,  which  was  used  for  better  estimates  of  the  gun-tube’s  actual  profile.  In  this  paper, 
two  '^nethods  are  developed:  the  first  can  be  used  when  only  one  pass  data  is  available  while  the  other  incorporates  the 
inforaiation  from  both  tests  and  calculates  an  actual  estimated  profile.  In  both  cases  described  here,  the  data  from  Watervliet 
is  used.  After  checking  Howd’s^^l  examination  of  Waiervlict’s  methods  and  then  reviewing  Weddle’s*^-  methodology,  it 
became  clear  that  WatervUei  s  data  was  more  consistent  and  complete  for  ti;e  purposes  described  herein. 
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For  the  first  technique,  method  1,  Watervliet’s  data  gave  a  second  measiuernenl  from  which  to  check  die  estimated  profile. 
Consequently,  method  1,  which  uses  only  the  data  from  a  single  pass,  designated  y(0),  is  checked  willi  the  second  pass, 
designated  y(l80).  Conversely,  method  2,  which  linearly  combines  the  data  from  both  passes  for  an  estimated  profile,  verifies 
the  estimate  via  the  original  data.  This  will  become  more  evident  as  the  methods  are  presented.  The  math  involved  in  reducing 
tlie  measured  profiles  is  elementary,  but  nonetheless  important  in  producing  an  accurate  finite  element  repnesentation  of  the 
gun-tube  model.  For  example,  the  profile  used  in  the  finite  element  modei  should  lia\e  the  same  profile  tss  the  experiment 
under  identical  test  conditions.  This  is  a  simple  thing  to  show.  An  illustrative  example  is  given  here.  If  a  gun  tube’s  finite 
element  model  is  sui^rted  at  the  same  locations  and  then  gravity-droop  is  .'sdded  into  the  finite  element  model,  the  tube  will 
have  a  particular  profile  with  respect  to  the  supports  (see  Figure  2).  Tltcn  if  a  straight  line  is  established  between  the  muzzle 
and  forcing  cone,  (the  approximate  locations  of  the  ia.ser  and  plunger  used  in  the  test),  then  the  profile  as  .seen  from  that 
straight  line  should  have  the  same  shape  as  the  measured  profile  in  the  test.  Wliat  is  in^rtant  to  note  here  is  that  the  tests 
conducted  at  Watervliet  are  done  on  the  gun-tube  alone  based  on  the  German  Method^^.  This  method  supports  the  tube  at 
405mm  and  1 853mm  from  the  chamber  end  of  the  tube.  These  support  locations  were  picked  to  simulate  where  the  tube  is 
supported  in  the  actual  recoil  mechanism.  Therefore,  the  finite  element  model  and  experiment  should  both  have  used  these 
boundary  conditions.  Nonetheless,  it  is  understood  that  the  profile  measured  at  Watervlict  on  the  gun-tube  alone  may  not  have 
the  same  shape  as  when  that  particular  tube  is  mounted  in  a  tank. 


Figure  2.  Technique  for  calcuLiting  gun-tube  profile  in  e,  penmen!  aad  from  fimu  clement  mixlel. 

The  presentauons  of  the  t  incth-xl.s  focus  on  the  vertical  tor  iponeni  o  liy  This  was  done  tecause  the  horizontal  data 
can  be  applied  direct'y  and  is  no^  alTectcd  by  gravity  Thcrclrme,  die  need  to  scoarate  the  actual  profile  and  gun-droop,  cau-sed 
by  graviiy,  does  not  exist  in  th.  l  plane.  The  rcastm  for  waiting  these  two  anntxineius  to  tx’  sepruated  in  the  vertical  plane 
IS  Ur  allow  for  geomeuy  and  b  undary  condition  changes,  of  an  actual  firing  test  co'ifiguralion,  in  tlic  model  For  example, 
when  an  M256  is  fired  in  a  Link,  there  is  a  breech,  piston,  cradle  as.scmbly,  a  from  annored  .shroud  attached  to  the  cradle, 
a  bore  sight,  and  thermal  shn  uas  ail  aiiachcd  ur  (in  one  manner  or  another)  or  influencing  the  vertical  profile  of  the  gun-tulxv 
By  using  the  ccxnbinaiion  of  die  measured  profile  and  an  as.s(xiaicd  finite  element  model,  it  is  po.vsible  U)  find  a  close  esurnaie 
of  the  actual  path  dial  the  projectile  must  follow  down  the  gun-uibc.  7  'is  will  htxorne  clear  as  die  specifics  ol  the  meilxxis 
used  here  aie  examined  in  detail. 
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METHOD  #  1 
Single  Data  Set 

Tbe  initial  step  in  method  1  is  to  assemble  a  fintte  element  model  of  the  120iTun  M256  gun-tube  alone  and  simulate  the 
experuneittal  measurements  taken  at  Watervliet  with  the  identical  boundary  and  geometric  properties.  Since  a  gun-tube  is 
similar  to  a  long  piece  of  pipe,  a  beam  element  model  of  the  gun-tube’s  geometry  is  sufficient  to  accurately  calculate 
displacements  in  the  tube  under  specified  loads^^®^.  For  this  partici'Jar  model,  106  elements  with  varying  geometric  properties 
to  account  foi  the  tap -red  section  and  changes  in  inner  and  outer  diameters  of  the  gun-tube  are  used.  Figure  3  shows  a  half¬ 
plane  view  of  the  gun-tube  outline  used  in  the  model.  Figure  4  shows  an  exaggerated  displacement  profile,  from  the  finite 
element  calculation,  of  the  gun-tube’s  deflection  under  its  own  weight  The  figure  also  indicates  the  location  of  the  supports 
at  40Smm  and  18S3mm.  Slight  variations  of  an  inch  or  two  in  the  support  location  made  almost  no  difference  in  the  calculated 
displacements  of  the  gun-tube’s  droop  due  to  gravitv.  Tliis  means  that  if  the  test  configuration  had  slight  variations  in  the 
support  positions,  it  should  not  have  a  noticeable  effect  In  order  to  relate  the  test  configuration  to  the  finite  element 
calculations,  two  common  points  are  required.  The  logical  choice  would  be  the  supptKts,  which  for  this  case  would  also 
establish  a  common  hoiizonta!  plane.  However,  the  measurements  taken  at  Watervliet  are  of  the  gun  tube  section  that  the 
bullet  must  follow  and  do  not  inciude  the  propellant  chamber  section  near  the  first  support  As  can  be  seen  in  Figure  4,  the 
experimental  meesurements  do  not  go  as  far  aft  as  the  first  mount.  To  account  for  this  small  disciepancy,  this  technique  uses 
a  corr°tction  factor  whic.h  is  equal  in  magnitude  to  the  displacements  caused  by  gravity-droop,  in  that  same  range,  as  calculated 
in  the  finite  elemi^nt  model  for  gravity-droop  alone.  As  can  be  seen  in  the  figure,  the  correction  is  small  in  comparison  with 
the  particular  deformed  profile  being  examined.  As  it  turned  out,  though,  the  addition  of  a  correction  factor  was  not  necessary. 
Therefore,  assuming  tliat  the  support  was  at  the  same  location  as  tiie  laser  device  was  sufficient  to  assure  accuracy  in  both 
metliods  being  presented.  Just  the  same,  method  1  includes  a  coirection  factor  while  method  2  does  not  Figure  4  indicates 
the  approximation  line  of  sight  that  is  used  in  the  experiment  to  measure  the  tube’s  profile.  If,  for  example,  the  tube’s 
manufacturing  was  "perfect,"  (i.e.,  no  bending  of  the  gun-tube  was  done  and  there  were  no  manufacturing  irregularities; 
therefore  only  gravity-droop  would  exist.)  then  the  profile  measured  would  look  as  if  it  were  being  viewed  from  this  straight 
line.  However,  this  is  not  the  case.  In  fact,  due  to  extensive  cold  working  of  manufactured  tubes,  the  actual  gun-tube  which 
has  residual  stresses  in  its  material  at  different  locations  has  a  better  profile  than  what  would  be  observed  in  an  un-worked 
"perfect"  gun-tube.  Gun-tube  5064’s  profile,  as  measured  at  Watervliet,  is  shown  in  Figure  5.  Now  it  is  understood  that  the 
actual  profile  measured  is  a  linear  combination  of  the  gun-tube’s  actual  profile  in  a  gravity-free  environment  plus  the 
di.splacemenLs  as  imposed  by  gravity: 


^  -V,.  (1) 

where  yj^^  is  the  measured  displacements,  y^  is  die  actual  curvature  of  the  tube  independent  of  gravity,  y^  is  the  curvature 
as  intn:iduced  by  gravity,  and  the  index  i  represents  i=l,23,— 4'  where  n=nuniber  of  data  points.  Watervliet  measures  yj^  twice 
and  uses  the  data  lo  calculates  y^.  The  first  measurement  is  taken,  giving  y(0);  and  then  by  rotating  the  gun-tube  180  degrees 
and  re-measuring  the  profile,  giving  y(l8()),  Watervliet  can  assure  that  these  tolerances  are  adhered  to  during  the 
manufaciuring  proces.s  while  getting  a  reasonable  estimate  of  y^ .  Foi  this  study,  y^  is  the  only  parameter  of  importance  for 
th''  finite  eliment  model  because  y^  can  be  obtained  with  a  high  degree  of  accuracy  with  the  finite  element  model.  Once  a 
gorxl  csiinitite  of  y^  is  obtained  from  the  experimejiis.  then  using  the  displacements  for  gravity  found  in  the  finite  element 
caiculaiion  with  the  same  .siipports,  the  results  from  the  experiment  can  be  duplicated.  Therefore,  the  same  finite  element 
model,  as  tis&ernbled  with  the  y,^  profile  as  pait  of  its  shape,  can  then  be  re-supported  in  a  M256  cradle  with  the  breech, 
rctoil-mcclianism,  bore  sight,  bore-evacuator,  thermal  shrouds,  etc;  and  gravity  can  be  added  back  into  the  model  to  find  die 
actual  sbipe  of  the  gim-iube  inside  die  tank.  In  summary,  the  finite  element  mode!  will  incorporate  any  additional  drtx^  as 
miioducfd  into  the  .system  by  weights  attached  on  ihe  tube  and  have  a  realistic  or  accurate  estimate  of  the  gun-tube’s  actual 
piofile. 


In  o.{i.-r  10  directly  compare  tbe  fmile  cicmeni  .and  mea.sur«j  profile,  two  common  reference  poinLs  which  establish  a 
hoozont?  ',  jilane  must  be  established.  An  obvious  choice  is  the  two  support  points.  These  points  are  already  used  in  the  finite 
element  t  ai.culalioii.  However,  as  mcniioned  before,  the  experimental  measurements  are  not  taken  at  the  first  support  point 
at  405mi  I,  r  uber,  the  experimental  mcasurernenis  start  from  approximately  602mm  or  198mm  in  from  of  the  first  support. 
Since  do  gun  curvature  due  to  gravity  in  lhai  first  198rnm  is  of  ar  order  of  magnitude  less  than  the  measured  change  from 
one  dati  point  to  die  next,  :t  would  not  be.  unreasonable  to  neglect  diis  sho;i  span.  Neglecting  a  correction  factor  for  the 


Vertical  Displacements  (Inches) 


WILKERSON 


-3® 

1  JLJL. 


B^vnBsrwtNutnNn* 


Loa^ 

04OSmpf 


Half  Sliea  View  Of  Gim-Tubo 


Sttufiot 
LocaBon 
€  JSSSmm 


Suppoirta  bi  model  and 
must  b*  at  sauna  locarilon 


Figure  3.  Half-slice  view  of  gun-tube  geometry  with  beam  element  methodology. 


Gun  Droop  From  Gravity 


Figure  4.  Gun-tube  profile  due  to  gravity  alone  (calculation  made  with  ANSYS  finite  clement  program  and  beam  element 
model  of  120-mm  gun-tube). 
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Measured  Profile 


Figure  5.  Measured  tube  profile  firom  Waiervliet  with  currection  factor  i'ar  offset  in  support  location. 

difference  in  supp^irt  locations  made  no  noticeable  difference  in  the  results.  Nonetheless,  a  correction  factor  w:i$  added  in 
accordance  with  the  displacement  changes  observed  in  the  fmite  element  model  and  is  shown  in  Figure  5.  Then  Figure  6 
shows  a  straight  line  segment  which  can  be  drawn  through  the  two  support  points.  Now  by  rotating  the  straight  line  to 
the  horizmital  along  with  the  associated  measurements  taken  at  Waterviiet  (see  Figure  7),  both  measurements  and  calculation 
have  two  comnior  reference  points.  Recalling  equation  1 ,  where  is  represented  by  die  rotated  curve  given  in  Bgure  7, 
and  Vg  is  given  in  Figure  4,  y^  can  be  obtained  by  subtracting  y^  from  the  y^^f  which  has  been  rotated,  ^  each  data  point 
Since  the  finite  element  model  and  experimentul  data  did  not  have  a  one-io-cne  ^ta  point  correspondence,  linear  interpolation 
routines  were  used  to  establish  a  correlation  between  associated  points,  llie  :%tual  profile  y^^  is  given  in  Bgure  8.  If  only  one 
pass  data  is  available,  then  it  is  felt  that  this  method  would  give  a  reasonable  rrpresentation  of  the  gun-tube  profile  in  a  finite 
element  model.  Now  the  displacements  in  Figure  8  cai.  be  iq^lied  directly  to  the  finite  element  model’s  construction.  Then 
if  the  fmite  eleir«ent  model  is  supported  as  in  the  test  and  grav:.t>  is  applied  in  the  modei,  the  gun  tube’s  profile  will  be 
identical  to  the  original  measurements  taken.  However,  if  the  model  is  assembled  into  the  cradle,  with  all  the  attachments  in 
the  actual  gun  system'  (i.e.,  breech  etc.),  and  gravity  is  re-appiie/d  to  the  model,  tlie  gun-tube’s  profile  should  closely  resemble 
the  actual  profile  for  that  system.  If  a  second  set  of  data  is  available,  y(0)  &  y(180).  Method  2  should  always  be  used.  Fto 
this  case,  a  second  set  of  data  was  availaf>le  from  Waiervliet,  and  that  information  can  now  be  used  to  check  or  get  an 
e.stimate  of  die  scatter  and  eiTor  in  this  method. 

If  as  given  in  Figuir.  8,  is  the  actual  gnn  profile  independent  of  gravity  and  if  that  curve  is  rotated  180  degrees  and 
gravity  is  roinsrodutod,  the  calculated  curvature  for  that  case  should  be  identical  to  the  second  measurement  made  at 
Waiervliet  for  y(l80).  Figure  9  shows  a  comparison  of  (-y;^  +  y^)  to  the  second  measurements  taken  at  y(180).  As  can  be 
seen,  there  is  reasonably  good  agreement  in  magnitudes  and  shape  of  the  two  profiles  except  along  the  range  from  SO  to 
90  inches  from  site  bi-eech  end  of  the  gun-tube.  In  this  area,  measurements  varied  by  more  Ui^in  10%,  which  was  considered 
unacceptaMe.  i berefore,  meliiod  2  was  adapted.  Some  speculations  on  me  source  of  this  error  will  be  discussed  at  length  after 
method  2  is  presented. 
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Axial  Location  from  the  Bieech  End  of  the  Gun-Tube  (inches) 


Figure  6.  Measured  profile  with  linear  interpolation  between  supports  (The  straight  line  segment  between  the  supiports 
establishes  a  horizontal  correlation  between  measurement  and  calculation.) 
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Axial  Location  from  the  Breech  End  of  the  Gun-Tube  (Inches) 

Figure  7.  Shows  Watervliet  measuremenL  linear  interpolation  between  supports,  and  the  resulting  curve  when  the  Waiervlict 
measurements  are  rotated  with  me  linear  curve  to  a  common  horizontal  plane. 
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so  100  150  200 

Axial  Location  from  the  Breech  End  o*  »he  Gon-Tube  (inches) 


Figure  8.  Estimated  gun-tube  profile  Y,  using  measured  displacements  and  calculated  gravily-dnxip. 


Calculated  versus  Measured  Curve 

Icr  Ci*n*Tube  5064 


Figure  9.  Comparison  of  measured  profile  at  and  calculated  profile  based  on  (-Y^  +  Y^). 
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METHOD  #2 
Reduwtlant  Data  Set 


Method  I  concentrates  on  a  consisieu»  procelnre  when  only  one  measurement  is  available.  However,  this  is  rarely  the 
case  uiasmuch  as  V/afervliet  routinely  measures  a  gun-tube’s  profile  in  the  vertical  plane  and  then  rotates  the  tube  180  de/pees 
and  rqjeats  the  measiuemen's.  Furthermore,  Waicrvliet  keeps  a  data  base  on  the  gun-tubes  that  have  been  manufactured  there 
so  thru  this  data  can  be  obtained  for  a  120mm  gun- tube.  For  this  case,  equation  1  can  be  written  as: 

yMp>yA*ygf  (2) 

or 

(3) 

where  yj4(0)  denotes  the  first  measurements  taken  and  y^flSO)  represents  the  measurements  taken  after  the  tube  is  rotated 
180  degrees.  Subtracting  one  from  the  other  yields: 


where  y^^  is  routinely  included  in  the  Watervliet  data  set 

Figure  10  shews  a  plot  of  y^,  gun-tul^e  5064  from  equation  4.  Once  again,  to  establish  a  horizontal  plane,  the  two 
supports  in  the  test  are  ctmnrxted  via  a  straight  line,  and  the  line  and  associated  curve  are  rotated  to  the  horizontal.  This 
procedure  is  depicted  graphically  in  Figure  1 1.  The  similarity  between  the  new  curve  and  the  curve  that  was  estimated  using 
method  1  is  noticeable.  Now  if  the  profile  shown  in  Figure  11  is  assumed  to  be  the  gun-tube’s  actual  profile  independent  of 
gravity,  then  gravity  can  be  added  to  the  curve  and  compared  with  the  measured  profile.  Similarly,  the  piofile  could  be  rotated 
180  degrees,  gravity  anrld  be  added  in,  and  the  resulting  profile  could  be  compared  to  the  measurements  taken  for  that 
condition.  Once  again,  profiles  in  the  calculation  are  estimated  using  the  same  procedure  as  in  the  experiment.  Ihat  is,  a 
straight  line  is  drawn  between  where  the  laser  and  plunger  would  be  in  the  gun  tube,  and  deviations  firoiTi  ihat  line  are  used 
to  find  the  gun-tube’s  estimated  profile.  By  including  both  data  sets  in  detrrmining  the  gun-tube’s  actual  profile,  the  resulting 
carve  with  gravity  should  more  closely  duplicate  the  measurements.  (This  technique  can  be  thought  (tf  as  an  averaging  cr 
smoothing  of  the  experimental  results.)  Figure  12  shows  a  comparison  between  the  estimated  profiles  used  in  the  finite 
element  approximation  as  cornparetl  with  the  actual  measurements.  As  can  be  ;?een,  there  still  exists  some  error,  between  60 
to  90  inches  from  tne  breech  end  of  the  tube,  as  was  observed  using  method  1 .  However,  these  errors  have  been  substantially 
reduced. 


DISCUSSION 

Notwithstanding,  erron:  exist  and  are  a  source  of  concern  in  the  context  of  being  able  to  qualify  them.  If,  for  instance, 
the  errors  are  in  the  methods  described  here,  then  perhaps  a  higher  order  technique  could  be  developed.  On  the  other  hand, 
if  the  measurement  technique  has  a  ±  10%  deviation,  this  would  be  .sufficient  to  account  for  a  majority  of  die  discrqiancies 
observed  in  method  2;  then  pertiaps  more  lobcst  testing  could  be  done.  One  possibility  for  impioving  the  experimental  data 
would  be  to  make  additional  measurements.  Additional  profiles  could  be  linearly  combined,  as  was  done  in  method  2,  to 
produce  a  better  profile,  lliis  could  be  accomp-lished  by  rotating  the  gun-tube  only  90  degrees  after  the  initial  vertical 
measurement  Then  would  be  obtained  direedy  in  the  horizontal  plane  and  could  be  compared  to  the  L'ncar  combination 
of  terms  gven  by  equation  4.  Additionally,  if  one  additional  pass  was  taken,  let’s  say  at  -90  degrees,  a  reasonable  estimation 
of  error  or  the  bsiundaries  of  the  error  could  be  estimated  using  both  of  the  90  degree  ofT-vertical  measurements. 
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Axial  Location  from  the  Breech  end  of  the  Gun-Tube  (Inches) 

Figure  10.  Linear  combination  of  the  two  measurements  taken  at  Watervliet  in  the  vertical  plane. 


Axial  Location  from  the  Breech  End  of  the  Gun-Tube  (Inches) 

Figure  11.  Linear  combination  of  Watervliet ’s  two  vertical  measurements,  the  linear  line  passing  through  the  two  supports, 
and  the  aj^xoximation  for  Y,  in  the  horizontal  plane. 
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Comparison 


Axial  Location  from  the  Breech  End  of  the  Gun-Tube  (Inches) 

Figure  12.  Comparison  between  experimental  and  calculated  profiles  at  y  (0)  and  y  (180). 

Another  source  of  concern  is  how  the  measuring  device  might  be  affecting  the  measurements.  The  plunger  head,  wltich 
weighs  18  pounds,  has  to  be  supported  by  the  gun-tube.  A  quick  finite  element  calculation  reveals  that  an  18-pound  load  at 
the  muzzle  will  deflect  the  muzke  approximately  four  thousandths  of  an  inch.  Additionally,  the  chain  that  drives  the  device 
weighs  a  fair  amount,  and  it  was  pointed  out  to  us  by  Watervliet  personnel  that  the  forces  on  the  chain  and  plunger  as  it  is 
pushed  down  the  tube  were  sufficient  to  detlect  the  muzzle  in  both  the  vertical  and  hmizontal  planes. 

It  would  be  beneficial,  in  terms  of  quantifying  the  mechanical  entx'  associated  with  gun-tube  profile  measurements,  to 
conduct  an  additional  series  of  measurements  during  the  routine  profile  examinations  at  least  once.  First,  one  could  record 
x-y  measurements  at  9()'degme  intervals  instead  of  180  as  already  mentioned.  This  would  give  four  redundant  pieces  of  liata 
by  which  to  quantify  possible  scatter  in  the  measurement  techniques.  Secondly,  a  small  apparatus  could  be  built  which  would 
record  and  control  typical  mechanical  displacements  caused  by  the  measuring  apparatus^ 


C0NC3.US10NS 

An  accurate  estimate  of  the  gun-tube's  profile  can  be  made  for  use  in  finite  element  dynamic  simulations,  using  measured 
profiles  and  simple  numerical  techniques.  The  methods  employed  rely  on  obtaining  an  accurate  estimate  of  the  gun-tube’s 
profile  in  a  gravity-free  environment  It  was  shown  that  using  experimental  measurements  and  numerical  calculations  of 
gravity-droop  provided  accurate  gun-tube  profiles  which  compared  favorably  with  actual  observed  measurements.  The  error 
associated  with  tlie  methods  presented  were  in  the  order  of  10  percent  when  compared  with  the  maximum  observed 
di^lacements.  However,  they  were  not  as  good  when  compared  with  the  actual  magnitude  of  the  measurement  being  taken 
at  a  particular  location  along  the  gun-tube  (sec  Figure  12). 

The  source  of  the  errors  observed  was  examined  in  icnns  of  the  measurement  techniques  used  to  find  them.  Specific 
recommendations  were  made  with  regards  to  improving  or  quantifying  sources  of  error  which  may  be  occuiring  from  the 
measurement  techniques.  It  is  equally  important  to  note  that  the  measurements  chat  are  being  taken  are  sufficient  for  the 
purposes  of  quantifying  and  a.ssuring  the  manufacturing  quality  of  each  120mm  gun-tube. 
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Hov/cver,  the  purpose  of  this  paper  was  to  detennine  how  best  to  use  the  experimental  data  for  an  accurate  estimate  of 
a  particular  giui-tube  profile  for  analysis  purposes  which,  in  this  case,  warranted  closer  examination  of  the  measuring 
techniques.  In  summary,  the  methods  presented  make  use  of  the  experimental  data  to  estimate  a  gun-tube’s  profile  which  can 
then  be  incorporated  into  a  dynamic  simulation  of  that  same  gun-  tube  mounted  in  a  tank.  It  is  further  stipulated  that  the 
estimated  proHle,  coupled  with  a  finite  element  calculation,  accounts  for  varying  boundary  conditions,  and  will  yield  consistent 
estimations  of  the  actual  gun-tube’s  profile  during  firing  tests.  Similarly,  it  is  understood  that  thermal  effects  for  a  given  test 
need  to  be  accounted  for  as  well^’^*.  It  is  further  recommended  that  the  'iVaiervliet  measurements,  which  have  proven  to  be 
more  reliable,  be  used  whenever  possible  in  determining  a  particular  gun-tube’s  profile.  Finally,  it  was  shown  that  by  using 
a  linear  combination  of  the  two  measurements  made  at  Watervliet  (a  form  of  smoothing  the  data)  mure  consistent  estimates 
of  the  tube’s  profile  could  be  obtained  than  when  using  only  a  single  measurement. 
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ABSTRACT: 

In  recem  years,  gri  <t  strides  have  been  made  i  ^ardin"  i:  'ilation  o  'le  dominant  loads  that  cause 
beam-type  vibrations  in  tank  cannons  during  ba!  ticop,  latio'  ,  more  subUe  load  type  is  due  to  the 
characteristic  bore  profi'e  of  i  "le  gun  tube  itse'f  Vhik  curval  sod  inertia-induced  loads  due  to  gravity 
droop  are  /now  hav<-  little  offect  on  gi  n  mo  ons,  ?  s  milai  in  reg  rd  to  center  line  profile 
produced  by  <tr.  onditions  (manufa  turis  '  the:  ■,  al  t,  ire.  e  anno  be  made.  Very  little  controlled 
testing  has  be>  n  ton  lucted  to  establish  the  sex  rity  .  thi  ’'ndil,  >n  Tliis  >ck  of  data  was  the  driving 
force  behind  the  development  and  condutb'on  of  the  u  ‘s  .  a<.  tl  e  •  ’ati,  modelliag  reported  herein. 

"ests  we  re  conducted  using  two  60-inn,  m  rut  s  63  calibers  ,  on^,  U  ol  the  tubes  possessed  a 
great  deai  of  in-plane  curvature,  while  the  seconi  .  -  'elati\  lystiaigh  1  the  test,  the  tubes  were 
isolated  from  all  kjiown  dominant  loads  by  using  b  udeu  s  foi  iU;  ■  ‘  and  i  centered  breech.  For 

both  tube. ,  the  primary  plane  of  curvatui  vas  iixcrc  nentaliy  ariedwu  ot  gravity,  and  i  number 
of  rounds  v/ere  fired  from  each  oncot.itio '. 

Benet  Eiboratories’  Uniform  Segments  f  in  Vi  iration  u-  del  v  •  used  to  conduct  the  simulations. 
The  mathematix  il  relationships  regarding  load  fu  tions  for  beam  >/iora,  ’s  and  the  statistical  aspects  of 
curvature  estimates  were  addre  sedand  incorpr>riJ  in  the  modelling.  Bo  h  test  data  and  modelling 
results  onfirmed  th  ti  the  |  ■  fi  o'  li-  bore  anti  s  orientation  with  respect  to  gravity  has  an  impact  upon 
the  magnitude  ;«i‘  haracteristic  of  l  u  '  motr  i'  hroughoui  the  shot. 
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BACKGROUND 

In  recent  years,  great  strides  have  been  made  regarding  isolation  of  he  dominant  loads  that  cause 
beam-type  vibrations  in  tank  caimons  during  ballistic  operation  [1-4],  A  mo  e  subtle  load  type  is  due  to 
the  characteristic  bore  profile  of  the  gun  tube  itself.  While  cur/ature-  and  i  lertia-induceu  wads  due  to 
gravity  droop  are  known  to  have  little  effect  on  gun  motions  [4],  a  similar  cl  aim  in  regard  to  center  line 
profile  produced  by  other  conditions  (manufacturing,  thermal  flexure,  etc.)  i  annot  be  made.  Very  little 
controlled  testing  [5]  has  been  conducted  to  establish  the  severity  of  this  co  idition.  This  lack  of  data  was 
the  driving  force  behind  the  development  and  conduction  of  the  tests  and  t  le  simulation  modelling 
reported  herein. 

Tests  were  conducted  using  two  60-mm  gun  tubes  63  calibers  long.  One  of  the  tubes  possessed  a 
great  deal  of  in-plane  curvature,  while  the  second  tube  was  relatively  straigat.  In  the  test,  the  tubes  were 
isolated  from  all  known  dominant  loads  by  using  braided  cables  for  snppo  t  and  a  centered  breech.  For 
IxTth  tubes,  the  primary'  plane  of  curvature  was  incrementally  varied  witn  respect  to  gravity  and  a  number 
of  rounds  were  fired  from  each  orientation. 

Benet  Laboratories’  Uniform  Segments  Gun  Vibration  model  [6,7]  was  used  to  conduct  the 
simulations.  The  mathematical  relationships  regarding  load  functic  ns  for  beam  vibrations  and  the 
statistical  aspects  of  curvature  estimates  were  addressed  and  incorporated  in  the  modelling.  Both  test  data 
and  modelling  results  confirmed  that  the  profile  of  the  bore  and  its  orientation  with  respect  to  gravity  has 
an  impact  upon  the  magnitude  and  charactenstic  of  muzzle  motio  i  throughout  the  shot. 

TEST  SETUP  AND  FIRING  SCHEDULE 

TTie  test  consisted  of  firing  2.25  lulogram  (kg)  slug  projectiles  iOO  millimeters  (nun)  long  through 
the  two  60  mm  gun  tubes,  while  the  motion  of  the  tubes’  outer  diameter  (OD)  in  two  orthogonal 
directions  at  two  axial  stations  near  the  muzzle  was  recorded.  Both  pri'pellant  gas  pressure  and  projectile 
in-bore  travel  were  also  recorded.  The  guns,  which  have  a  length  of  63  calibers,  were  suspended  by 
braided  cables  (stiffness  of  260  newton/mm)  and  allowed  to  recoil  freeh’  during  projectile  acceleration. 
External  buffers  mounted  to  the  stand  decelerated  recoil  after  the  projectile  had  cleared  the  bore.  The 
OD  of  the  initial  12. .5  calibers  of  tube  length  is  140  mm.  A  tapered  section  6.25  calibers  long  reduces  this 
OD  to  75  mm  for  the  last  44,25  calibers.  An  overall  view  of  the  test  setup  is  shown  in  Figure  1. 
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Figure  1.  Test  Setup. 


Two  tubes  were  manufactured  for  this  test.  The  bore  profile  of  the  fi.  st  tube  (Serial  #2)  had  a 
significant  in-plane  bow  about  0.635-mm  total  indicator  reading  (TIR).  The  second  tube  (Serial  #3)  was 
much  straighter  Profile  variations  in  both  directions  did  not  exceed  O.OTZ-mm  TIR.  The  top  vertical 
center  line  (TV  CL)  for  each  gun  was  established  as  the  plane  of  maximum  curvature.  This  position  is 
referred  to  as  the  !2  o’clock  position  with  all  reported  o’clock  rotations  as  viewed  from  the  breech.  The 
static  condition  of  the  bore  profiles  is  shown  in  Figure  2. 

To  determine  transverse  motions  and  expansion  of  the  OD  at  the  muzzle,  six  eddy  probes  were 
mounted  in  ^  cylindrical  carrier  that  slips  over  the  muzzle  of  the  gun.  Two  axial  locatio.ns  at  2.5  and  5.0 
cahbers  from  the  muzzle  were  selected  for  motion  monitoring.  Three  gages  were  used  at  each  location; 
two  of  them  monitor  horizontal  movement,  whereas  the  third  monitors  vertical  movement  of  the  lube’s 
outer  surface.  ITierefore,  both  expansion  of  the  tube  and  motion  of  the  bore’s  center  line  are  included  in 
the  data.  Appropriate  calculations  must  be  made  to  extract  tube  movement.  With  Ei  through  E6  as  tne 
eddy  probe  responses,  the  equciions  for  center  line  motion  and  OD  expansion  are: 


lil’Z,, 

HRZ,„ 

VRT,, 


=  (E4  +  E'.5)/L  C)D  expansion  at  2.5  calibers 
"  (E2  +  E3)/2  t 'D  expansion  at  5.0  cahbers 
-  (K5  Fv4),''2  Hor»/X)ntal  motion  at  2.5  calibers 

=  (E3  -  112), 0.  Horizontal  motion  at  5.0  calibers 
=  (El  -  EXP4)  Vertical  motion  ai  6  inches 
=  (E6  -  EXPjj)  Vertical  motion  al  12  inches 
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60mm  GUN  TUBES:  BORE  PROFILES 


TEST  TUBE  #2 
<:»4TBU£  KVWTION 


TEST  TUBE  #3 


C0<TBtJN)=.  nCMnON  (MtU-NCHEg 


MO«ZaNT>^L  RIGHT 

- 1 - 1 - 1 - 1 - 1 - 1 

0  2S  GO  7S  100  12S  ISO 

AWL  LOOnOn  HFT  (INC) 


Figure  2.  60-mm  Test  Guns:  Comparison  of  Bore  Profiles. 

Figure  3  contains  the  raw  data  for  one  particular  eddy  probe  signal  and  its  assumed  response  after 
filtering  with  a  lOOO-Hertz  low  pass  filter. 

To  locate  the  projectile  with  respect  to  the  muzzle,  a  radar  emitting  and  receiving  unit  located 
along  the  side  of  the  gun  directs  its  beam  at  a  foil-lined  foam  sacrificial  target  that  is  8.5  calibers  in  front 
of  the  muzzle,  llie  emitted  wave  is  reflected  from  this  target  towards  the  face  of  the  projectile  travelling 
through  the  bore.  As  the  projectile  accelerates,  the  frequencies  of  the  returning  waves  are  recorded. 

These  frequencies  vary  in  direct  proportion  to  the  projectile’s  velocity.  By  performing  Fast  Fourier 
Transforms  (FTT)  at  discrete  time  intervals  and  plotting  the  results  as  a  function  of  time,  a  response 
proportional  to  the  projectile  velocity  can  be  reproduced.  The  results  for  a  particular  round  are  indicated 
as  a  waterfall  plot  in  Figure  4.  The  dominant  frequencies  at  each  time  interval  when  multiplied  by  the 
appropriate  scale  factor  (1  cm/sec  per  Hertz)  yield  (he  project'le’  peed.  This  information  is  then 
integrated  to  locate  the  projectile  with  respect  to  the  mu/zJe. 

lire  basic  parameter  of  the  test  was  the  effect  of  curvature  on  muzzJe  motion.  Since  gravity 
produces  additional  curvature,  orientation  of  the  static  profile  with  re.spect  to  gravity  was  a  test  parameter 
leading  to  the  schedule  of  rounds  shown  in  t  able  1. 
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Figure  3.  Round  #23;  Raw  Voltage  Eddy  #4  Probe. 


60mm  FIRING  TEST:  ESTIMATE  of 
projectile  VELOCITY 
(WATERFALL  PLOT) 


TIMf  (miMi-»ecs) 

I'igurc  4.  Round  #23:  Watcilall  Plot  Projectile  Velocity. 
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As  shown  in  the  table,  this  portion  of  the  test  was  conducted  over  many  months.  This  was  due  to 
the  amount  of  time  needed  for  a  precision  setup  before  each  shot  and  the  subsequent  data  reduction.  A 
number  of  additional  rounds  were  fired  to  establish  consistency  of  the  ballistic  response  and  integrity  of 
the  recorded  data.  Approximately  128,000  data  points  were  generated  for  each  shot. 


Table  1.  Firing  Schedule  for  60-mni  Tubes  #2  and  #3 


Round  Number 

Date 

Tube  Number 

Profile  Orientation 

22 

10-04-90 

2 

12:00 

23 

10-10-90 

24 

10-12-90 

2 

09:00 

25 

10-16-90 

.26 

10-18-90 

2 

06:00 

27 

10-23-90 

28 

10-25-90 

2 

03:00 

29 

10-26-9(.> 

30 

01-08-90 

3 

12:00 

31 

01-14-90 

32 

02- 12-91 

3 

09:00 

33 

02-20-90 

34 

02-26-91 

3 

06:00 

35 

02-28-91 

36 

03-05-91 

3 

03:00 

37 

03-12-91 

DETAILS  OF  SIMULATION  MODEL 


Ihe  simulation  package  chosen  for  this  analysis  was  Benet  l  aboratories’  (  Inn  Vibration  Model 
(Uniform  Segments  Method),  basicallv,  it  is  a  tiioda'  aualysis  technique  in  which  the  gun-btam  is 
segmented  into  a  number  of  uniform  cross  sections.  I  he  liuiei-Bernoulli  beam  equation  for  a  free-free 
boundary  condition  is  applied  to  each  segment.  .Acioss  segment  berundaries  continuity  of  displacement, 
slope,  moment,  and  shear  are  invoked.  uhs  in  a  set  of  simultaneous  equations  relating  the 

geometry  and  material  properties  to  the  di.splacemeiit  coefficients  and  mode  shape  frequencies.  The  total 
number  of  equatioics  is  four  times  the  number  of  uniform  segments  ;huse,n.  I'his  system  of  equations  is 
set  up  in  matrix  form  and  used  for  continuing  anaiy.ses.  Setting  the  determinam  to  zero  and  solving  the 
resulting  .algebraic  equations  yields  the  mode  shape  frequencies.  By  soN'ing  the  linear  system  at  each 
frequency  calculated,  the  moiie  shape  coefficients  are  founil.  Standard  nunieiical  techniques  are  used  for 
these  calculations  ami  tor  the  time  stepping  integrations  that  loil  tw. 

Ihete  an  three  area.s  of  concern  in  devek  ping  a  guii  model  for  use  by  the  Uniform  Segments 
Method  (LISMg  The  Sirs',  requires  that  the  modal  parameters  of  the  model  acci'rately  represent  the 
modal  parrtmerers  ol  the  component.  Senmdty.  since  Irore  curwriun'  is  Ihe  irratn  driving  lunction  in  this 
e?UTcise,  air  accurate  turrctional  representaiiiin  ol  it  is  itiiperalive  l  ire  third  regards  numerical 
crmvcrgence  when  using  modal  analysis  techniques  tor  vibration  modellu'.g.  .A  minii.iurii  number  of  mode 
shai'ies  artist  Ire  selected  to  establish  model  convergence  betore  atic  'cliabie  calculations  can  bi-  made.  In 
this  section,  the  alxive  three  rnncerns  are  addre.ssed. 
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Establishment  of  Modal  Parameters 


To  model  a  gun-beam  undergoing  forced  vibration  using  the  USM,  an  accurate  representation  of 
the  natural  frequencies  and  mode  shapes  of  the  hare  tube  are  required.  Control  of  these  modal 
parameters  is  accomplished  by  segment  definition,  'fhis  entails  the  selection  of  the  boundary  locations, 
normalized  vcight,  and  bending  resistance  of  each  segment  such  that  the  free  vibratiois  frequencies  and 
mode  shapes  of  the  entire  model  accurately  mimic  the  component.  The  geometry  of  the  tube  and  its 
USM  representation  are  shown  in  Figure  5. 

tIOmm  TEST  GUN  TUBE 
OOMfPARISON  of  FREQUENOY  ESTIMATES 


5.40"  DIAM 


FEM  MODEL  72  ELEMENTS 


3.00"  DIAM 


USM  MODEL:  3  SEGMENTS 


FEM  26.3  80.1  176.0  311.5  469.8  623.6 
USM  26.4  83.1  187.4  329.5  478.2  656.4 


Figure  5.  60-mm  Guns;  Geometric  Comparisons. 


In  the  abserce  of  experimental  results,  a  finite  element  method  (ABAQUS)  vas  used  to  provide  a 
comparative  set  of  nurJal  parameters.  The  ABAQUS  model  employed  a  total  of  72  prismatic  beam 
elements  containing  two  nodes  (total  degrees  of  freedom  (dot)  was  144),  whereas  the  USM  model  has 
three  segments  that  were  chosen  such  that  total  beam  weight  was  preserved,  lire  first  six  natural  bending 
frequencies  are  shown  in  Figure  6.  Frequencies  match  very  well  with  at  most  a  .5.3  percent  difference  in 
the  third  mode. 


Sensitivity  of  Functional  Fit  of  BoiTe  Profile 

The  primary  loads  applied  during  the  60-mm  test,  which  are  to  be  modelled  in  this  investigation, 
arc  proportional  !o  bore  curvature,  which  is  a  function  of  the  second  spatial  derivative  of  the  profile. 
Since  bore  curvature  is  to  be  derived  from  the  measured  profile  by  a  numerical  differencing  technique,  a 
precise  funciional  representation  is  required  for  accurate  modelling  of  the  related  loads.  A  module  is 
available  in  the  USM  software  whereby  gravity  droop,  which  is  determined  by  standard  equations  of 
mechanirc,  may  be  added  to  any  additional  initial  siraightness  deviation.  The  user  has  the  option  of 
selectinf’  the  type  of  functional  fit  to  represent  the  prcTile.  The  choices  are  a  set  of  cubic  spline 
polynomials  between  each  pair  of  data  points  or  an  Nth  order  polynomial  (up  to  N=iO)  ba.sed  upon  a 
least  square;;  fit  of  the  date. 
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eomm  TEST  GUN  TUBE 
COMPARISON  of  MODE  SHAPES 
USM  vs  FEM  MODELUNG 


Figure  6.  (SO-mm  Guns;  Mode  Shape  Companscns. 

To  indicate  the  sensitivity  cf  curvature,  a  modelling  experiment  was  performed  in  which  four 
different  polynomial  functions  (orders  2, 4, 6,8)  were  used  to  define  the  static  profile  of  tube  #2  oriented  in 
the  6  o’clock  position.  The  result  of  this  exercise  is  shown  in  Figure  7,  where  the  transs’erse  vibration  of 
the  muzzle  in  the  vertical  direction  is  shown  as  a  function  of  projectile  position  in-bore.  The  four  plots 
represent  the  response  to  the  four  di.lferent  profile  functions.  As  indicated,  the  displacement  is  locally 
sensitive  to  the  polynomial  order,  however,  the  overall  shape  is  not.  Since  a  high  level  of  accuracy  is 
needec^  to  estimate  muzzle  motions  during  projectile  approach,  it  is  imperative  that  the  bore  profile  from 
which  curvature  is  derived  be  represented  as  accurately  as  possible. 

Since  the  static  profile  is  based  upca  measurements  containing  systematic  errors,  a  statistic.al 
method  [8]  to  evaluate  the  goodness  of  fit  is  used  to  lest  competing  polynomials  used  io  represent  bore 
profiles.  Basically,  a  stati.stic  called  chi-squared  is  calculated  at  each  measurement  point.  Its  value  is  the 
square  of  the  deviation  between  the  measured  and  estimated  value  divided  by  the  square  of  the 
measurement  error  in  the  dependent  variable.  All  calculations  are  summed  and  compared  to  the  dof, 
which  is  the  cumber  of  test  points  minu.s  the  order  of  estimating  polynomial.  If  both  the  summation  and 
the  dof  are  approximately  equal,  then  the  fit  is  good.  If  the  dof  is  much  greatei  than  the  summation,  then 
the  fit  is  tw  restrictive,  and  "ice  versa  when  the  dof  is  much  less  than  the  summation. 
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60mm  TEST  GUN  TUBE  #2 
COMPARISON  of  DISPLACEMENT  vs  PROFILE 
VARIOUS  FUNCTIONAL  LEAST  SQUARE  FITS 


DISPLACEMENT  AT  MUZZLE  (INCHES)  X  lO'^S 


PROJECTILE  LOCATION  FROM  MUZZLE  (INS) 

Figure  7.  Dynamic  Response  to  Profile  Order. 

For  the  given  accuracy  of  the  inspection  data  and  the  statistical  approach  used  to  estimate  the 
vahdity  of  a  Gt,  a  fourth  order  polynomial  proved  to  be  the  best  for  each  tube  in  both  vertical  and 
horizontal  directions.  QuadraGc  curvature  will  result  when  these  functions  are  twice  djifferenGate.d,  thus 
yielding  a  spatially  varying  driving  function  for  projectileAube  interactive  loads. 

COMPARISON  OF  TESTING  AND  MODELLING  RESULTS 

A  series  of  computer  runs  were  made  to  simulate  the  lest  conditions.  Due  to  the  consistency  of 
ballistic  pressure  and  projectile  travel  realized  during  the  test,  a  common  ballistic  driving  load  was  used  for 
all  runs,  lliis  removed  the  burden  of  establishing  the  ballistic  drb'ing  loads  from  the  individual  test 
records. 


Four  of  the  nine  resident  load  functions  were  used.  They  were  the  curvaiur e-dependent  loads 
(i.c-,  projectile  path  and  pressure  curvature),  the  support  reaction  load,  and  the  breech  inertia  load.  The 
recoil  inertia  load  was  not  included  due  to  the  nature  of  the  su^  port  system.  LJnlike  a  amvenlionally 
mounted  cannon  that  recoils  over  a  fixed  slide  surface,  the  reaction  provided  by  the  pendulum-type  i:able 
support  does  not  drive  the  gun  in  the  same  manner.  With  this  support,  the  entire  gun  recoils  as  a  rigid 
body  without  exciting  aay  of  the  transverse  modes. 
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Trat  VEotioas  at  the  Muzzle 

.  urmg  the  initial  phase  of  ihe  simulations,  it  was  determined  that  the  response  level  due  to  the 
projectile  path  load  dominated  all  others.  The  results  heuristically  establish  the  effect  upon  muzzle  motion 
of :  f^^ed  mass  projectile  travelling  along  a  curved  path  in  a  ballistically  typical  fashicn.  To  this  end  the 
dynamic  results  (both  model  and  test)  are  presented  along  with  the  main  scaling  factor--the  spatially 
varying  bore  curvature.  This  function  scales  directly  in  magnitude  and  inversely  m  direction  the  product  of 
the  projectile  weight  and  the  square  of  the  speed.  This  is  a  point  load  ‘hat  traveLs  with  the  projectile.  In 
the  remainder  of  this  section,  comparisons  between  the  modelling  and  test  results  are  discussed.  Each  of 
the  figures  that  follow  contain  the  curvature  and  displacement  results  for  diametrically  opposing  bore 
profile  orientations  for  a  given  gun  tube.  The  graphs  on  the  left  present  the  cur^^'^^ure  function  along  the 
axial  coordinate  of  the  tube,  whereas  the  graphs  on  the  right  present  the  muzzle  displacement  results  for 
both  the  test  data  and  model. 

Tube:  #2;  Direction:  Vertical;  Profile  Orientation:  12  ik  6  O’Ctock 

Results  for  these  conditions  are  found  in  Figure  8.  In  the  vertical  plane  there  are  two 
contributions  to  bore  curvature.  ITie  first  is  a  result  of  gravity  Jioop,  v»  iiicii  loi  iLis  particular  gun  tube 
contributes  approximately  -21  micro-inches  *.  Added  to  this  is  the  static  curvature,  which  for  gun  tube  #2 
in  this  plane  varies  monotonicaliy  from  0  at  the  breech  end  to  50  micro-inches  '  at  the  muzzle.  The 
combined  effect  at  the  12  o’clock  orientation  is  shown  on  the  upj>er  left  graph,  and  the  effect  for  the  6 
o’clock  orientation  is  shown  on  the  lower  left  graph  in  Figure  10.  The  displacement  responses  are  shown 
on  the  right. 

At  the  12  o’clock  position,  the  predominant  motion  is  downward  for  the  in-bore  duration  of 
projectile  travel.  When  the  projectile  reaches  the  muzzle,  however,  this  response  rate  increases  rapidly, 
and  upiou  exit,  vertical  motion  nearly  stops.  In  the  6  o’clock  position,  the  plane  of  curvature  is  reversed,  as 
is  the  response,  as  the  data  indicates.  By  comparing  the  records  at  12  o’clock  with  6  o’clock,  significant 
differences  in  vertical  response  are  noted.  Much  greater  vertical  motion  is  shown  at  the  6  o’clock 
orientation  than  at  12  o’clock.  At  6  o’ckKk  the  static  profile  is  additive  with  gravity  droop,  thus  presenting 
a  path  of  greater  curvature. 

For  both  orientations,  the  model  tracks  the  test  results  quite  well.  At  12  o’clock  the  muzzle 
moves  in  a  consistently  negative  direction  achieving  a  value  of  -0.005  inch  at  exit.  At  6  o’clock  a  sharp 
negative  change  in  displacement  occurs  at  a  projectile  location  of  -40  inches.  This  trend  continues 
achieving  a  value  of  -0.013  inch  at  a  projectile  lof^tion  of  -15  inches.  From  this  point,  displacement 
quickly  reverses  and  moves  in  a  positive  direction  as  the  projectile  passes.  A  timing  shift  of  approximately 
10  inches  is  indicated  between  the  test  data  in  the  6.00  orientation.  This  is  likely  due  to  the  experimental 
uncertainty  in  locating  the  projectile  with  respect  to  the  muzzle.  At  best  a  tolerance  band  of  ±  10  inches 
for  projectile  location  has  been  estimated. 
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60mm  COMPARISON  of  TEST  and  ANALYSIS 
nJBE  #2  CURVATURE  and  MUZZLE  DISPLACEMENT 
DIRECTION:  VERTICAL;  ORIENTATION;  12:00  &  6:00 
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Figure  8.  Gun  #2:  Muzzle  Displacement  Vertical  Direction  12  and  6  O’Clock. 

Tube:  #2;  Direction:  Vertical;  Profile  Orientation:  3  &  9  O’Clock 

Results  for  these  conditions  are  found  in  Figure  9.  When  the  TVCL  is  orientated  in  this  manner, 
the  total  vertical  curvature  follows  a  parabolic  path  mirrored  about  the  droop  value  of  -21  micro-inches  '. 
At  3  o’clock,  the  curvature  function  is  concave  downward  and  vice  versa  at  the  9  o’clock  orientation.  Data 
indicates  a  steady  downward  motion  as  the  projectile  approaches  and  maintains  this  displacement  after 
exit.  In  comparison,  the  responses  for  the  model  are  more  similar  at  these  orientations  mainly  due  to  the 
lower  overaU  curs'ature  along  the  bors,  but  as  before,  they  track  the  test  data  quite  well.  A  response  shift 
of  about  20  inches  is  noticeable  in  the  data  at  the  3  o’clock  orientation,  llie  shift  is  much  less  at  9 
o’clock. 


60mm  COMPARISON  of  TEST  and  ANALYSIS 
TUBE  #2  CURVATURE  and  MUZZLE  DISPLACEMENT 
DIRECTION:  VERTICAL;  ORIENTATION:  3:00  &  9:00 
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Figure  9.  Gun  #2:  Muzzle  Displacement  Vertical  Direction  3  and  9  O’Clock. 

Tube:  #2;  Direction:  Horizontal;  Profile  Orientation:  12  &  6  O’clock 

Results  for  these  conditions  are  found  in  Figure  10.  In  this  plane  the  curvature  function  lacks  the 
droop  ajmponent.  The  shape  is  still  parabolic.  However,  it  is  shifted  much  closer  to  the  axis.  The  overall 
effect  of  this  shift  is  to  present  a  scaling  factor  of  lower  magnitude  that  reverses  in  direction  during 
projectile  excursion.  The  responses  of  the  model  and  the  data  are  much  lower  relative  to  any  of  the 
previous  conditions.  At  the  12  o’clock  orientation,  the  muzzle  moves  slightly  to  the  right  during  projectiie 
approach,  then  reverses  direction  and  moves  left  at  exit  and  beyond,  lire  data  response  shows  a  similar 
tendency,  although  it  is  somewhat  masked  by  noise.  At  the  6  o’clock  orientation,  both  data  and  ntode! 
responses  appear  to  be  mirror  images  of  those  at  the  12  o’clock  orientation.  The  data,  however,  shows  a 
20-inch  timing  shift  'ixetween  each  shot  which,  if  both  were  shifted,  would  produce  resptonses  that  are  more 
consistent. 
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SOmin  COMPARISOiN  wf  mSSTS"  ami  ANALYSIS 
'rust:  #2  CURVATyiftE  MUZZLE  OKSPLACEMENT 
DIRECTION:  HORfifONTAI^-  ORIENTAYJOIM:  12:00  ft  «;00 
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Figure  10.  Gun  #2;  Muzzle  DtKplacement  Horizontal  Direction  12  and  6  O’Clock. 

Tube:  #2;  Direction:  Horizontal;  P’nvfite  Oriewlation:  3_i^9  O’Cloxrk 

Results  for  these  conditions  are  found  in  Figure  11.  Ilu  cuiv’ature  functior  presented  at  these 
orientations  begins  at  a  zero  value  at  the  breech,  monoionicaily  increases  to  -fSCi  miao-inches '  at  the  3 
o’clock  orientation,  and  decreases  to  -.SO  micro- inciies  '  at  9  o'clock.  Due  to  the  characteristic  of  this 
function,  the  model  is  driven  in  a  consistent  direction  with  an  increasing  scale  facior  as  the  speed  of  the 
projectile  increases  and  approaches  the  muzzle.  A  significant  disn.\rbance  is  indicated  al  projectile 
approach  and  passage.  Model  responses  at  the  two  orientations  arc  again  mirror  images  of  each  other. 
Data  responses  show  similar  tendencies  with  a  timing  shift  quite  evident  at  s  he  3  o’clock  orienlaiion. 
Greater  disturbance  values  in  the  data  are  indicated  at  the  9  o  ckKd.  oriental  ion. 


263 


GAST 


Figure  il.  Gun  #2:  Muzzle  DisplacemcHl  Horizontal  Direction  3  and  9  O’clock. 

Ttiihe:  #3;  Direction:  Vertical;  Profile  Orientetion:  12  &  6  O’Ciock 

Results  for  these  conditions  are  found  in  Figure  12.  The  staiic  curvaii;  e  func  ion  for  tube  #3  is 
quite  d.vfferent  from  tube  #2  As  previously  shown,  very  little  profile  deviation  exists  for  tube  #3  in  either 
directioB,  therv'tfore,  its  static  curvature  function  is  orders  of  magnitude  less  than  lube  #2.  Less  than  1 
micro  inch  '  deviation  exists  over  the  entire  length  of  tube  #3  in  either  direction.  In  the  \'ertical  direct  ion, 
therefore,  gravity  droop  dominates  overall  curvature.  With  a  value  of  -21  micro-inches the  difference 
from  12  to  6  o’clock  is  very  slight.  Shot-to-shot  repeatability  in  the  data  at  a  given  orientation  is 
demonstrated.  Moreover,  the  tcspon.st  does  not.  change  drainaticafly  as  the  orientatiou  i.s  changed. 
Basically,  the  tnuzzJe  rise.s  slightly  at  initiation  of  projectile  travel,  then  falls  as  the  projectile  approaches. 

At  pa.s.sage  the  motion  reverse.^  itself  and  moves  upward.  Ibe  differences  in  model  responses  are  also 
slight.  Very  little  change  in  resp<.>nse  s.nape  can  be  observed  when  the  two  orientations  are  compared. 
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60mm  COMPARISON  of  TEST  and  ANALYSIS 
njBE  #3  CURVATURE  and  MUZZLE  DISPLACEMENT 
I  Ot  SECTION:  VERTICAL;  ORIENTATION:  12:00  &  6:00 


Tube:  #3;  DirM'tion:  V  -i  'caljJ  otile  OntnUition:  3  &  9  O’Clock 


Resulis  ftir  the:-  ndiin,  li  t  arc  foiiDti  mi  I  icure  13.  Fot  hese  orientations,  the  results  are  the 
same  as  those  for  tin  1,  uii  6  o’eiui  k  oiiciu.  irons,  Ciravity  drooj  donoinates  total  curvature,  and  tne 
me  del  and  dai.  resf.  aise  tw  the  s  imi'  tciiweneies 


I 

I 

I 
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Figure  13.  Gun  #3:  Muzzle  Displacement  Vertical  Direction  3  and  9  O’Clock. 

Tube:  #3;  Direction:  Horizontal;  Profile  Orientation:  12  &  6  O'Clock 

Results  for  these  conditio  s  le  found  in  Figure  14  In  the  horizontil  direciiou  at  these 
orientations,  a  curvature  value  of  U  nucro-inch  '  at  12  o’clock  and  U.7  micro-inch  '  at  6  o’clock  is 
indicated.  Tnese  values  are  nearly  tv. o  orders  of  magnitude  less  than  the  droop  value  in  the  vertical 
direction.  The  model  and  data  responses  are  very  slight  but  comparable. 
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Figure  14.  Gun  #.3:  Muzzle  Displacement  Horizontal  Direction  12  and  6  O’Clock. 

Tulle:  #3;  Direction:  Horizontal'  Profile  Orientation:  3  &  9  O’Clock 

Results  for  these  conditions  are  tound  in  Figure  15.  In  the  horizont.tl  direction  at  these 
orientations,  a  curvature  value  of  -0.3  micro- inch  ‘  at  3  o’clock  and  -1-0.3  ni'cro  inch '  at  9  o’clock  is 
indicated.  These  values  are  even  less  than  those  at  12  and  6  o’clock.  The  mo.tf  i  .siTid  usf;:»  responses  are 
again  very  sight. 
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60mm  COMPARISON  of ^  and  ANALYSIS 
TUBE  #3  CURVATURE  and  MUZZLE  DISPLACEMENT 
DIRECTION:  HORIZONTAL;  ORIENTATION:  3:00  &  9:00 
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Figure  15.  Gun  #3;  Mu^iJe  Displacement  Horizontal  Direction  3  and  9  O’Clock. 
Point  Values  at  Exit 


A  succinct  method  ol  data  reporting,  which  highlights  the  overall  dependency  of  profile  curvature 
and  orientation  (  a  muzzle  motions  and  exit  conditions,  is  shown  in  Figures  16  and  17  lu  these  figures, 
point  values  at  projectile  exit  for  experimental  data  and  modelling  results  for  muzzle  displacements  and 
exit  vectors  are  contained  within  elliptical  envelopes  in  which  the  boundaiies  enclose  the  values  reported 
at  the  four  TVC  L  orientations. 

Displacen'ient  results  are  reported  in  Figure  l6.  'Die  area  enclosed  by  the  elhpses  indicates  the 
amount  of  sensitivity  the  gun  has  upon  orientation  of  its  bote  curv'ature.  As  seen,  the  data  envelope  for 
tube  #2  is  rather  large  compared  to  its  counterpart  for  tube  #3.  'Die  enck)sure  for  tube  #2  is  roughly 
0.007  inch  horizontal  by  0.(X)6  inch  vertical,  whereas  for  tube  #3  the  boundaries  are  0.003  inch  by  0.004 
inch,  respectively.  ITiis  indicates  that  tube  #2  is  more  sensitive  to  orientat  ion  of  its  bore  profile  than  tube 
#3.  Modelling  results  shu'.v  the  same  trend  because  the  enclosed  area  for  tube  ¥2  is  alxiut  0.003  inch  in 
both  directions  and  for  tube  #3  it  is  about  O.tXll  inch.  However,  when  the  test  and  model  are  compared, 
this  st.nsitiviiv  is  not  as  pronounced.  Ilie  model’s  area  for  tube  #2  is  alxrut  one-lhiid  as  large  and 
completely  eiKlosed  within  the  data  for  tube  #2.  I-'or  tul>e  #3,  ’he  ratio  is  less. 
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EXIF  CONDITIONS  for  60mm  TEST  and  MODEL 
MU2ZLE  DISPL4CEMEN1  ENVELOPES 


GUN  TUBE  #2 


GUN  TUBE  #3 


HQHXmDGFL  NMdt 

Figure  16.  Point  values  ^  Ejiit:  Muzzle  Displacements. 


Ilje  exit  vector  is  a  calculated  number.  Its  value  is  the  sum  of  the  muzzle’s  slope  and  transverse 
velocity  divided  by  the  projectile  velocity  at  exit.  It  is  essentially  a  measure  of  the  initial  direction  that  the 
tube  imparts  upon  an  exiting  projectile.  For  the  data,  it  is  essentially  a  second  order  calculation  in  that 
neither  the  velocity  nor  the  slope  are  measured  directly.  Velocity  is  derived  by  differentiating 
displacement,  and  slope  is  estimated  as  the  secant  angle  between  the  two  repC)rting  stations  near  the 
muzzle.  In  the  model  this  value  is  calculated  directly  from  the  muzzle  motions. 


The  data  and  modelling  results  for  this  parameter  are  shown  m  Figure  17.  T  he  data  indicates  that 
the  response  for  tube  #2  is  biased  in  the  vertical  direction.  ITie  vertical  length  is  0.7.*i  milliradians  (mr) 
and  the  horizontal  is  0..*!  mr.  For  tube  #3,  the  enclosure  is  nearly  circular  with  a  diameter  of  0.6  mr.  The 
sensitivity  between  a  curved  and  straight  profile  is  not  well  established  for  the  test  results.  The  enclosed 
area  for  tube  #2  is  slightly  greater  than  for  tube  #3  and  roughly  centered  at  the  same  IcKation.  For  the 
model,  the  results  show  that  tube  #2  should  have  much  greater  sensitivity  than  tube  #3,  as  indicated  by 
the  respective  enclosed  areas.  Ihe  center  of  each  enclosure  is  at  the  same  location,  however,  the  radii  for 
tube  #2  is  much  greater  than  for  tube  #3. 
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EXIT  CONDITIONS  for  SOmm  TEST  and  MODEL 
MUZZyc  EXIT  VECTOR  ENVELOPES 


ajN  TUBE  f  2 


HOffiOmL  VECTOR 
GUN  TUBE  #3 


HCHaON  W.  WCIOR  »r»<Klnt 


F'igure  17.  Point  values  (&  Fait:  Fjiit  Vector. 

RECOMMENDAllONS  AND  CONCLUSIONS 

There  were  two  reasons  for  conducting  the  test  and  simulation  modelling  re})orted  herein,  lire 
first  was  to  determine  if  the  mugmitude  and  orientation  of  the  static  curvature  of  a  gun  influences  motions 
at  the  muzzle  during  projectile  acceleration.  The  second  was  to  verify  a  computer  simulation  model 
developed  at  Benet  Laboratories. 

In  re  gard  to  the  former,  the  data  clearly  demonstrates  the  existence  of  a  relation.ship  between  lxire 
profile  and  the  kinematic  stale  of  the  muz/Je  during  projectile  acceleration  in  (he  absence  i  f  all  other 
known  load.s.  Moreover,  the  magnitude  and  orientation  of  the  spatially  cim'cd  bore  c  enter  'ine  alters  the 
pointing  anide  of  the  muzzle  at  projectile  exit,  directly  influencing  the  accuracy  of  the  .shot.  Ihe  muzzie  of 
a  relatively  straight  tube  is  much  ’cjuietcr’  than  that  which  is  not  stiaight. 

Iht  model  tracked  the  lest  results,  but  it  is  quite  sensitive  To  the  analytical  vepreseniation  of  the 
profile.  In  order  to  achieve  this  level  of  similarity,  great  care  micst  be  taken  in  both  prolile  measuremem 
and  its  ref;rcscnta'ion  in  the  simulations.  To  this  end,  a  statistical  approach  based  upon  the  number  of 
data  points  and  the  precision  of  their  measurement  wa.:;  used  to  deteri.bne  the  ’fsesi’  functional  fit,  Since 
it  is  the  second  derivative  that  affects  the  response  and  not  the  aetaa*  ^uofile,  one  may  appieciate  the  care 
exercised  in  this  area. 
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As  a  result  of  conducting  this  test,  a  great  deal  o'"  experimental  information  now  exists  regarding 
not  only  gun  dynamics  but  ballistics  in  general.  Specific  to  g\in  dynamics,  information  regarding  the 
kinematic  response  of  the  muz7Je  end  is  such  that  detailed  predictions  inherent  to  most  computer  models 
can  be  compared  with  actual  data.  This  link  has  been  sorely  lacking  in  previous  tests  conducted  on 
production  weapons  in  a  field  environment  where  ’background  noise’  often  infiltrated  test  parameters  and 
corrupted  results.  The  data  generated  from  this  test  should  be  well  suited  for  comparison  with  the 
predictive  gun  dynamics  computer  model  developed  at  Benet.  Both  ballistic  and  dynamic  consistenvy 
existed  among  similarly  conditioned  shots.  ITiis  leads  one  to  place  a  great  deal  of  faith  upon  the  te.st  data 
and  its  use  for  model  verification. 

The  rewards  are  immense  in  regard  to  analytically  predicting  shot  accuracy.  The  first  regards 
sustaining  crew  survival.  For  example,  in  a  tank  application,  the  probability  of  firing  a  second  shot  after  a 
first  round  miss  is  very  small.  Most  likely  the  return  fire  will  defeat  the  attacking  tank.  In  artillery 
applications,  a  first  round  kill  is  not  as  important,  however,  efficiency  of  operation  and  preservation  of 
ammunition  would  certainly  benefit  if  the  initial  shots  of  a  firing  mission  were  more  accurate.  The  second 
benefit  involves  the  concept  of  ’fleet  zero’  currently  being  studied  for  tank  weapons.  The  knowledge  of  a 
tube’s  dynamic  characteristics  and  its  impact  upon  accuracy  without  the  use  of  live  firing  would  most 
definitely  preserve  ammunition.  The  results  reported  herein  e.stablish  the  worth  of  Benet  Laboratories’ 
Gun  Vibration  Model  and  its  predictive  capabilities  in  regard  to  modelling  gun  motion  as  a  function  of  the 
magnitude  and  orientation  of  the  bore’s  profile. 
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THERMAL  DISTORTION  DUE  TO  WALL  THICKNESS  VARIATION 
AND  UNEVEN  COOLING  IN  AN  M256  120-MM  GUN  BARREL 

Mark  L.  Bundy*,  Nathari  Gerber  and  James  W.  Bradley 

Aerodynamics  Branch.  Propulsion  and  Flight  Division 
U.S.  Army  Research  Laboratorj'' 

Aberdeen  Proving  Ground,  MD  21005 


1.  INTRODUCTION 

High  temperature  propellant  gas  transfers  heat  to  the  barrel  on  every 
shot,  If  one  side  of  the  barrel  has  a  slightly  thicker  wall  than  tlie  other  side, 
then  the  firing  heat  input  will  cause  a  greater  change  in  temperature  on  the 
thin-walled  side.  This  will  produce  a  cross-barrel  temperature  difference, 
CBTD,  which  will  create  a  non-uniform  thermal  expansion,  and  thereby  bend 
tlie  barrel  away  from  the  liigh  temperature  side. 

Gerber  and  Bundy  [1|  computed  the  effect  of  wall  tliickness  variation  on 
CBTD  in  the  120  mm  M258  gun.  Their  numerical  model  uses  as  input:  the 
propellant  temperature  for  a  given  120-mm  round  type  (e.g.,  DM13.  M829, 
etc.),  obtained  from  the  NOVA  code  [2);  and  tlie  convection  coefficient,  obtained 
from  the  Veritay  code  [3,4],  which  utilizes  die  method  of  Stratford  and  Beavers 
(5].  The  CBl'D  model  wiL  compute  a  non-zero  temperature  difference  acioss 
the  barrel  at  any  point  where  the  wail  thickness  is  not  uniform  (a  symmetric 
chrome  layer  is  assumed). 

When  the  firing  heat  input  reaches  the  f  •  '  er  wall  of  tlie  barrel,  it  will 
begin  to  transfer  heat  to  tlie  surrounding  air.  uce  heated  air  rises  in  the 
earth's  gravitational  field,  the  hot  air  rising  past  the  top  of  the  bairel  will 
remove  less  heat  than  the  ambient  temperature  air  moving  past  the  bottom. 
And  thus,  a  positive  top-minus-bottom  CBTi:)  is  established.  Bundy  (6|  has 
recorded  (plotted)  CBTDs  versus  above-ambient  barrel  temperature  at  several 
locations  along  the  bore.  In  addition,  he  has  formulated  a  thermoelastic  model 
that  predicts  barrel  bend  for  any  specified  distribution  of  CBDTs  along  the 
barrel. 


We  will  use  tfie  above  two  models,  and  reference  data,  to  predict  barrel 
bend  due  to  CBDTs  caused  by  wall  thickness  variation  and  uneven  tx/oling  for 
five  rounds  (DM13  kmetic  energy  penetrators)  fired  through  a  particular  barrel 
(serial  number  4251).  We  will  compute  the  total  muzzle  angle  change  due  to 
the  combined  CB'lTi  effects  after  each  shot  and  compare  the  predictions  with 
measurements. 
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2.  INPUT  DATA: 


A  representative  plot  of  the  propellant  gas  temperature,  Tg,  and  , 
convection  coefficient,  hg,  for  the  DM13  round  at  two  locations,  z=2.85  m  and 
z=4.45  m  from  the  breech,  is  shown  in  Figures  1  and  2,  respectively. 


Figure  1,  Propellant  Gas  Temperature  versus  Time,  at  z=2.85  m  and 
z=:4.4  3  in  from  the  Breech.  Computed  from  the  NOVA  code 


Figure  2.  Heat  Transfer  Convection  Coefficient,  at  z=2.85  m  and 

2=4,45  m  from  the  Breech.  Computed  from  the  Veritav  Code 
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It  is  standard  procedure  at  tlie  time  of  manufacture  to  measure  tfie  inner 
and  outer  barrel  radii  at  four  positions  around  the  bore  (every  90  degrees),  at 
numerous  axial  locations.  Thus,  wall  thickness  variation  can  be  determined 
from  these  measurements.  We  will  model  wall  thickness  variation  at  a  point 
along  the  bore  axis  by  assuming  that  a  plane,  normal  to  the  bore  axis,  will 
intersect  the  inner  and  outer  walls  of  the  barrel  in  two  circles.  The  inner  circle 
will  have  a  radius  Ri  and  the  outer  circle  will  have  a  radius  Rq.  Where  there  is 
wall  thickness  variation,  the  two  circles  will  not  be  concentric.  Viewed  from  the 
breech,  we  can  describe  the  outer  circle  as  displaced  a  distance  e  at  an  angle  9 
relative  to  the  origin  and  gunner's  right  of  the  inner  circle,  see  Figure  3. 

A  listing  of  Ri  ,  Ro  ,  e,  and  (p  for  the  M256  gun  barrel,  serial  number  4251 
(manufactured  in  1987),  is  given  in  Table  1.  Since  the  barrel  is  relatively  thick 
and  the  e's  are  relatively  small  over  that  portion  of  the  tube  which  lies  within 
the  recoil  cradle  (roughly  the  first  two  meters  from  the  breech),  we  have 
assumed,  a  priori,  that  the  majority  ot  the  thermal  distortion  due  to  wall 
thickness  variation  will  originate  from  the  region  outside  the  cradle.  Therefore, 

we  have  only  specified  values  in  Table  1  for  Ri,  Ro  ,  e,  and  cp  over  that  portion  of 
the  barrel  which  extends  beyond  the  recoil  cradle. 

The  maximum  value  of  e  for  serial  number  4251  is  0.13  mm,  which 

corresponds  to  a  maximum  wall  thickness  variation  of  2e  =  0.26  mm.  The 
maximum  acceptable  wall  thickness  variation  for  any  M256  barrels  is  1.5  mm 
(outside  the  chamber),  which  is  almost  six  times  larger  than  that  of  serial 
number  4251.  Nevertheless,  it  is  typical  of  barrels  produced  in  recent  years  to 
have  their  maximum  wall  thickness  variation  sever^  times  smaller  than  the 
maximum  allowed. 


Table  1.  Geometry  for  M256  Gun  Barrel,  Serial  Number  4251 


Distance,  z, 
from  Breech 
(m) 

Ri  (mm) 

Ro  (mm) 

e  (mm) 

5.24 

60 

77.1 

0.080 

5.09 

60 

77.2 

0.075 

5.02 

60 

80.9 

0.065 

4.45 

60 

82.7 

0.100 

3.95 

60 

85.4 

0.056 

3.45 

60 

109.1 

0.027 

2.85 

60 

109.1 

0.125 

2.35 

60 

103.0 

0.130 

tp  (deg) 


-128 


-79 


-90 


-108 


-63 


58 


+81 


+61 


3.  CBTD  COMPUTATIONS 


3.1  Wall  Thickness  Variation 

Given  the  wall  thickness  variation  described  in  Table  1,  the  model  of 
Gerber  and  Bundy  is  used  to  calculate  top-minus- bottom  and  left-minus-right 
CBDTs  that  result  from  propellant  gas  heating  of  the  asymmetric  barrel.  For 
example,  Figure  4  plots  the  CBTD  history  at  the  z=5.02  m  location.  From  Table 
1  and  Figure  3.  we  can  deduce  that  the  bottom  the  barrel  is  thicker  than  the 

top  at  z=5.02  m  from  the  breech  ((p  =  -90°);  thus,  we  would  expect  the  top- 
minus-bottom  temperature  difference  to  be  positive,  as  predicted  in  Figure  4. 
Also,  since  the  origins  of  the  inner  and  outer  wall  radii  are  both  aligned  in  the 
vertical  plane  at  z=5.02  m,  there  should  be  no  wall  thickiiess  variation,  and 
hence  no  CBTD,  in  the  horizontal  plane,  which  is  also  shown  to  be  the  case  in 
Figure  4. 

For  later  comparison  with  experiment,  we  will  tabulate  the  CBTD  roughly 
one  minute  after  firing  each  of  the  five  rounds.  Tliese  values  are  listed  in  Table 
2,  witli  the  left-minus-right  temperature  difference  denoted  CBTDx,  and  top- 
minus-bottom  temperature  difference  denoted  CBTDy. 


Table  2.  Predicted  CBTDs  in  the  Horizontal  and  Vertical  Planes  Due  to 
Wall  Thickness  Variation 


Distance,  z, 
from  Breech 
(m) 

CBTDx  One  Minute  After  Firing 
Round  Number  (°C) 

CBTDy  One  Minute  After 
Firing  Round  Number  (°C) 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

5.24 

o 

1 

-.13 

-.16 

-.18 

-.19 

+.10 

+.16 

+.21 

+.23 

+.25 

5.09 

-t.03 

-»-.04l 

-^.05 

-f.06 

-f.06 

+.11 

+.19 

+.24 

+.27 

+.29 

5.02 

0.00 

0.00 

0.00 

0.00 

0.00 

+.07 

+.11 

+.15 

+.17 

+.19 

4.45 

-.02 

-.04 

-.05 

-.06 

-.07 

+.08 

+.13 

+.17 

+.19 

+.21 

3.95 

-s.Ol 

-I-.03 

-I-.03 

-(-.04 

-t-.04 

+.03 

+.05 

+.07 

+.08 

+.08 

3.45 

-.01 

-.01 

-.01 

-.01 

-.02 

0.00 

0.00 

+.01 

+.01 

+.01 

2.85 

0.00 

-t-.Ol 

-s.Ol 

-t-.Ol 

+.01 

-.03 

-.05 

-.07 

-.08 

-.09 

2.35 

-f-.02 

+.03 

-»-.04 

+.06 

-.04 

-.06 

-.07 

-.09 

-.10 

3.2  Uneven  Cooling 

To  estimate  the  top-minus-bottom  CBTD  due  to  uneven  cooling  one 
minute  after  firing  at  each  of  the  locations  in  Table  i ,  we  must  first  find  the 
average  above-ambient  barrel  temperature  at  each  of  these  locations  and  times. 
This  data  can  be  obtained,  and  is  displayed  in  Table  3,  from  the  same  Gerber 
and  Bundy  model  used  to  predict  the  CBTDs  due  to  wall-thickness  variation. 

As  aforementioned,  Bundy  [6]  has  measured  and  plotted  the  CBTDs  in 
the  vertical  plane  due  to  uneven  cooling  as  a  function  of  the  average  above¬ 
ambient  M256  barrel  temperature.  Using  this  reference  data,  we  can  estimate 
the  CBTDs  associated  with  the  temperatures  in  Table  3.  Since  the  data  in 
Bundy  is  not  given  at  the  same  locatioris  as  Table  3,  we  must  use  interpolation 
and  extrapolation  to  determine  the  CBTD  values  listed  here. 
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Figure  4.  Predicted  CBTDs  in  ttie  Horizontal  (Azimuthal)  and  Vertical 

(Elevation)  Plane  Due  to  Wall  Thickness  Variation  at  z=5.02  m 
from  the  Breech,  from  Gerber  and  Bundv  code 


Table  3.  Predicted  CBTDs  in  the  Vertical  Plane  Due  to  Uneven  Cooling 


Distance,  z, 
from  Breech 
(m) 

Average  Above -Ambient  Barrel 
Temperature  One  Minute  After 
Firing  Round  Number  (^C) 

CBTDy  One  Minute  Mter 
Firing  Round  Number  (°C) 

2 

3 

4 

5 

1 

2 

3 

4 

5 

5.24 

28 

40 

52 

64 

+  1.8 

+3.4 

+4.6 

+6.0 

+7.2 

5.09 

IS 

28 

40 

52 

64 

+  1.5 

+2.8 

+3.8 

+4.1 

+6.0 

5.02 

12 

22 

33 

43 

52 

+  1.4 

+3.7 

+5.4 

4.45 

10 

18 

26 

34 

42 

+.,30 

+.40 

+.55 

+.75 

+.90 

3.95 

8 

15 

22 

29 

35 

+.25 

+.35 

+.50 

+.65 

+.75 

3.45 

3 

7 

10 

13 

16 

+.16 

+.25 

+.53 

2.85 

4 

7 

m 

14 

18 

+.04 

+.08 

+.10 

+.13 

+.16 

2.35 

5 

9 

13 

17 

21 

0.00 

0.00 

+.01 

+.01 

+.02 

4.  BARREL  BEND 

The  predicted  barrel  bend  will  be  detemiined  using  the  model  described 
in  Bundy  [6j.  This  model  computes  the  barrel  bend  of  an  M256  cannon  due  to 
uneven  tfiermal  expansion  associated  with  a  given  set  of  CBTD  input  values.  It 
is  based  on  thermoelastic  theory  [7],  which  is  applicable  for  small  bends,  such 
as  the  case  here.  The  model  assumes  the  barrel  is  supported  at  0.36  m  and 
1.52  m  from  the  breech,  which  is  approximately  the  region  where  the  barrel  is 
upheld  in  the  M256  recoil  cradle.  The  change  in  elastic  modulus  with 
temperature  at  each  CBTD  location  can  be  included  in  the  barrel  bend 
calculations,  however.  Bundy  has  shovm  that  for  tank  gun  firings  this  has  an 
insignificant  effect. 

We  will  first  compute  thermal  distortion  due  to  wall  thickness  variation 
alone.  In  particular.  Figure  5  shows  the  predicted  change  in  horizontal  and 
vertical  muzzle  angle  due  to  the  CEITD  pairs  (CBTDx  and  CBTDy)  given  in  Table 
2.  In  general  the  muzzle  angle  is  predicted  to  move  down  and  to  the  gunner's 
right.  However,  the  angular  changes  are  extremely  small.  For  comparison,  we 
next  plot.  Figure  6,  the  predicted  change  in  muzzle  angle  due  to  uneven 
cooling,  from  tfie  CBTDy  values  in  Table  3.  It  can  be  seen  that  the  effect  of 
uneven  cooling  dwarfs  that  of  uneven  wall  tliickness  (for  this  particular  barrel, 
under  these  firing  conditions). 
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Vertical /Hevation  Plane  (mils)  Verlical/Elevation  Plane  (miU) 


Horizontal /Azimuthal  Plane  (mils) 

Figure  5.  Predicted  Muzzle  Angle  Change  Due  to  V/all  Thickness 
Variation.  Associated  with  the  CBTD  Values  of  Table  2 


Start 


Figure  6.  Predicted  Muzzle  Angle  Change  Due  to  Wall  Thictfness 
Variation  and  Uneven  Cooling  Associated  with  the  CB' 
Values  of  Tables  2  and  3 
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Tlie  experimentally  observed  change  in  muzzle  pointing  angle  at  the 
times  corresponding  to  Figure  6  are  shown  in  Figure  7.*  (Note,  to  coirect  for 
movement  in  the  recoil  cradle  after  firing  each  round,  we  have  subtracted  the 
angular  change  in  the  recoil  cradle  from  the  actual  muzzle  angle  change  for 
each  measurement  shown  in  Figure  7.)  IToere  is  general  agreement  in  the 
downward  trend,  most  predictions  in  the  vertical  plane  are  within  the 
experimental  error  of  the  measurements.  However,  in  the  horizontal  plane  the 
predicted  movement  to  the  gunner's  right  is  much  smaller  than  tlie  measured 
movement  to  the  right,  nevertheless,  the  predictions  are  still  within  the 
measurement  error  of  the  instruments. 


Horizontal /Azimuthal  Plane  (mils) 

P'igure  7.  Predicted  and  Measured  Muzzle  Angle  Change,  One  Minute 
after  Firing  each  of  F'ive  PM  13  Rounds  (One  Every  l\vo 
Minutes)  "Phrough  an  M2.56  Barrel,  Serial  Number  425 i 


Data  was  taken  from  a  luing  test  done  in  November.  1991,  AF'G,  MD.  Five  DM  13  rounds 
were  fired  through  M256  barrel,  serial  number  4251  at  a  rate  of  roughly  one  round  every  two 
minutes. 


5.  SUMMARY 


In  theory,  we  have  shown  that  thermal  distortion  of  the  gun  barrel  due  to 
wall  thickness  variation  in  a  typical  M256  gun  barrel  is  almost  an  order  of 
magnitude  smaller  than  the  measured  thermal  distortion. 

Thermal  distortion  due  to  uneven  cooling  accounts  for  most  of  the 
measured  muzzle  angle  droop  in  our  test  case.  However,  for  this  particular 
barrel  we  observed  changes  in  the  horizontal  muzzle  angle  which  could  not  be 
accounted  for  in  our  analysis. 

In  view  of  our  findings  that  wall  thickness  variation  has  a  small  effect  on 
distortion,  it  seems  unlikely  that  our  a  priori  decision  to  neglect  the  wall 
thickness  effect  from  that  portion  of  the  ban  el  which  lies  within  tlie  recoil 
mount  wnuld  explain  the  noted  differences. 

There  is,  however,  a  third  mechanism  related  to  gun  barrel  manufacture, 
viz.,  variation  in  the  chrome  thickness,  tliat  could  account  for  some  of  the 
differences  between  theory  and  experiment.  Future  work  will  add  the 
contribution  of  chrome  thickness  variation  to  the  predicted  thermal  distortion 
of  Figure  7,  in  hopes  of  improving  the  agreement. 
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Quantifying  Gun  Barrel  Curvature:  From  Derivation  of  the  Basic 
Formulas  to  Evaluating  Derivatives,  Estimating  Errors,  and 
Selecting  Measurement  Intervals. 


David  F.  Finlayson 
U . S .  Army  ARDEC 
Close  Combat  Armaments  Center 
Benet  Laboratories 
Watervliet,  NY  12189-4050 


INTRODUCTION 

It  is  well  known  that  in  the  manufacture  of  gun  barrels  - 
from  initial  forging  to  final  machining-residual  stresses  are 
created  in  the  workpiece  such  that  upon  subsequent  material 
removal  the  developing  barrel  becomes  crooked.  Indeed,  some  of 
the  residual  stresses  are  deliberately  introduced  in 
straightening  operations  that  occur  between  machining  operations. 
The  object  is,  of  course,  to  produce  a  gun  barrel  that  is  as 
straight  as  possible  or  at  most  has  a  small  amount  of  beneficial 
curvature  as  would,  for  example,  counteract  gravity  effects 
(droop) .  And  the  reason  for  wanting  a  straight  gun  barrel  is 
accuracy;  for  even  if  the  point  of  aim  of  a  crooked  barrel  were 
known,  the  disturbance  of  the  barrel  caused  by  the  forces  of  a 
projectile  traveling  in  a  crooked  bore  would  make  the  point  of 
aim  of  the  barrel  at  projectile  exit  essentially  probabilistic. 

Nevertheless,,  as  much  as  we  desire  to  make  barrels  that  are 
straight,  practical  limitations  in  the  manufacturing  process 
preclude  full  attainment  of  that  goal.  This  raises  two 
questions:  (1)  how  do  we  specify  what  is  an  acceptable  gun 

barrel  from  the  standpoint  of  straightness,  and  (2)  given  that 
the  barrels  we  make  are  not  perfectly  straight,  how  may  we  use 
measurements  of  the  deviation  from  straightness  of  individual  gun 
barrel  bores  to  predict  the  most  probable  point  of  aim  of  that 
gun  barrel  at  projectile  exit. 

Obviously,  the  answers  to  the  above  questions  would  have  to 
be  based  on  a  rigorous  analysis  of  the  firing  dynamics  of  gun 
barrels  which  in  turn  would  require  a  rigorous  description  of  the 
geometrical  state  of  the  gun  barrel  as  defined  by  the  bore 
centerline.  Such  a  description  will,  for  every  point  on  the 
curve  of  the  centerline,  consist  of  values  for  the  curvature 
(k)  ,  and  torsion  (t)  of  the  curve;  and  the  components  of  the 
vectors  comprising  the  tangent,  principal  normal,  and  bi norma] 
vector  triad  (  f,  N  and  B,  respectively) .  In  the  following 
section  an  introduction  to  the  theory  of  space  curves  is  given. 
The  section  following  that  contains  the  formulas  for  the  above 
desired  quantities  in  terms  of  derivatives  of  the  centerline 
curve  with  the  detailed  mathematical  derivations  omitted.  For 
the  interested  reader  the  details  are  available  from  the  author, 
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FIGURE  1. 


Position  Vectors  for  Points  on  a  Curve  in  Space 


A  point  in  space,  say  P,  can  be  described  with  the  respect 
the  origin  of  a  coordinate  system  by  a  position  vector,  R,  as 
shown  in  figure  1.  In  the  figure  J,  j,  and  ic  are  unit  vectors 
in  the  direction  of  the  x,  y,  and  z  axes  respectively.  Also 
shown  is  the  position  vector  R  +  AR  to  the  point  Q.  If  the 
vector  difference  between  points  P  and  Q  is  divided  by  the  length 
of  the  curve  from  P  to  Q,  As,  we  have 


AR  _  ^  Ayj  ^  AZp 

As  ~  As  As-^  As 


(1) 


which  in  the  limit  as  As  -  O  becomes 

dR  _  ^ 

ds  ds  ds"^  ds 


Since  it  is  apparent  that  ^  and  AR 

As  |AR|  |dR| 

approaches  tangency  to  the  curve  as  As  -  O  we  conclude  that 

is  a  unit  vector,  say  f,  tangent  to  the  curve  at  point  P. 
Taking  the  scalar  product  of  f  with  itself  gives  therefore 


cK 

ds 


or  ds  =  v/(dx)^+  (dy)^+ 


(3) 
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Taking  the  derivative  of  the  tangent  vector  with  respect  to 
curve  length  gives  formally 


df  _  +  d^yj  ^ 

ds  ds[dsl  ds^  ds^^  ds^ 


(4) 


New  since  ?  is  a  vector  of  constant  (unit)  length  its 
derivative  can  have  no  component  parallel  to  f  so  that  it  must 
be  normal  to  f  and  point  in  the  direction  of  change  of  f.  This 

is  expressed  as  =  k  N  where  N  is  a  unit  vector  called  the 

ds 

principal  normal  which  points  in  the  direction  of  change  of  f 
and  K  is  a  scalar  multiplier  called  the  curvature  and  is  the 
rate  of  change  in  direction  of  f  with  respect  to  distance  alonn 

dT 

the  curve.  Taking  the  scalar  product  of  with  itself  gives 

ds 


therefore 


ds^ )  \ds^) 


or  K 


(5) 


If  we  were  to  construct  a  circle  of  radius  p  through  the 
points  P  and  Q  of  figure  1  and  designate  the  central  angle 
between  radial  lines  to  P  and  Q  as  A0 ,  then  the  length  of  the 

1  A 

included  arc  would  be  given  txs  As  =  pAB ,  or  —  =  -r— ♦  And,  as 

p  As 

as  As  -  O  then  —  =  But  ^  =  x  so  we  have  —  =  x 

As  ds  p  ds  ds  p 

and  p  is  called  the  radius  of  curvature. 

A  third  unit  vector,  called  the  binormal  vector,  which  is 
perpendicular  to  both  the  tangent  and  principal  normal  vectors  is 
defined  hy  B  ^  f  x  N  .  The  unit  vector  triad  thus  defined  is 
shown  in  figure  2. 


285 


FINLAYSON 


Figure  2.  The  unit  vector  triad  on  a  curve. 

In  the  figure  the  circle  of  radius  p  labeled  the  osculating 
circle  is  so  named  because  it  is  just  tangent  to  (kisses)  the 
curve.  The  plane  defined  by  the  tangent  and  principal  normal 
vectors  is  called  the  osculating  plane  because  it  contains  the 
osculating  circle.  Also  shown  is  the  rectifying  plane  defined  by 
the  binormal  and  tangent  vectors  which  is  so  named  because,  when 
viewed  in  the  perspective  of  the  plane,  the  curve  is  rectified  or 
seen  in  its  full  length.  Finally  there  is  the  normal  plane 
defined  by  the  principal  normal  and  binormal  vectors  and  so  named 
because  it  is  normal,  or  perpendicular,  to  the  cuirve. 


Taking  the  derivative  of  the  binormal  vector  with  respect  to 
curve  length  provides  a  useful  relationship  as  follows: 


ds 


_d 

ds 


(f  X  ii) 


=:f'X^+4^xAf=fx 
ds  as 


dN 
ds ' 


ciT  -• 

(Since  the  vectors  ~  and  N  are  parallel,  their  vector  product 

dB 

is  zero.)  The  definition  of  the  vector  product  gives  ~ 

perpendicular  to  f  and,  since  £  is  a  vector  of  constant  (unit) 

magnitude,  must  also  be  perpendicular  to  B.  Therefore  we 

ds 

dB  •* 

must  conclude  that  is  parallel  to  N  so  we  can  say 


ds 


=■  -  X  N. 


(6) 
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The  scalar  nnuitiplier  x  is  called  the  torsion  of  the  curve 
and  is  a  measure  of  the  rate  of  "twist"  of  the  curve.  A  negative 
sign  is  attached  to  the  multiplier  so  tnat  positive  torsion  is 
indicated  with  positive  rotation  of  B  in  the  right  handed  sense. 

Lastly,  the  derivative  of  the  principal  normal  with  respect 
to  distance  along  the  curve  is 


dN 

da 


™  (B  y  f)  =  B  X 
ds 


df 

ds 


4 


dB 

ds 


X  T 


=  KiB  X  N)  -  t:  {N  X  f)  =  xB  -  ic? 


(7) 


Equations  (6)  and  (7)  are  known  as  the  Frenet-Serret 
formulas  after  the  French  raathematicians  who  independently 
discovered  them  about  one  hundred  and  fifty  years  ago. 

The  relationship  between  k  and  x  can  be  found  by  taking  the 

scalar  product  of  N  and  ~ ; 

ds 


N  ■  -  x{N  ■  N)  ,  or 

ds 


t:  -  IJIM  .  X 

K  ds'‘‘  ds{  ds  K  ds^  j 

=  -  -1.  .  f  X  +  -^  X  -'^1 

ds^  (,  ds^  ds  ds^j 

-  Ji.  X 

ds^  \  CIS  ds^  j 

=  A.  X 

ds  ds^  ds^j 


(8) 


Substitution  of  (2)  into  the  scalar  triple  product  (8)  and 
perfo-ming  the  indicated  vector  multiplication  gives  a  formula 
which  can  be  expx'essed  in  determinant  form  as 


fjklayson 


dx 

dy 

dz 

ds 

ds 

ds 

d^x 

d'^y 

d^z 

ds^ 

ds^ 

ds^ 

d^x 

d^y 

d^z 

ds^ 

ds^ 

ds^ 

Curvature.  Torsion;  and  the  Components  of  the  Tangent,  Principal 
Normal,  and  Binormal  Vectors  In  Parametric  Form. 

For  purposes  of  expressing  these  quantities  in  terms  of 
measurable  variables  it  will  be  more  convenient  to  express  x,  y, 
and  z  in  terms  of  a  parameter  that  is  directly  determinable. 

This  parameter  could  be  one  that  is  totally  independent,  say  t 
(not  necessarily  time),  or  what  is  best  for  our  purposes,  x. 

That  is  we  shall  say  that  y=f(x)  and  z=g(x).  Without  showing  the 
somewhat  lengthy  mathematical  operations  required  to  obtain  them, 
the  formulas  for  curvature  and  torsion  are 


(  dy  d^z  _  dz  d^y^ 

dx  dx^  dx  dx^j  1.  dx^J  i  dx^j  i 

3 

1  \  dxj  \  dxj 

. 

(10) 


and 


{  d^y  d^z 
[  dx^  dx^ 

d^z  d^y^ 
dx^  dx^  t 

(  dy  d^z 
V  dx  dx^ 

dz  d^y^ 
dx  dx^  j 

2 

-f 

[d^z] 

1  dx^] 

2 

4- 

1  dx^) 

T 


(11) 
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dz 

dx 


For  a  curve  that  lies  in  a  plane,  say  z  =  constant, 

^ ^  =  0  so  that  T  =  0  and  we  get  the  familiar  formula 
dx^  dx^ 


(12) 


And  the  formulas  for  the  tangent,  principal  normal,  and 
binormal  vectors  are  respectively 


(13) 


N 


(14) 


\  dx  dx2 


dz  d^y^^  ^  1 

( d^yY] 

[i+ 1^\\  l^\T 

dx  dx^j  1 

i  dx2  j  1 

[  dx^J  J 

\  dxj  \  dx) 

and 


B  = 


dy  d^z  _  d^z ]  ^  ^  d^y  £ 

dx^  dx  dx^  j _ qLx^ _ dx^' 

(iy  d^z  dz  d^yY  ^  (  d^zY  ^  (  d^y  V 
dx  dx^  dx  dx^j  {  dx^j  \  dx^  j 


(15) 
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EVALUATING  THE  FORMULAS 

As  equations  (lO),  (11)  and  (13)  -  (15)  show,  the  problem 
comes  down  to  evaluating  first  and  second  order  derivatives  (and 
third  order  for  equation  (11))  of  y  and  z  with  respect  to  x. 

This  must  be  accomplished  numerically  by  substituting 
measurements  of  barrel  deviation  from  straightness  into 
derivative  formulas.  One  such  measurement  could  be  that  of  the 
offset  of  the  barrel  centerline  from  an  established  straight 
reference  line  at  specified  intervals  along  its  length,  much  as 
is  done  now  in  final  acceptance  inspection.  Substitution  of 
measurements  taken  in  orthogonal  directions  representing  the  x 
and  y  coordinates  then  allows  evaluation  of  the  equation. 

Another  measurement  could  be  that  of  the  slope  (first 
derivative)  of  the  barrel  centerline  relative  to  the  horizontal 
or  some  other  reference  slope.  Evaluation  of  the  formulas  would 
then  be  accomplished  by  substitution  directly  for  the  first 
derivatives  and  into  first  and  second  order  derivatives, 
respectively.  Again,  the  measurements  would  be  taken  at 
intervals  along  the  barrel  and  in  orthogonal  planes.  This  method 
of  evaluating  the  formulas  not  only  has  the  obvious  advantage  of 
reducing  numerical  error  through  calculating  fewer  derivatives, 
but  the  measurements  themselves  would  probably  be  more  precise. 

In  any  case  it  will  be  desired  to  obtain  derivatives  having 
some  limit  on  their  error  if  not  the  most  precise  possible. 

These  derivatives  require  some  care  in  computing  as  numerical 
differentiation  can  be  considered  an  unstable  process  that  may 
lead  to  large  errors .  The  reasons  for  this  should  become 
apparent  in  the  sections  to  follow  where  the  methods  for 
obtaining  the  derivative  formulas  are  outlined  and  a  result  of  a 
theory  for  determining  the  required  precision  and  spacing  of  the 
measurements  is  presented. 

OBTAINING  DERIVATIVE  FORMULAS 

One  method  of  obtaining  derivative  formulas  for  the  function 
of  X,  f(x),  is  to  write  the  Taylor  series  expansion  for  f(x) 
about  the  point  of  interest,  x^,  as 

fUo^h) -fixj  .  .  (16a) 


or 
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f(x^-h)  =f{x,)  -hf'(x^)  ^^f"(x,)  .  . 


(16b) 


Rearrangement  of  these  equations  gives 


f'<xj  , 


(17a) 


and 


f'UJ  = 


f(xj  -f(x-Jj) 


(17b) 


By  truncating  these  equations  after  the  first  term  the  first 
approximations  to  the  first  derivative  at  x  =  are  obtained  as 


f'Uo) 


_  f(x^+h)  -f(x^)  _  f^-f^ 
h  ~  h 


(18a) 


and 


f(xj  -f(x^~h) 
h 


(18b) 


where  the  f^  represent  the  function  values  at  x  =  +  ih.  Now, 

since  the  derivative  formulas  (18a,  b)  are  the  result  of 
truncating  equations  {17a,  b)  there  has  been  introduced  what  is 
called  truncation  error.  It  can  be  shown  that  this  truncation 
error  is 


(19) 


where  $=^(a)  is  an  unknown  function  of  x  evaluated  on  the 
interval.  The  error  in  this  case  is  said  to  be  of  order  h,  0(h). 
Formulas  (18a,  b)  are  the  simplest  examples  of  what  are  called 
forward  and  backward  difference  formulas,  respectively.  If  the 
average  of  these  two  formulas  is  taken  the  result  is 
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f'Uo) 


2k 


(20) 


which  is  the  simplest  example  of  vThe  t  are  called  central 
difference  formulas.  Adding  equation  (17b)  to  equation  (17a)  and 
solving  for  gives  formula  (20)  as  well  with  the  truncation 

error 


6 


(21) 


being  determined  from  the  first  truncation  term  as  before.  It  is 
obvious  that,  since  the  truncation  error  for  formula  (20)  is 
0(h®)  as  compared  to  0(h)  for  formulas  (IBa,  b),  for  small  enough 
values  of  h,  formula  (20)  will  be  the  more  precise.  In  general 
central  difference  formulas  give  better  results  than  forward  or 
backward  difference  formulas  and  will  be  the  only  type  considered 
hereinafter.  One  more  example  of  this  method  of  formula 
derivation  is  provided  by  subtre  ;Ling  equation  (17b)  from 
equation  (17a)  to  give 


(22) 


which  has  error  0(h). 

Although  the  method  of  the  preceding  paragraph  could  be  used 
to  obtain  derivatives  of  higher  order  than  two,  as  above,  and 
formulas  with  more  points  than  three,  as  above  also,  it  is  more 
efficient  to  use  interpolating  formulas  and  take  their 
derivatives.  It  should  be  noted  that  interpolating  polynomials 
are  meant  to  interpolate  between  the  value  of  tabular  points  and 
in  that  way  represent  the  underlying  but  unknown  function.  Even 
though  they  may  do  that  well,  that  does  not  mean  that  their 
derivatives  will  accurately  approximate  the  derivatives  of  the 
function.  More  will  be  said  about  the  control  of  error  in  the 
section  to  follow. 

In  any  case  it  is  convenient  to  normalize  the  variables 
according  to 
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S= 


x-x^ 

h 


(23) 


where  h  is  the  tabular  or  measurement  interval  and  s  is  the 
interpolating  function  variable.  Differentiating  (23)  gives 


ds  _  di  1  (24) 

dx  dx-\  h  )  h' 


Applying  the  chain  rule  for  derivatives  gives  first 

df  _  df  ds  _1  df 
dx  ds  dx  h  ds 


and  then 

d^f  _  1  d'^f  ds  _  1  d^f 
dx^  h  ds^  dx  ds^ 


and  so  on.  The  observation  to  be  made  here  is  that  continuing  in 
the  above  manner  would  produce  the  general  result 


f^{x)  =f^(x^*sh) 


(27) 


where  d  is  the  order  of  the  derivative. 

Without  presenting  the  laborious  details,  some  formulas 
obtained  by  differentiating  Stirling's  central  difference 
interpolation  formula  (the  average  of  Newton's  forward  and 
backward  difference  interpolation  formulas)  and  setting  s  =  o 
are ; 


(28) 
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(29) 


_  -/.3+14f.2-85f_i+85^i-14f2+/3 


120i3 


(30) 


and 


(31) 


The  formulas  above  are  just  a  few  of  a  very  large  number  of 
formulas  that  are  obtainable  not  only  from  Stirling's  but  other 
differencing  schemes  as  well  as  the  method  of  least  squares  using 
orthogonal  polynomials,  and  even  by  substituting  formulas  back 
into  themselves  or  other*  formulas.  What  is  significant  is  that 
it  is  possible  to  estimate  the  value  of  a  derivative  of  a 
function  with  a  weighted  average  of  the  values  of  the  function  at 
equally  space  intervals  away  from  the  point  of  interest  divided 
by  the  interval  spacing  raised  to  the  order  of  the  derivative. 
(The  observant  reader  will  note  the  apparent  rules  of  symmetry 
and  summation  for  the  coefficients  of  the  function  values  in  the 
formulas).  In  the  next  section  the  important  question  of  what 
the  interval  spacing  should  be  will  be  addressed. 

ERRORS  AND  INTERVALS 

As  in  any  calculation  one  should  be  concerned  with  errors 
when  calculating  derivatives  numerically-indeed,  especially 
concerned  when  calculating  derivatives  numerically.  The  reason 
for  this  is  as  follows.  Recalling  that  what  was  called 
truncation  error  was,  in  absolute  magnitude,  on  the  order  of  the 
measurement  or  tabulation  interval,  h,  raised  to  some  power,  it 
would  seem  that  by  simply  making  h  smaller  the  error  could  be 
made  as  small  as  one  wished.  But  as  h  is  made  sraalJer  the  values 
cf  the  in  the  formulas  get  closer.  If  carried  far  enough, 
making  h  smaller  would  make  the  differences  between  the  f^  as 
small  as  the  error  in  measurement  and  cause  them  to  be  "lost  in 
the  noise."  Clearly  there  is  more  than  one  kind  of  error  that 
must  be  considered  and  a  balance  struck  in  regard  to  the  size  of 
h  in  order  to  minimize  total  error. 
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To  get  a  start  at  this  the  following  kinds  of  errors  will  be 
recognized : 

Truncation  Errors  arise  from  limiting  the  number  of  terms  in  a 
series  or  polynomial  used  to  approximate  the  function  of  interest 
and  increase  in  size  as  the  number  of  terms  is  diminished. 

Discretization  Errors  derive  from  the  size  of  the  measurement 
or  tabulation  interval  used  and  increase  in  size  as  the  size  of 
the  interval  is  increased. 

Round-off  Errors  accumulate  from  the  use  of  irrational  numbers 
of  necessarily  finite  length  and  increase  in  size  with  the  number 
of  athematical  operations  performed  with  the  numbers. 

Input  Errors  are  the  result  of  limitations  on  the  precision  of 
the  input  data  such  as  would  occur  in  physical  measurements  and 
increase  in  size  with  the  number  of  mathematical  operations 
performed  with  the  data. 

The  above  listed  kinds  of  errors  are  not  entirely  unrelated. 
For  instance,  truncation  and  discretization  errors  are  related  by 
the  fact  that  the  measurement  or  tabluation  interval  is  equal  to 
the  overall  interval  over  which  the  measurements  or  tabulations 
are  made  divided  by  the  degree  of  the  approximating  polynomial 
which  collocates  at  the  measurement  or  tabulation  points.  The 
choice  between  the  terms  truncation  and  discretization  is  mainly 
one  of  viewpoint  based  on  how  the  derivative  formulas  are  derived 
and  thus  how  the  error  arises.  Since  the  term  truncation  error 
has  already  been  introduced,  it  will  be  used  in  what  follows. 
Round-off  and  input  errors,  on  the  other  hand,  are  both  examples 
of  what  could  be  called  resolution  error;  however,  since  the 
effect  of  measurement  errors  is  the  issue  here,  the  term  input 
error  will  be  used  here. 

Whatever  terms  are  used  for  these  kinds  of  error  it  is  the 
total  error  that  is  of  interest  in  the  end.  definition  it  can 

be  said  that 


Total  error  =  Calculated  value  -  Exact  value 

=  {Calculated  value  '  Formula  value)  (32) 

+  {Formula  value  -  Exact  value) 


And,  recognizing  the  meaning  of  the  terms  in  parentheses, 
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Total  error  =  Input  error  +  Truncation  error.  (33) 


Alternatively,  dividing  through  by  Exact  value  gives 

Total  error  _  Input  error  Formula  value 
Exact  value  Exact  value  Exact  value 


From  the  foregoing  discussion  one  would  be  led  to  believe 
that  there  is  some  optimum  value  of  h  which  would  result  in 
minimum  total  error;  indeed,  at  least  in  theory,  setting  the 
derivative  of  equation  (33)  equal  to  zero  would  result  in  an 
expression  for  optimum  h.  In  practi  ?,  however,  it  is  not 
possible  to  obtain  expressions  for  input  error  and  truncation 
error  that  are  definite  enough  to  permit  that.  In  an  effort  to 
get  around  this  difficulty  the  author  has  recently  utilized 
equation  (34)  taking  into  account  the  probabilistic  nature  of  the 
input  error. 

Only  a  brief  outline  of  the  theory  and  results  vrill  be  given 
here  as  follows:  Since  Input  error/Exact  value  is  a  random 
variable,  Total  error/Exact  value  is  also  a  random  variable.  The 
expected  value  of  (Total  error/Exact  value)  squared  can  easily  be 
shown  to  be 


E[X^]  =Ely2]-^c2  (35) 


wnere  E[Y'^]  is  the  expected  value  of  (Input  error/Exact  value) 
squared  and  is  (Formula  value/Exact  Value  -  1)  squared. 
Evaluating  the  latter  term  can  be  accomplished  by  considering  the 
data  over  the  interval  of  interest  to  represent  the  values  of  a 
cyclic  function  which  meets  the  Dirichlet  conditions  and  has  a 
period  equal  in  length  to  that  of  the  interval,  thus  allowing  the 
assumed  underlying  function  to  be  expressed  as  a  Fourier  series. 
Based  oi.  this  it  would  seem  reasonable  to  take  a  sine  (or  cosine) 
function  as  representative,  in  a  sense,  of  the  function  whose 
derivative  is  required. 
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The  result  of  analyzing  error  in  this  way  can  be  shown 
graphically  as  in  Figure  3  where  for  different  values  of 

(percent  expected  error)  are  plotted  values  of  the 
ratio  measurement  precision  to  wave  amplitude  (|e„/aj)  versus  the 
ratio  measurement  interval  to  wavelength  (h/L).  A  plot  such  as 
this  can  be  used  to  compare  different  derivative  formulas  as  well 
as  support  the  best  measurement  interval  to  use  based  on  some 
knowledge  of  the  underlying  function  such  as  would  be  obtained 
from  Fourier  analysis. 


t 


Figure  3.  Measurement  Precision  vs.  Measurement  Interval  for 
Various  Expected  Errors 
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ABSTRACT 

This  paper  addresses  the  stability  analysis  and  control  of  a  two  degree  of  fteedom  flexible  rotary  beam  with  a 
flexible  joint  The  beam  has  been  modelled  as  a  lumped  mass  system  with  flexibility  in  two  planes  represented  by  torsional 
springs.  The  nonlinear  equations  of  the  system  are  coupled  and  contain  gyroscopic  terms.  It  is  shown  that  the  system  can 
exhibit  both  divergence  and  flutter  instabilities  as  the  rotatiotial  speed  and/or  the  beam  and  joint  stiffnesses  vary.  It  is 
demonstrated  that  the  stabilization  of  the  system  is  possible  by  adjusting  the  joint  flexibility,  via  position  feedback. 
Furthcimoie,  addition  of  damping  to  the  joint  through  velocity  feedback,  could  remove  the  oscillations  in  one  direction  and 
significantly  reduce  the  vibrations  in  the  other,  once  the  joint  stiffness  is  properly  tuned  (at  internal  resonance). 
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STABILITY  ANALYSIS  AND  CONTROL  OF  A  ROTARY  FLEXIBLE:  BEAM 


M.F.  Goinanighi  and  GR.  Heppler 
Construct  Group,  Department  of  Mechanical  Engineering 
University  of  Waterloo 
Waterloo,  Ctotario  N2L  3G1 


INTRODUCTION 

Gyroscc^ic  systems  have  been  the  subject  of  numeicus  studies  [1-4].  One  of  the  most  important  properties  of  the 
gyroscopic  systems  is  that  they  can  display  static  instabilities  (divergence)  and  dynamic  instabilities  (flutter)  [1].  Application 
of  gyroscopic  systems  can  be  encountered  in  helicopter  rotors  and  rolrohc  systems  where  the  above  mentioned  instabilities 
can  be  detrimental.  In  this  paper,  a  simple  model  which  retains  tlie  fundamental  features  and  behaviour  of  these  type  of 
systems  is  studied.  As  a  first  step,  a  rotational  lumped  mass  rigid  body  model  with  flexibility'  in  two  directions  is 
considered.  The  effects  of  flexibility  and  the  rotor  angular  speed  on  the  stability  of  the  system  are  presented.  Furthermore, 
a  simple  control  strategy,  based  on  feedback  control  theory  and  internal  resonance  [5,6],  is  proposed  to  stabilize  the  system 
and  to  regulate  the  oscillations  in  both  directions.  The  control  torque  in  this  method  is  applied  in  only  one  plane.  The  goal 
of  this  research  is  to  extend  these  preliminary  results  to  the  above  mentioned  physical  systems. 


MATHEMATICAL  MODEL 

The  lumped  mass  system  of  concern  is  a  simple  model  of  a  flexible  joint/  flexible  beam  rotary  system,  as  shown 
in  Figure  1.  The  X,YZ  coordinate  firame  is  statior,ary  and  the  x,y,z  frame  rotates  with  the  rigid  link,  I4  with  a  constant 
angular  velocity  Q  about  the  Z  axis.  Masses  Mj  and  M2  represent  the  masses  of  links  1,  and  I2,  respectively  (and  any 
additional  payload  and  counterweight  elements).  The  generalized  variables  0j  and  ©2  are  measured  relative  to  the  x,ycz 
reference  frame.  The  stiffness  coefficients  Kj  and  Kj  represent  flexibility  in  x  and  2  directions.  The  connol  torque  T  is 
ap'-lied,  at  'he  joint,  in  the  direction  along  the  y  axis.  This  torque  is  used  to  attain  any  static  equilibrium  oonfigui'ation 
defined  by  0i=6i„f  and  02=0.  Furthermore,  it  can  be  used  to  adjust  the  torsional  flexibility  in  the  y  direction  (i.e.  Kj). 

EQUA'nONS  OF  MOTION 

The  equations  of  motion  of  the  system  in  nondimensional  form  are: 


^’1  ^12 

0  ^12^2 

r* 

0  ^12^1 

kj 

’  + 

< 

■  + 

' 

021  ^^22 

hA  0 

^2 

521^2  ^ 

1 2 

f 

1 

[  ] 

r- 

0 

k 

’^11 

0  ■ 

< 

i 

fll 

T 

_^21 

0 

1^2. 

^  + 

0 

^'22_ 

kJ 

f 

^2i. 

0 

(1) 


299 


OTLNARAGHI,  HEPPLER 


fly  =  +  ij  ^cos^@,  cos^02  +  sin^Gjj  , 

^\2  ~  ^  (cos6j  sinGj  sin  62)  >  '■^<^12  ’ 

aji  =  {^’$2^  4  l]  cos^dj  , 

bi2  =  4-  ij  cos9j  sin6j  |l  4-  00562]  , 

i>2j,  =  sin 62  (^^’62^  +  1]  ^cos^Bj  cosSj  ~  sin^Qj  4-  cos^Oj]  , 

CJ2  =  -2|m“{2^  +  1]  ^cos^Bj  cos^Bj  sin  62]  , 

C21  =  -2{M~r^  +  1)  cosOj  sine,  , 

^12  *  -  rJ“|M“22^  4-  1]  |cosBj  sin  62]  (2  +  cos  62] 

4  «;  Q“{m*(!2  -  1)  cosB,  sin92  , 

<^21  "  0“|Af  "  f2^  4  1]  |2  +  cosBjj  sinBj  cosB, 

-  «;«'(m‘{2  1)  cosB,  sin02  , 

C|,  =  I  . 

/„  =  +  1)  cos  e,  sinB,  -  j:£2“^(i  -  (2^')  sinB,  00563 

-  g"(l  -  f2^‘)  cose,  , 

/21  -  -  «2^')  COS 8,  sin 02  . 
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where. 


Tlie  control  torque  T  which  forces  the  system  to  any  desired  angle  and  62=0  is  defined  as: 

T  =  +  1)  cose,„/  sine,,^  -  t;  Q-^(i  -  fjw)  sin8„^ 

-  sli  -  «2>')  cose,,^ 


Note  that  to  simplify  the  a  ialysis  from  this  point  on  j,*,  Ij*,  <4*  and  g*  =  1. 


STABILITV  ANALYSIS 
Upon  setting  6  j  , 


,  ^2  «  $2  ^uahons  for  the  system  equilibria: 


^11®1  *  Al  "  ^  » 
^22®2  ^  Al  ~  ®  • 


(3) 


The  solution  to  (3)  must  be  obtained  numerically  because  of  th«;  complexity  involved  in  the  equations.  It  is  clear  that  the 
equilibrium  points  obtained  from  (3)  are  functions  of  M*.  K*.  G*  and  T.  These  p)arameters  can  directly  influence  the  number 
and  the  value  of  the  system  equilitoia.  As  an  example  consider  die  system  when  0j^3ji/2O  is  selected  as  the  operating 
position.  The  number  of  equilibria  can  vary  as  G*  is  increased.  Figure  2  shows  that  the  system  can  possess  between  three 
to  five  fixed  points  as  Q*  varies  from  0.1  to  1.2  for  02=0.  M*=5  and  K*=1.5.  Note  that  (0i=0iref.  02=0)  is  always  an 
equilibrium  point.  Furthermore,  depiending  on  system  piarameters,  other  equilibria  could  exist  when  but  they  are  not 
.shown  here. 

To  determine  the  local  stability  of  the  equations  of  motion  (1)  about  the  equilibrium  values,  the  equations  are 
linearized.  The  eigenvalues  yt  the  resulting  system  determine  the  stability.  The  linearized  system  for  0i=0iref=0**i.  02=® 
when  O<0j.^j<K/2  may  be  written  in  the  form: 
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a6  +  +  ce  =  0  (5) 

The  elements  of  the  matrices  are  as  follows; 

"n  -  (l  - 

^22  =  (l  if)  COS^e? 

Z?2i  =  ii’Is  COS0J  +  #4  +  A/"  cos0^  -  ^2^4)!  sjn0j 

Cjj  =  ^“sin0j  +  Q“^f4  COS0J  -  Q'^^sin^Oj  -  cos^0^ 

-  M’|i2''^f2^^sin0j  -  cos“0jj  +  sin0j|  +  1 

C22  =  «“^«4  COS0J  -  COS0J  +  K’ 


We  note  that  the  A  and  C  are  the  mass  and  stiffness  matrices  and  are  diagonal;  B  is  the  gyroscopic  matrix  and  is  skew 
symmetric. 


To  discuss  stability  properties,  we  assume  a  solution  to  this  linear  system  of  the  form 

,iki 


8t’ 

^1 

®2 

II 

.^'2. 

(6) 


Substituting  these  equations  into  (4),  we  obtain 


Cji  -  X-^flii  ^12'^ 

-iXf 
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e  - 

C22  ~  ^  ^22 

."'2. 

0 

(7) 
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For  nontrivial  solutions  we  set  the  determinant  of  the  matrix  of  coefficients  in  (7)  equal  to  zax)  and  obtain  the  characteristic 
equation 


A(^^)  =  ~  (^11 


C22  +  ^22^11 


'12 


+  C11C22  =  0 


(8) 


where  >.^=co.  The  possible  solutions  and  the  corresponding  stability  types  where  y,  p  >  0  are  shown  below. 


Roots 

Solution 

Stability  Tvoe 

1. 

^1.2  =  ±  Y 

V 

Stable 

X3  4  =  ±  P 

V 

2. 

^1.2  = 

Flutter  instability 

^3.4 

y  g(-iy±^)t 

3. 

Xj  2  =  ±Y 

V 

Divergence  instability 

^3.4  =  i'P 

V 

4. 

^1.2  =  ±'Y 

Divergence  instability 

^3.4  = 

V 

The  root  locus  of  the  system,  representing  the  values  of  X  in  (8)  when  M*=5,  K*=1.5  and  is  varied  from  0.1  to  1.5,  is 
shown  in  Figure  3.  As  increases,  the  roots  of  (8)  go  from  divergence  instability  to  stable,  flutter,  and  back  to  stable 
regions.  The  system  is  stable  when  all  the  roots  are  real.  The  system  undergoes  divergence  instability  when  one  or  both  roots 
are  imaginary.  The  boundaries  of  the  divergence  regions  satisfy  a,  ia22=0.  The  flutter  instability  boundaries  are  obtained  from 
9A(©)/9cM),  inside  which  the  roots  are  complex  conjugate  The  regions  of  stability  for  the  system  for  M*=4  and  M*=5, 
are  shown  in  Figure  4.  As  shown,  the  system  with  larger  mass  has  a  larger  flutter  region  in  the  first  quadrant  of  the 
parameter  space  (realistic  motion  can  only  occur  in  the  frrst  quadrant). 

To  verify  the  linear  stability  analysis,  the  nonlinear  equations  (1)  were  simulated  numerically  when  M*=S,  K*=1.S 
and  is  increased  hrom  0.04  to  1.44  (Figures  5-7).  The  phase  portraits  of  6,  and  62  motions  correspond  to  a  divergence 
solution  in  Figure  5,  where  Q*^=0.04.  Figure  6  depicts  a  stable  solution  at  £2’^=0.25,  while  Figure  7  shows  a  flutter 
instability  at  Q*^=1.44.  In  all  the  above  cases,  the  behaviour  of  the  nonlinear  system  confums  the  linear  stability  results. 


CONTROL  EXAMPLES 

The  most  miportant  observation  from  the  previous  section,  particularly  upon  considering  Figure  4,  is  that  adjusting 
the  stiffness  ratio,  K*,  may  stabilize  or  destabilize  the  system  depending  on  the  value  of  This  task  is  achieved 
(physically)  by  changing  the  joint  flexibility  m  (1),  or  by  using  position  feedback  control  (i.e.  Kp(0,  ,^^0,)  added  to  the 
tmque  equation). 

Once  the  system  is  stabilized,  the  oscillations  could  be  reduced  using  a  velocity  feedback  controller.  Thus,  the 
torque  equation  (2)  is  modified  to  illiistrate  the  addiuon  of  the  feedback  conholler  as  follows: 

T- .  *  l)cose„^sine.,^  --  i;  £1-2(1  -  IJM-)  sine,. ^ 

-  S'il  -  cose, ■ 


303 


GOLNARAGHI,  HEPPLER 


where  is  the  velocity  feedback  gain. 

An  example  of  the  controlled  system  for  G*=l,  M*=0.1,  K*=1.5,  and  K^=2.5  is  shown  in  Figure  8.  Note  that  the 
controller  is  activated  after  50  nondirnensional  time  units.  The  initial  condition  was  set  at  0,=O.4  and  02=0.  Although  the 
reference  position  0,  0.4712  is  reached,  the  02  .has  oscillatory  behaviour,  and  ringing  in  the  0]  rcspc  is  the  result 

of  these  oscillations.  The  exponential  reduction  of  the  amplitude  of  02  suggests  that  damping  can  be  transfeired  from  one 
mode  to  another.  Adjusting  the  stiffness  ratio  to  K*=2.0  (Figure  9),  the  system  is  forced  into  the  state  of  internal  itsonance, 
where  energy  transfer  between  0,  and  02  is  significantly  enhanced  [5,6].  At  this  value  of  K*,  the  oscillations  in  02  motion 
are  reduced  significantly  through  the  damping  in  0^.  Upon  increasing  the  mass  ratio  M*.  the  number  of  equilibria  increase 
which  make  control  an  extremely  hard  task.  At  M  =4.  for  G’=0.7,  the  system  is  at  internal  resonance  when  K*=1.0.  The 
controller  can  be  used  to  completely  eliminate  both  0j  and  02  oscillations  when  ICv=2.5,  as  shown  in  Figure  10.  However, 
the  response  settles  at  a  point  different  than  ihe  desired  operating  value,  which  reflects  the  controller  limitation. 


CONCLUSIONS 

For  the  system  shown  in  Figure  1,  the  divergence  and  flutter  boundaries  were  obtained  from  the  linearized  equations 
(4).  The  equations  of  motion  were  linearized  about  a  desired  operating  point  .  It  has  been  demonstrated  that  the  nature  of 
the  static  and  dynamic  instabilities  (divergence  and  flutter)  depend  on  the  nondirnensional  system  parameters,  particularly 
the  mass  ratio,  stiffness  ratio,  and  the  angular  velocity.  Stabilization  of  the  system  was  possible  by  adjusting  the  stiffness 
ratio.  The  oscillations  were  completely  eliminated  in  one  mode  and  significantly  reduced  in  the  other,  once  the  stiffness  ratio 
was  tuned  so  that  the  system  was  at  the  state  of  internal  resonance,  and  damping  was  added  through  a  control  torque  applied 
in  one  direction.  The  control  approach  was  proven  successful  for  small  mass  ratios. 
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Figure  4.  The  regions  of  stabUity;  in  parameter  space;  a)  M’=4.  b)  M'=5. 


Figure  5.  Phase  portraits  of  the  response  of  (1)  when  M*=5,  K*=1.5  and  ti’^={)  04. 
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Figure  6.  Response  of  (1)  at  M*=5,  K*a-i.5  and  Q*^=K).25. 


Figure  7.  Phase  portraits  of  the  resporsc  of  (1)  when  M*=5,  K 
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10.  Time  response  of  the  system  from  D*=0.7,  M*^.C.  K*=1.0  and  K^=2.5,  when  the  veJociiy  feedback 
activated  at 
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Abstract 

Robust  control  design  for  stabilizing  nonlinear  uncertain  systems  is  investigated.  Four  issues  are  covered  in  the  paper. 
First,  existing  and  most  recent  research  results  in  the  area  of  nonlinear  robust  control  design  are  summarized.  .Second, 
properties  and  features  of  nonlinear  robust  control  are  expensed  through  simple  examples.  To  show  the  potential  that 
robust  control  theory  can  be  applied  to  weapons  systems,  a  electrical-mechanical  system,  He.xible-joint  robot,  is  used 
as  a  prototype  to  proceed  the  design.  Finally,  the  current  research  '‘opics  in  theory  and  applications  of  nonlinear 
robust  control  are  outlined. 

1  Introduction 

Robust  control  theory  addresses  the  problem  of  designing  an  implementable  control  to  stabilize  a  dynamical  system 
in  which  uncertainties  are  nonlinear  and  large  but  bounded,  while  meeting  the  design  requirements.  A  system  under 
study  is  described  either  by  state  space  model 

X  =  + g{r.,u,t),  (1) 

or  by  input-output  model 

A,(s,<)[l  +  AAp(s,<)][.v(0)  =  4(<)5p(-’.<)[l  +  ASp(s,t)][ti(0  +  (f(3,-,0j.  (2) 

In  equation  (1),  x  £  HI'’,  u  £  9?”,  f(x,t)  is  known,  A/(  )  contains  large  unknown  dynamics  but  bounded  by  known 
function,  and  g{-)  is  known  or  partially  known.  In  equation  (2),  Ap(-,  ),  Bp(-,  }  are  unknown,  monic  time-varying 
differ,:r.Ual  operators,  d{y,t)  is  the  lumped  nonlinear  uncertaiut>,  AAp(-;  ■)  and  A£fp(  ,  ■)  represent  additive  and 
multiplicative  unmodelled  dynamics,  respectively.  The  analytical  method  used  in  nonlinear  robust  control  is  the 
direct  method  of  Lyapunov. 

A  nonlinear  uncertain  system  is  a  system  which  is  both  nonlinear  and  uncertain.  The  importance  of  controlling 
a  nonlinear  uncertain  system  rests  on  the  fact  that  an  uncertain  model  reflects  the  imperfect  knowledge  of  most 
physical  systems  of'any  consequence.  The  uncertainties  in  the  system  model  can  be  variations  of  system  parameters, 
modelling  or  model  reduction  errors,  unknown  dynamics,  disturbances,  etc.  Based  on  minimum  aprior  information 
on  the  uncertainties,  one  can  bound  the  uncertainties  in  magnitude  by  a  known  function  of  system  states  and  time.  A 
successful  robust  control  should  be  designed  such  that  it  requires  at  most  the  bounding  function  of  the  uncertainties. 
Incorporating  uncertainty  into  control  design  is  in  most  cases  the  only  way  to  improve  stability  and  performance.  It 
is  the  purpose  of  this  paper  to  present  the  main  results  and  features  of  nonlinear  robust  control. 

The  paper  is  organized  as  follows.  In  section  two,  design  steps  of  robust  control  using  Lyapunov  approach  are 
explained  using  an  intuitive  argument.  Counterexample  is  given  to  show  that  not  all  uncertain  systems  are  stabikzable. 
Features  and  shortcomings  of  existing  results  on  stabilizable  uncertain  systems  are  reviewed.  In  second  three,  .several 
examples  will  be  used  to  show  that  nonlinear  robust  control  is  superior  to  other  existing  control  techniques.  This  is 
because  nonlinear  robust  control  can  deal  v,dth  nonlinear  and  fast  varying  uncertainties.  In  section  four,  two  class 
of  systems  will  be  used  to  illustrate  applicability  of  noalineai  robust  control  to  weapon  systems.  The  first  class 
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is  represented  by  general  secv^nd-order  vector  nonlinear  differential  equation  which  subsumes;  mast  rigid  mechanical 
systems.  As  the  second  class,  control  of  flexible  systems  is  briefly  disc«s.sed.  To  overcome  the  shortcomings  of  existing 
results,  several  new  research  directions  are  proposed  in  section  five  with  summary  of  approaches  and  preliminary 
results. 


2  Overview  of  Nonlinear  Robust  Control 

The  robust  control  problem  is  the  problem  of  designing  an  implementable  control  to  stabilize  a  dy  namical  system  and 
to  meet  the  design  requirements  while  the  dynamics  system  has  large  but  bounded  uncertainties. 

Of  the  different  analysis  and  design  approaches,  direct  method  of  Lyapunov  is  of  central  importance,  first  because 
time  varying  or  nonlinear  uncertainties  can  be  easily  bounded  m  the  time  domain,  and  second  because  time-varying 
and  nonlinear  systems  can  also  be  treated  by  this  method.  This  paper  focuses  on  the  problem  of  robust  control  design 
of  nonlinear  uncertain  systems  by  the  direct  method  of  Lyapunov. 

The  robust  control  problem  has  been  widely  studied  over  the  last  fifteen  years,  and  many  important  robust 
control  schemes  have  been  proposed.  There  are  mainly  three  classes  of  robust  controllers;  linear  high-gain  control, 
variable  structure  control  [61],  and  min-max  controller  [19]  aid  its  derivatives  [9,  4,  1].  The  high-gain  approach 
guarantees  in  many  cases  only  local  stability  and  usually  cause  actuator  saturation,  and  can  be  viewed  as  special 
cases  of  general  nonlinear  robust  controls.  A  variable  structure  control  is  inherently  discontinuous  and  chattering. 
Along  the  line  of  min-max  controller,  robust  control  and  stability  analysis  are  done  using  Lyapunov  functions,  an 
early  review  can  be  found  in  [10].  Robust  control  we  design  here  is  based  on  Lvapunov  technique  and,  although’ the 
resulting  contiollers  are  centinuoua,  they  will  be  categorically  of  min-max  controllers.  This  choice  is  made  to  generate 
smooth  robust  controls  guaranteeing  global  stability. 

The  design  cf  a,  robust  contrvfl  tyoically  involves  three  steps.  First,  the  nominal  system,  that  is,  the  system 
without  uncertainties,  is  stabilized  or  is  assumed  to  be  stable.  Moreover,  a  Lyapunov  function  for  the  nominal  svstem 
can  either  be  found  or  is  assumed  to  be  known.  Second,  the  uncertainties  are  bounded  by  a  known  function.  Third, 
a  control  is  then  designed  .based  on  the  Lyapunov  function  of  the  nominal  system  and  the  bounding  function  of  the 
uncertainties.  The  ideal  result  would  be  that  the  control  can  staoiiize  the  uncertain  system  as  a  whole  as  long  as  the 
bounding  function  of  t  le  uncertainties  is  available,  and  that  ihe  stability  result  satisfies  the  design  requirements. 

The  main  results  in  stabilization  of  nonlinear  uncertai.u  systems  will  be  re-dewed  in  this  section.  The  review  will 
be  proceeded  in  two  parts:  state  space  method  and  input-output  method. 


2.1  State  Space  Approach 

Most  existing  results  on  controlling  nonlinear  uncertain  systems  are  in  terms  of  state  space  model.  The  uncertain 
system  is  usually  assumed  to  be  described  by 


a;  - /(z,<)  +  f'(j^T)  4- i?(a-,()[^(x,<y-f  a]  x{<o) ro.  (3) 

where  f  €  5R  is  time,  i(<)  3?''  is  the  state,  «(<)  e  Sr-  is  tiie  control,  C{xJ)  is  the  “matched”  uncertainties  [9], 

and  f'(x,  0  is  the  “unmatched”  uncertainties.  For  simplicity,  uncertainties  that  are  a  function  of  the  control  are  not 
included  in  the  following  discussion.  Both  and  are  assumed  to  be  bounded  in  magnitude  usually  in 

their  Euclidean  norm  denoted  by  ||  ■  ||.  The  corresponding  jysi-ern  without  uncertainty,  railed  the  nominal  system,  is 
described  by  '  ’ 


r  =  {■  B(x,t)u  x(ia)  xo, 

where  />■)  :  9?"  x  !R  3?"  and  R(-)  :  3f^  x  3?  am  known  Moreover 

system  of  sys-.evn  (3}  is  defined  t'Y 


(4) 

the  so  called  uncontrolled,  nominal 


X=j(x,1)  X(iu)-XQ,  (5) 

,\n  urmertain  system  does  not  have  to  be  affine  in  control.  That  is.  an  uncertain  system  can  be  in  the  form  (1), 
which  is  more  general  than  (3),  or  dement  !'y  element, 

X,  ~  ^/,(x,t)  +  gjx.u.l). 

where  X  f.  u  £  j(x, !}  is  known,  ,A/(  )  contains  large  unknown  dynamics  but  bounded  bv  known  function,  and 
</(-}  IF,  known  or  partially  known.  For  syesler;.  (3),  we  have  Af(x.f)  d  -+  B(x,t)i(x,  t)  and  y(x,  u,  t)  =  B[x,  1)h. 

for  ‘'irnplirity,  vre  shall  u;s'  the  niodei  (3}  utile.sr,  mcrtiotied  otherwise 
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System  (3)  is  assumed  to  satisfy  the  following  assumptions.  , 

Assumption  1:  The  unceriain  function  ^(■)  is  bounded  in  Euclidean  norm  by  a  known  function;  namely,  there  is  a 
known  n^n-negative  function  p(  )  such  that 

V(x,i)  e  3?"  X  9?. 

Assumption  2:  The  known  functions  /(•),  B(  ),  and  p{  )  as  well  as  the  unknown  function  ^(•)  are  Caratheodory, 
and  /(0,t)  —  0  for  ah  t  e-  3?.  Moreover,  given  a  compact  set  E  C  9?"  and  a  compact  interval  [a,  6]  C  3R,  there  exist 
non -negative  Lebesgue  integrable  functions  rni(-),  i  —  1,2,  such  that  for  all  (x,t)  £  9?"  x  [u,  6] 

Assumption  3:  The  uncontrolled,  nominal  system  x  —  f{x,t)  is  uniformly  asymptotically  stable  in  the  large. 
More  specifically,  there  is  a  Lyapunov  function  V(x,t)  for  system  (5),  specified  as  follows.  There  is  a  function 
y(-)  .  9?"  X  9?  — *  ,  continuous,  strictly  increasing,  scalar  functions  7,(-)  :  9?"^  — <•  9?"^,  i  =  1,2,  and  a  continuous, 
positive  definite,  scalar  functions  73!  •)  :  9?"''  — +  9?'^ ,  which  satisfy 

7,(0)  =  0,  t=  1,2,3  lim  7,(s)  =  00,  j=l,2 

J— fCO 

such  that  for  all  (a;,  t)  F  9f'*  x  9? 

7i(N|)<V^(x,0<72(IWI), 

+  <  -Tadk!!)- 

This  Lyapunov  function  will  be  used  to  develop  state  feedback  controls. 

It  is  worth  noting  that  Assumption  2  is  made  to  guarantee  the  existence  of  a  classical  solution  for  system  (3) 
under  any  control  that  is  nonsingular  and  bounded  by  p{  ).  It  is  also  v/orth  noting  that  Assumption  3  is  equivalent 
to  the  assumption  that  the  nominal  system  (4)  is  uniformly  asymptotically  stabilizable. 

It  would  be  ideal  if  one  would  find  a  robustly  stabilizing  control  under  the  above  general  assumptions.  Unfor¬ 
tunately,  not  all  uncertain  systems  in  the  form  of  (3)  are  stabilizable.  For  example,  consider  the  system 


xi  =  X2-T  Ai(xi,.r2),  X2  =  u, 

in  which  the  uncertainty  is  bounded  as  |Ai(xi,x2)|  <  |xi|-|-|x2|.  One  can  easily  see  that  the  system  is  not  stabilizable 
since  the  additive  uncertainty  Ai(xi,X2)  could  be  — X2  -fxi.  Similarly,  an  uncertain  system  may  not  be  stabilizable 
either  if  there  i.s  a  large  multiplicative  uncertainty,  which  can  be  seen  from  the  system 

X  =  X  +  [1  i-  A2(x)]u, 

w'here  |A2(x)(  <  1.  Robust  control  theory  is  to  identify  the  class  of  all  stabilizable  uncertain  systems  and  to  provide 
stabilizing  control  guaranteeing  desired  performance.  Therefore,  the  main  issue  is  what  is  the  minimum  structural 
requirement  on  the  sy.stem  or  uncertainties  under  which  a  stabilizing  control  can  be  found.  The  other  important  issues 
are  the  sea.rch  of  Lyapunov  function  for  nonlinear  system  and  the  performance.  The  following  synopsis  is  proceeded 
around  the  issues. 

2.1.1  Structural  Requirements  on  Uncertainties 

Most  robu.st  control  schemes  are  concerned  with  systems  for  which  the  uncertainties  are  “matched”,  that  is,  the 
uncertainties  .sati.sfy  the  matching  conditions  (MCs),  or  equivalently,  ^'(x,<)  =  0  in  (3).  The  MCs  were  originally 
introduced  in  [19,  9]  based  on  the  following  intuitive  observation:  Taking  derivative  of  V{x,t)  along  the  trajectory  of 
system  (3)  yields 

dV(x  t) 

V{x,t)  -^^  +  S/lVix,t)f{x,t)  +  ^lV{x,t)^'(x,t) 

+  Vx  V'(x,/.)5(x,0[^(x,0  +  t‘] 

<  -73(||xl|)+vrv^(*,0r(x-<l  +  Vr'^(^T)B(x,0K(^, <)  +  «].  (P) 
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where  the  last  step  follows  from  Assumption  3.  If  the  MCs  are  satisfied,  we  have 

t)  -  73(||x||)  +  \7rV(x,  t)B{x,tmx,  t)  +  u]  (7) 

in  which  all  uncertainties  can  be  reached  directly  by  the  control  input,  and  robust  controllers  can  be  found  in  [19,  9]. 
Without  the  MCs,  since  the  number  of  inputs  is  usually  less  than  the  number  of  state  variables,  the  so-called  null  set 
'^^V(x,t)B{x,t)  =  0  is  nontrivial,  and,  on  the  null  set,  the  derivative  of  Lyapunov  function  is 

V{x,t)  <  -73(lk||)  +  vJ  V{x,  0^'(x,  t).  (8) 

It  is  obvious  that  no  stability  can  be  concluded  if  the  bounding  function  of  the  un-matched  uncertainty  ^'{x,t)  is 
larger  than  73(')- 

The  concept  of  matching  conditions  is  introduced  basically  for  mathematical  convenience  and  therefore  not 
necessary.  In  fact,  most  physical  systems  do  not  satisfy  the  restriction.  Therefore,  conditions  much  less  restrictive 
than  the  matching  conditions  must  be  developed  for  both  mathematical  and  practical  considerations.  This  relaxation 
is  the  crucial  step  in  order  to  make  nonlinear  robust  control  a  viable  mean. 

There  has  been  some  work  to  loosen  this  restriction  for  linear,  uncertain  systems,  that  is,  uncertainties  are  the 
entries  in  the  matrices  of  linear  state  space  model  and  are  bounded  by  constant.  For  example,  stability  margin  against 
unmatched  uncertainties  was  studied  in  [28,  29].  Later,  the  Riccati  approach  [33,  53]  was  introduced.  The  uncertain 
system  under  consideration  is  linear  and  the  control  is  of  linear  form.  In  the  control  synthesis,  the  bound  of  the 
uncertainties  does  not  enter  explicitly  into  the  control  scheme  but  instead  appears  implicitly  in  an  aissociated  Riccati 
equation  for  solution  of  the  feedback  control  gain.  Also  available  are  structural  conditions  on  uncertainties  that  are 
less  restrictive  than  the  matching  conditions,  such  as‘l  —  th  step  matching  conditions  [21]’  and  ‘generalized  matching 
conditions  [59]’  and  ‘quadratic  stabilizability  [62].’  These  results  are  however  inherently  limited  to  linear  uncertain 
systems. 

In  much  of  the  literature  on  nonlinear,  uncertain  systems,  for  instance  [8,  6,  5,  2],  the  problem  of  uncertainties 
not  satisfying  the  matching  conditions  is  treated  by  dividing  the  uncertainties  into  two  parts,  the  matched  uncertainties 
and  unmatched,  or  mismatched,  uncertainties,  as  shown  in  (3).  The  control  applied  is  the  same  one  that  would  be 
applied  if  there  were  no  unmatched  uncertainties.  Consequently  the  norm  of  the  unmatched  portion  of  the  uncertain 
term  is  required  to  be  smaller  than  a  threshold  value  determined  by  the  control  law,  namely,  by  (8) 

||Vxnx,<)n^^,0ll<73(|!x||)  V(x,0eN  (9) 

This  merely  says  that  as  long  as  the  unmatched  uncertainties  are  reasonably  small  the  system  will  remain  stable  under 
the  proposed  control  law.  The  case  where  the  norm  of  the  unmatched  uncertainties  exceeds  the  threshold  is  common 
in  engineering  applications  but  has  not  been  addressed. 

The  problem  of  loosening  the  matching  conditions  or  the  size  restriction  (9)  is  the  major  topic  in  the  research 
of  the  author.  The  approach  taken  is  to  investigate  whether  there  exists  a  class  of  uncertain  systems  whose  nominal 
system  possess  certain  properties  which  allow  the  class  of  uncertain  systems  to  be  stabilized  for  all  possible  bounded 
uncertainties.  This  idea  is  different  from  that  in  the  existing  literature.  That  is,  the  properties  of  the  nominal  system 
are  exploited  in  order  to  remove  unnecessary  assumptions  about  the  uncertainties.  The  followings  are  primary  results 
on  loosening  the  matching  conditions  achieved  recently  by  the  author. 

Composition  of  Lyapunov  Functions:  A  new  approach  of  designing  robust  control  is  proposed  [44].  The  method 
uses  the  property  that  the  Lyapunov  function  is  not  unique  for  a  stable  or  stabilizable  system  and  reveals  that 
there  is  a  class  of  uncertain  dynamic  systems  which  can  be  asymptotically  stabilized  under  the  proposed  control 
law.  The  clciss  of  systems  can  be  defined  as  follows.  First,  the  nominal  system  must  have  two  Lyapunov  functions 
such  that  the  intersection  of  the  null  sets  of  the  two  Lyapunov  functions  contains  at  most  the  equilibrium  point. 
A  composite  Lyapunov  function  can  then  be  defined,  consisting  of  these  two  Lyapunov  functions,  defined  on 
disjoint  subsets  whose  union  is  the  whole  space.  Second,  there  are  no  possible  trajectories  that  exhibit  aberrant 
intensive  chattering,  where  the  meaning  of  intensive  chattering  is  quantified. 

Convergence  Rate:  A  general  control  law  and  a  set  of  conditions  on  the  uncertainties  in  a  uncertain  dynamic  system 
are  proposed  in  [45]  to  guarantee  the  stability  of  the  uncertain  system.  The  development  is  carried  out  without 
the  matching  conditions.  It  is  also  shown  that  an  uncertain  system  can  always  be  sta  hlized  under  the  proposed 
control  law  if  its  nominal  system  can  be  stabilized  with  an  arbitrarily  large  convergt  ce  rate.  The  conditions 
for  a  linear  nominal  system,  to  be  stabilizable  with  arbitrarily  large  convergence  rate  arc  discussed.  In  addition, 
previous  results  based  on  the  matching  conditions  are  shown  to  be  special  Ccises  of  the  new  results. 
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Systems  with  Cascaded  Structure:  Many  engineering  systems  consist  of  subsystems  that  are,  serially  connected. 
For  these  systems,  high-gain  controller  [34]  and  nonlinear  robust  controller  [42]  are  available  provided  that  the 
matching  conditions  are  satisfied  not  at  the  system  level  but  at  the  level  of  subsystems. 

Feedback  Linearization  Method:  Feedback  linearization  technique  has  been  integrated  in  [43]  into  robust  control 
theory  in  order  to  design  robust  control  for  uncertain  nonlinear  systems.  The  overall  system  do  not  have  to  be 
feedback  linearizable  or  to  satisfy  the  matching  conditions. 

Equivalently  Matched  Uncertainties:  It  is  shown  in  [37]  that  uncertainties  not  satisfying  MCs  can  always  be  sta¬ 
bilized  as  long  as  they  are  equivalently  matched.  Or  loosely  speaking,  the  unmatched  uncertainty  C7j^V''(x, 
in  (6)  is  in  the  range  of  the  input  space  so  that  the  derivative  of  Lyapunov  function  can  be 

written  in  the  same  form  as  (7).  This  approach  requires  judicious  choice  of  Lyapuno\'  functions. 

Generalized  Matching  Conditions:  The  generalized  matching  conditions  (GMCs)  was  recently  introduced  [35] 
under  which  nonlinear  uncertain  systems  are  stabilizable.  The  GMCs  are  defined  based  on  (1)  as  A/,(x,<)  = 

■  ■  ■ ,  X,', t)  and  gi{x,u,t)  =  gi{x,x„+i,t),  with  Xn+i  =  u,  satisfying  without  loss  of  any  generality  the 
relation:  there  exist  known  continuous,  positive  definite  functions  ir,  and  non-negative  functions  gji  such  that 

Xi.t.i(/,(x,x.>i,t)  >  Oi(||x<+i||)(l  +  <p,{x,u,t))  V(?:,x,u,t). 

Globally  stabilizing  robust  controller  can  be  designed  under  GMCs  using  the  recursive  procedure  in  [35].  The 
procedure  is  conceptually  the  same  as  but  mathematically  more  complicated  than  tlie  back-stepping  procedure 
[23]. 

The  above  results  represent  significant  progress  in  loosening  size  or  structural  restrictions  on  the  uncertain¬ 
ties.  Especially,  the  three  approaches,  GMCs,  equivalently  matched  uncertainties,  and  feedback  linearization,  form 
a  powerful  set  of  tools  to  solve  many  control  problems  in  engineering  such  as  large-scale  power  systems,  rigid-body 
robots,  and  other  rigid  electrical-mechanical  systems.  A  new  idea  beyond  GMC  on  further  relaxation  of  the  matching 
conditions  in  the  state  space  will  be  discussed  in  section  five.  Another  powerful  method  that  does  not  require  the 
matching  conditions  is  robust  control  design  using  input-output  model,  which  is  the  subject  of  section  2.2. 

2.1.2  F  irch  of  Lyapunov  Functions 

As  made  by  Assumption  3,  Lyapunov  function  for  designing  robust  control  must  be  assumed  to  be  known.  However,  for 
nonlinear  systems,  finding  a  Lyapunov  function  is  itself  a  challenging  problem.  Several  approaches  recently  proposed 
by  the  author  provide  answers  to  the  problem,  which  includes  GMCs  [35],  feedback  linearization  method  [43],  and 
systems  with  cascaded  structure  [42].  For  example,  under  GMCs,  the  structure  of  nominal  systems  is  almost  known 
and  Lyapunov  function  can  always  be  chosen  as  quadratic  functions.  If  feedback  linearization  method  is  applicable, 
the  nominal  systems  after  nonlinear  transformation  is  in  Brunowsky  canonical  form,  and  the  search  for  Lyapunov 
function  becomes  trivial. 


2.1.3  Stability  Results 


It  is  well  known  that,  if  the  bounding  functions  on  the  uncertainties  are  known  and  if  system  (5)  is  asymptotically 
stable  in  the  large,  there  are  a  variety  of  feedback  control  laws,  yielding  Vo.rious  types  of  stability  for  system  (3). 

Among  existing  feedback  control  laws,  the  two  primary  ones  are  the  minmax  control  [19,  20]  and  the  saturation- 
type  control  [9].  If  ^'(x,t)  =  0  in  (3),  the  minmax  control,  that  makes  system  (3)  asymptotically  stable  in  the  large, 
is  given  by 


u(x,t)  = 


V(x„0^N 
{«(x,<)  e  3?"*}  V(x,0€N 


(10) 


where  a{x,t)  =  B^(x,t]  Vr  and  N  =  {(x,,  t)  :  a(x,t}  —  0} . 

Although  the  above  min-max  control  achieves  eisymptotic  stability  for  system  (3),  the  control  is  computationally 
poorly  behaved  when  ||a||  is  very  small.  Moreover,  the  minmax  control  is  discontinuous  and  consequently  does  not 
satisfy  the  usual  concept  of  a  solution. 
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It  was  subsequently  noted  that  the  choice  of  control  law  on  the  set  N,  where  o(x,  i)  =  0,  is  eqsentially  arbitrary, 
and  that  a  proper  choice  could  make  the  control  continuous  [9],  Corless  and  Leitmann  [9]  proposed  the  following 
continuous  state  feedback  control  law,  which  is  a  modification  of  the  Lyapunov  min-max  control  law. 


u(x, t) 


I  if  ||a(x,0||  >  e 

[  -p(x,0^  if  I!a(x,0||<c 


(11) 


where  c  >  0  is  given.  It  is  easy  to  show  that,  if  =  0,  under  the  control  (11), 

<  -73(||x||)  +  2t  V(z,t)  G  3?"  X  K,  (12) 

where  e  is  chosen  small  enough  to  make  l/(a;,t)  negative  definite  outside  a  sufficient  small  neighborhood  around  the 
origin. 

Since  73(0)  =  0,  this  Lyapunov  function  does  not  give  global  asymptotic  stability -but  rather  stability  of  UUB. 
Several  other  control  laws,  equivalent  to  the  min-max  control  and  the  saturation-type  control  have  subsequently- 
been  proposed  [4,  1],  These  saturation-type  controls  are  continuous  and  therefore  guarantee  the  existence  of  a 
classical  solution.  Instead  of  asymptotic  stability,  saturation-type  controls  render  system  (3)  UUB.  Recently,  modified 
design  procedures  are  proposed  by  the  author  to  generate  uniformly  continuous  robust  controllers  [39,  41,  38].  These 
continuous  controls  guarantee  exponential  or  asymptotic  stability  as  long  as  the  nominal  system  has  the  corresponding 
property. 


2.2  Input-Outpur,  Approach 

Input-output  control  is  desired  in  many  applications  since  it  requires  far  less  information  than  state-feedback  control. 
For  known  linear  time  invariant  (LTI)  systems,  there  are  several  input-output  design  approaches:  classical  design  based 
on  transfer  functions;  state  observation  together  with  numerous  state-feedback  control  methods  [32].  For  unknown 
LTI  systems,  there  are  mainly  two  methods:  adaptive  control  [30]  and  linear  robust  control  such  as  and  H" 

[16,  15],  which  design  methodologies  have  been  studied  extensively  in  the  pas*  two  decades.  Although  they  are 
popular,  widely  used,  and  have  many  outstanding  features,  both  methods  are  limited  for  systems  that  are  slow  time- 
varying  and  contain  only  soft  nonlinearities  (that  is,  nonlinearities  satisfying  global  Lipchitzian  condition).  That  is, 
these  approaches  are  not  applicable  to  systems  with  nonlinear  uncertainties,  fast  time-varying  parameters,  significant 
unmodelled  dynamics,  large  and  varying  time  delays,  etc.  New  control  design  methodology  has  to  be  developed  for 
the  listed  problems. 

Recently,  a  pioneer  work  on  nonlinear  robust  control  design  based  on  I/O  model  was  proposed  by  the  author,  in 
which  the  design  technique  is  somewhat  analogous  to  but  much  more  powerful  than  adaptive  control.  A  system  under 
consideration  is  represented  by  (2),  in  which  only  the  following  information  are  assumed  to  be  known:  bounds  on  time- 
varying  parameters,  upper  bound  on  system  order  and  relative  degree,  and  bounding  functions  on  the  unce’-tainties 
and  unmodelled  dynamics.  Robust  input-output  control  (Model  Reference  Robust  Control,  or  MRRC)  is  designed  by 
a  four-step  systematic  procedure  using  a  straightforward  Lyapunov  argument  for  stability  analysis.  More  specifically, 
a  nominal  control  is  first  designed  under  the  assumed  perfect  knowledge  of  the  system,  a  nonlinear  robust  control 
problem  is  then  formulated  with  aid  of  the  unknown,  nominal  control;  state  space  model  is  built  using  filtered  version 
of  input  and  output  signals;  and  finally  nonlinear  robust  control  guaranteeing  global  stability  is  generated  using  a 
systematic  design  procedure.  As  shown  in  [47],  a  bcisic  setup  of  the  I'ew  control  scheme  is  proposed  to  solve  tracking 
problem  for  any  unkn-^wn  minimum-phase,  linear  SISO  systems.  In  [46],  synthesis  procedure  is  provided  for  unknown 
systems  with  arbitrarily  fast-varying  parameters.  In  [36],  nonlinear  robust  control  is  des-gned  for  time-invariant 
systems  with  nonlinear  uncertainties  and  unmodelled  dynamics  that  are  arbitrarily  large,  unstable,  and  of  infinite 
dimension. 

Due  to  space  limitation,  it  is  impossible  to  discuss  here  the  details  of  the  I/O  robust  control  design  procedure 
for  different  classes  of  systems.  Instead,  the  main  ideas  will  be  exposed  through  the  examples  and  applications  in  the 
next  two  sections.  Complete  analysis  can  be  found  in  the  references  cited  for  interested  readers 


3  Characteristics  of  Nonlinear  Robust  Control 

In  the  previous  sections,  extensive  discussions  are  made  on  design  methodologies,  applicability,  stability  and  perfor¬ 
mance  results  of  existing  and  most  recent  nonlinear  robust  controls.  In  this  subsection  we  choose  to  expose  the  basic 
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feature  of  nonlinear  robust  controls  through  simple  examples.  The  examples  not  only  show  thecvetical  approach  to 
be  used  but  also  p.rovide  intuitive  explanation  of  how  and  how  well  robust  control  works. 

Example  1:  First-order  SISO  system: 

e  =;ae-|-u-f-d(e,0,  (13) 

where  v/e  assume  without  loss  of  generality  that  a  =  —0.1,  since  any  unstable  part  of  the  nominal  system  can  be 
included  in  d(e,t).  The  function  d  is  a  continuous  uncertainty  satisfying  |d(e,t)|  <  1  -|- =  p{e).  There  are  two 
important  points  about  uncertain  systems  that  need  to  be  emphasized  before  we  proceed.  First,  the  uncertain  system 
may  not  have  any  equilibrium  point,  or  if  an  equilibrium  point  exists  it  may  not  be  known.  Thus,  stability  must 
be  discussed  with  respect  to  the  equilibrium  point  of  the  uncontrolled  nominal  system,  that  is,  the  system  with  the 
disturbance  set  to  zero.  Second,  the  uncertainty  is  bounded  pointwise  by  a  bounding  function,  and  hence  there  is  no 
limitation  on  how,  or  how  fast,  the  uncertainty  varies  within  the  bound.  The  fact  that  the  rate  of  variation  of  the 
disturbance  can  be  arbitrarily  large  makes  it  clear  any  explicit  adaptation  or  learning  law  will  be  inadequate. 

We  will  use  Lyapunov’s  direct  method  to  determine  the  stability  of  the  system.  We  note  that  the  proof  of 
stability  will  yield  a  robust  control  design.  Letting  l^(e)  =  0.5e^,  we  have 

=  ee 

—  ae^  +  e{n  +  d) 

<  ae^  +  eu  +  |e|  ■  |d| 

<  “^aV  -I-  eu  -f  |e|  •  p{e). 

By  introducing  the  known  function  p  in  the  last  step,  we  obtain  a  known  form  from  which  an  explicit  robust  control 
can  be  designed.  It  is  also  clear  that  we  should  choose  u  so  that,  in  the  limit,  the  term  ue  exactly  cancels  the  term 
|e|  •/5(e). 

Because  we  want  a  continuous  robust  control,  we  choo.se 

ep(e} 

\e\p(e)+(.exp{-0t)^^^'*’ 

where  {,0  >  0  are  design  parameters.  Substituting  the  control  into  V  yields 

V  <  2aV  -f  eexp(  -0t). 

The  details  of  how  this  inequality  is  obtained  and  the  property  of  V  are  given  explicitly  in  the  proof  of  robustness  for 
the  general  case  which  follows  this  example. 

Solving  the  above  differential  inequality  shows  that  V  or  equivalently  |e|  converges  to  zero  exponentially.  The 
convergence  rate  can  be  adjusted  by  changing  |a|  and  c.  Note  that  u  is  continuous  at  any  finite  instant  of  time  and 
is  uniformly  bounded  since  e  is  uniformly  bounded  and  since  |u]  <  p{e).  Therefore,  there  is  a  classical  solution  for  e. 
Since  e  is  continuous  and  uniformly  bounded,  e  is  uniformly  continuous.  It  follows  from  the  system  dynamics  (13) 
that,  for  any  di  >  0, 

i-t+S 

lim  /  (u  -h  didr  =  0, 

'  — oo  ./( 

which  implies  that  «  tends  to  -d{e,t)  almost  everywhere  in  the  limit.  To  gain  some  intuition  as  to  why  the  proposed 
robust  control  guarantees  exponentially  asymptotic  stability,  first  note  that  the  ratio 

epje) 

ie|p(e)  +  (exp(~0t) 

is  always  in  the  interval  [—1,  1].  It  is  also  important  to  note  that  the  state  e  and  the  exponential  term  tend  to  zero 
simultaneously.  Thus  the  ratio  can  in  general  stay  well  inside  [-1,  1]  as  time  goes  to  infinity.  The  control  u  is  then 
simply  this  ratio  times  p.  This  ratio  has  the  potential  of  converging  in  the  limit  to  the  time- varying  ratio  d{e,  t)/p{e). 
That  i.s,  over  time,  the  control  can  actually  correlate  p  and  an  arbitrary  but  continuous  time  varying  uncertainly,  so 
that  as  time  goes  to  infinity  the  ratio  identifies  a  scaled  version  of  the  uncertainty.  In  other  words  the  control  will,  as 
time  evolves,  implicitly  learn  any  smooth,  time-varying  function. 
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Figure  1:  Simulation  results  of  Example  1 


Figure  1  shows  the  simulation  using  SIMNON©  in  which  the  control  parameters  are  e  =  1,  /?  =  0.1,  and  the 
“uncertainty”  is  chosen  to  be 

d  —  0.5 sin  /  +  ecos2/  +  0.5e^  cost. 


The  horizontal  time  axis  is  marked  in  terms  of  seconds.  □ 

Example  2:  A  second-order  LTV  system: 


y  -f  ai(<)y  4-  a2{t)y  =  u  +  bi(t)u, 


where  ai(/),  a2(/),  fti(/)  >  0  are  time-varying  parameters.  The  plant  output  y  is  required  to  tracking  the  output  of 
the  reference  model 

Vm  +  2ym  =  r, 

where  r  is  any  given  bounded  and  continuous  reference  input.  Note  that  the  reference  model  is  strictly  proper. 

As  will  be  shown  later,  a'(s)  =  1  should  be  chosen  for  this  system.  It  follows  from  the  discussion  in  [46]  that  the 
following  control  is  a  perfect  nominal  tracking  control  (i.e.,  lim,_oo(ym  -  !/)  =  0) 


tVi  =  —Wi  -f 

t£>2  =  — U'2  +  y 

u*(/)  =  r(<) -l-^Jy -f  -p  1^2. 


where  O'  are  given  by 


/?[(/):.  1 -5, (/),  f?5(/)  =  n,(/)-3 


Since  perfect  knowlege  of  system  parameters  is  not  available,  we  can  not  let  u  u*(<).  However,  since  u’(/)  is  the 
perfect  control,  we  can  rewrite 

u  =  (u  -  0gy  -  wi  -  wj)  +  ^o!/  +  wi  4  11^2, 


which  implies  that 


y  4-  2y  =  u  4-  r(t)  ~  u*(t). 
Define  the  error  signal  e(/)  ym(t)  -  yit)  yields 


e  4-  2e  =  —  u  4-  u*(0 


It  IS  noted  that  u*(<)  can  be  viewed  as  a  hounded  uncertainty  .since  can  be  easily  bounded  using  the  bounds  on  the 
system  parameters.  The  uncertainty  u‘(/)  satisfies  the  matching  conditions  [19].  So,  robust  control  can  be  designed 
to  compensator  for  «“(/),  as  shown  in  Example  1.  □ 

F-xample  ?:  Second  order  LTV  system  with  relative  degree  two: 


y  4-  n,(<)y  4-  a2(/)y  -  u, 
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where  ai(i)  and  a2(t)  are  time-varying  parameters.  The  plant  output  y  is  required  to  tracking,  the  output  of  the 
reference  model 

i/m  +  3ym  +  ‘i.ym  =  r. 

As  shown  in  [46J,  the  following  control  ensures  perfect  nominal  tracking  control  under  perfect  knowledge,  i.e., 
limf_eo(ym  -  y)  =  0. 


where  6'  are  given  by 


till  = 

—yj  i  -f  u 

liio  = 

-u;2  +  ^2?' 

u*(t)  = 

r(t}  +  Ogy  +  wi  +  W2 

6l{t)  =  ai{t)  -  3,  d5(t)  =  -5  -I-  aift)  -|-  di(<)  -|-  a2(t)  -  0‘(t)ai(t), 

^  a2(t)  +  <i2(0  -  ^?(<)a2(t)  -  0;(t)  -  ^;(i)  -  2. 

Due  to  the  lack  of  perfect  knov/lege,  we  can  not  let  u  =  «*(<).  However,  since  u*('')  is  the  perfect  control,  the  system 
can  be  rewritten  sis 

y  +  3t/  +  2y  =  u  +  r(i)  -  u*(<). 


or 

e -f  3e -f  2e  =  — u -I- (14) 

It  is  noted  that  u*(t)  can  again  be  viewed  as  a  bounded  uncertainty. 

Unlike  Example  1,  robust  control  can  not  be  designed  directly  unless  state  feedback  is  available.  This  is  because, 
although  the  uncertainty  is  matched  [19],  the  reference  model  as  veil  as  (14)  is  not  strictly  proper.  That  is,  a  robust 
control  designed  using  standard  robust  control  theory  will  require  measurement  not  only  y  but  also  y,  which  violates 
the  objective  of  I/O  robust  control.  To  get  around  this  problem,  let 

1 


which  yields 


e  +  3e -f- 2e  =  — u  —  1.5u -f  m*(<) 
u  =  —  1.5u-t-u. 


The  above  system  can  be  viewed  as  two  caiscaded,  strictly  proper  subsystems.  Since  the  subsystems  are  strictly  proper, 
output  robust  control  can  be  designed  for  each  one  of  them,  and  cascaded  connection  can  be  used  to  generate  the 
overall  control  u(t)  in  a  similar  fashion  as  those  in  [42,  43,  35].  The  treat-off  is  that  the  uncertainty  ii’(t)  is  now  not 
matched  but  satisfies  the  generalized  matching  conditions  [35]. 

As  shown  in  [42,  43,  35],  the  loss  of  matching  conditions  for  uncertainty  implies  that  asymptotic  stability  or 
expoenential  stability  can  not  be  achieved  in  general.  An  intuitive  explanaton  is  the  following.  The  intermediate 
control  variable  u  could  be  designed  in  a  similar  form  as  explained  in  Example  i  to  compensate  any  continuous  u*(t). 
There  is  no  limitation  on  the  uncertainty  u'(t)  except  its  size  bounding  function  |||u''(t)|!|.  However,  inside  the  given 
size  bounding  function,  the  uncertainty  may  vary  continuous  but  arbitrarily  fast,  this  implies  that  robust  control  u  has 
the  capability  to  change  arbitrarily  faust  as  well  in  order  to  match  up  with  the  change  in  the  uncertainty  Therefore, 
the  time  derivative  of  n  can  not  be  hounded  apriori.  Thus,  to  achieve  exponential  stability  for  plant  of  high  relative 
degree,  the  control  u  may  be  excessively  large  since  u  =:  u  4-  l,5u.  Because  of  this  reason,  exponential  stability  1.  r 
plant  of  relative  degree  greater  than  one  will  not  pursued  in  this  paper.  The  control  objective  for  these  systems  is  to 
make  the  tracking  error  arbitral ily  small  to  achieve  any  given  accuracy  requirement.  □ 

Example  4;  Minimum  phase  .system  with  unmodelleJ  dynamics;  C7p(s)[l  4-  \U'(s)]  where  lim3_oo  A6’(s)  yf  -1, 


(’,1 


j,  ^  /,  _L 

^  A,,is)  .s '  + Op 


and  Upi  and  6po  are  unknown  parameters  with  6po  >  0. 
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For  this  system,  there  are  only  two  known  information.  First, 


X  f  AG(5)  1 

ll  +  AG(5)i 


-0.lt 


for  some  unknown  constant  Cag-  Second,  the  lumped  uncertainty  is  bounded  by 

k(y,OI  <l  +  y^-i-e-'*y^  =  p  yJ). 


Choose  the  desired  reference  model  to  be 


Gm(i) 


1 

5  +  r 


It  is  easy  to  check  that  G,n(s)  =  Gm(s)  is  SPR. 

A  stabilizing  control  can  be  designed  using  the  MRRC  approach.  A  specific  choice  in  [36]  is 


U  —  1/1  = 


Ipi  (e.y,  «,<)[  + 


<1 


f9i 

lek  +  fi  ’ 


where 

9iiy,r,u,t)  =  kg  {r^(<)  +  (t)  +  p'^ {y ,  t)  +  e"°  ♦  y^(0}  , 

Cl  >  0  is  a  constant,  pi{e,  y,  u,  t)  =  e{t)gi{y,  u,0.  and  >  0  is  a  scalar  gaii.. 

The  simulation  was  done  using  SIMNON^  with  the  following  choices: 

Plant:  Gp(s)  —  AG(s)  =  ~2-  Reference  signal:  r{t)  =  sin2<. 


Lumped  uncertainty:  ^{y,t)  =  0.25  cos  t  +  0.5 cosy  +  y sin  2t  +  e  ‘  ♦  [y^  sin(y  ■  <)] 


Initial  conditions:  zero.  Parameters  in  the  controller:  kg  —  5  0,  cj  =  0.3. 

Simulation  results  are  shown  in  Figure  2.  We  note  that  the  tracking  error  can  be  made  smaller  by  choosing  a  smaller 
value  for  the  design  parameter  Cj.  O 

Example  5:  Consider  the  plant  described  by  Gp(s)[l  +  AG(s)]  where 


Gp{s)  -  k, 


-'ll. (5) 


epo¬ 


s'  +  On  1 


Opi  and  bpo  are  unknown  parameters  with  6po  >  0,  and  the  uncertainty  AG(s)  hcis  relative  degree  no  less  than  —1 

Fwo  known  information  are  assumed  for  this  system.  It  is  assumed  that  the  lumped  uncertainty  s(y,0  be 
bounded  by 

l^(y>  01  £  1  +  y‘  +  f ''  =  p{yJ) 

About  unmodelled  dynamics,  it  is  assumed  that  pj,  c!  0  1 

The  same  reference  model  and  MRRC’  as  those  in  Fixample  4  are  used.  The  simulations  were  done  using 
SIMNON©  with  the  following  choices 
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Figure  3:  Simulation  of  Example  5:  Plant  (1) 


Out|*M«  Crr*r 


Figure  4:  Simulation  of  Example  5:  Plant  (2) 


Plant:  (1)  Gp(s)  =  AG(s)  =  (2)  Gp(s)  =  jj-,,  AG(s)  Reference  signal:  r(f)  =  sin2<. 

Lumped  uncertainty;  ^(j/, t)  =  0.25 cost  +  0.5 cosy  +  ysin 2t  +  e  '  *  [y' ■‘;in(y  <)]. 

Initial  conditions:  zero.  Parameters  in  the  controller;  kg  ~  5.0,  fi  =  0.3 

The  same  MRRC  applies  to  two  different  nonminimum  phase  plants.  Simulation  results  of  two  plants  are  shown  in 
Figures  H  and  4,  respectively.  We  note  that,  if  the  high-frequency  gain  of  the  overall  system  is  different  from  that  of 
the  nominal  system,  the  output  tracking  error  is  not  very  small  and  in  fact  can  not  be  made  smaller  by  choositig  a 
smaller  value  for  the  design  parameter  fj.  Box 

P'or  general  systems,  control  desigi  steps  and  theoretical  analysis  are,  although  much  more  complicated,  con¬ 
ceptually  the  same  as  those  in  the  above  examples. 


4  Applications 

This  section  is  organized  into  two  subsection.s  In  the  first  subsection,  gent  r.-d  discussions  are  made  on  applicability 
of  riotiiinear  robust  control  for  both  rigid  and  flexible  systems.  In  the  second  sub.seciu-ri  we  use  liexible  joint  robot  as 
a  prototype  to  show  how  to  design  robust  control  for  systems  that  an'  high  dimensional,  uncertain,  highly  nonlinear. 


4.1  General  Discussions 

1  he  net'll  of  the  proi'osf’ii  research  in  robust  control  come  naluially  from  many  applicalioms  including  control  of 
weajion  systems  f  or  e.xample,  any  mectianiral.  rigid  motion  in  weapon  systems  can  be  described  by 


^■{q)q  +  jV(v,  v) 


Qu 


^'’(9.9)  --  Vm('-i,q)q  +  G{q)  + Fd{t)q  +  P\{q)  -\  Td. 

where  9  represents  n  x  1  vector  of  generalized  coordinates,  n  is  n  x  1  vector  of  generalized  force  inputs,  M{q)  is  an  nxn 
inertia  matrix,  Vm(9,9)  is  an  n  x  n  matrix  of  centripetal  and  Coriolis  terms,  G{q}  is  an  tj  x  1  vector  of  gravity  terms, 
F'dit)  and  F.,{q)  are  diagonal  matrices  of  dynamic  and  static  friction  terms,  and  Tj  is  an  ri  x  1  vector  of  any  unknown 
but  bounded  disturbances.  Fi(q,q)  provides  a  consolidated  notation  for  the  nonlinear  effects  and  disturbances.  If 
necessary,  dynamics  of  electrical  subsystems  can  be  included  as  well.  It  is  apparent  that  system  (15)  fits  naturally 
into  the  setup  of  nonlinear  robust  control,  especially  the  generalized  matching  conditions. 

In  many  cases,  a  weapon  system  contains  not  only  rigid  mechanical  parts  but  also  flexible  parts,  for  example, 
helicopter  blades  made  of  composite  materials.  This  class  of  systems  is  usually  referred  as  flexible  systems.  From 
Hamilton's  principle,  dynamics  of  a  flexible  system  are  governed  by  partial  differential  equation  C^DE).  For  instance, 
the  motion  of  a  planar  and  homogeneous  flexible  beam  is  described  by  a  forth-order  linear  PDE  with  four  boundary 
conditions  [3],  For  complicated  systems,  PDE  is  in  general  nonlinear  and  difficult  to  derive.  The  main  difterences 
between  control  of  rigid  systems  and  controi  of  flexible  systems  arc;  (1)  control  objective  can  not  be  achieved  directly 
but  rather  through  oscillatory  propagation,  which  is  reflect''d  mathematically  by  the  fact  that  control  inputs  do  not 
appear  the  PDE  but  rather  enter  through  ics  boundary  conditions;  (2)  any  model  of  a  flexible  system  is  of  infinite 
dimension,  contains  significant  nonlinearity,  and  is  only  known  approximately,  Thes'’  i-haracterifti.'-  makes  flexible 
system  a  robust  control  problem. 

Since  controi  problem  of  PDE  is  not  solvable  in  general  ,and  since  almost  all  control  results  are  brised  on 
ordinary  differential  equations  (ODEs),  one  has  r.o  approximate  the  dynamics  01  flexible  systems  by  ODEs.  The 
popular  approach  for  n'odelling  flexible  systems  using  ODEs  is  to  use  finitely  truncated  modal  expansions.  That  is, 
first  define  the  assumed  modes  and  t  hen  use  Lagrange  formulation  to  yield  a  high-order  complicated  nonlinear  ODEs. 
Another  approach  is  to  model  a  flexible  system  as  an  infinite  dimensional  systems  subject  to  significant  nonlinearitie? 
The  ODE  models  from  both  techniques  will  obviously  contain  large  uncertainties,  which  makes  nonlinear  robust 
control  be  the  natural  candidate  for  this  controi  problem. 

To  apply  robust  control,  both  methods  of  approximation  need  to  be  studied.  The  first  approximation  approach 
yields  a  nonlinear  state  space  model  in  which  uncertainties  may  not  satisfy  the  genarahzed  matching  conditions,  which 
requires  new  rvisearch  as  proposed  in  section  five.  The  second  method  provides  a  linear  input-output  model  which  is 
time-varying  (and  implicitly  state-dependent),  contains  nonlinear  uncertainties  and  unmodelled  dynamics  of  infinite 
order,  and  is  also  nun-minimum  phase.  The  non-ndnimum  phase  feature  of  flexible  systems  has  been  shown  in  [26] 
for  an  Euler- Bernoulli  beam.  This  represents  the  class  of  systems  tackled  by  the  newly  proposed  MRRC  method. 

In  a  word,  the  nonlinear  robust  control  schemes  are  very  much  applicable  to  weapon  systems  that  contain  both 
flexible  subsystems  and  rigid  subsystems 

4.2  Robust  Control  Design  for  Flexible-Joint  Robots 

Control  design  for  robot  manipulators  with  joint  flexibility  heis  attracted  much  attention  from  control  researchers  in 
rccer.t  years  The  main  reason  i""  that,  as  shown  by  experimental  study  in  [58],  joint  flexibility  must  he  taken  into 
account  in  both  modelling  and  control  design  in  order  to  achieve  high  tracking  performance  Common  sources  ot  joint 
flexibility  are  gear  elasticity  (for  example,  harmonic  drives),  shaft  windup,  etc.  Most  researchers  have  adopted  the 
model  .  '  flexible  joint  robots  presented  in  [54], 

Several  methods,  such  as  feedback  linearization,  observer  design,  adaptive  control,  singular  perturbation,  and 
robust  control,  have  been  investigated  to  design  effective  control  for  flexible  joint  robots.  A  list  of  references  on  these 
results  can  be  found  in  the  survey  paper  [56],  we  sh<ill  only  brief  synopsis  of  th.-  most  recent  developments  and  provide 
comparison  of  different  approaches.  In  feedback  linearization  method  [54,  25],  control  is  designed  based  on  feedback 
linearization  transformation  which  requires  the  knowledge  of  the  dynamics  and  acceleration  and  jerk  riiecisurements. 
Under  the  assumption  chat  jc>int  flexibility  is  ''smair’,  there  are  two  time  scales  in  system  dynamics,  and  a  control  can 
he  designed  using  singular  perturbat.ioi;  technique ,  Adaptive  version  of  this  slow/fasl  control  was  studied  in  [17,  18], 
The  ri'sulting  control  is  irUuitivelv  simple  since  it  usually  contains  two  pirrts:  a  control  for  rigid  body  and  a  corrective 
CO'  trol,  however,  the  controi  does  not  guarantee  global  stability  The  most  recent  adaptive  control  scheme  proposed 
in  :27j  guarantees  global  stability  under  tlie  .standard  assumption  that  dyiiamics  can  be  fully  parameterized.  On  the 
front  !..f  robust  centro)  design,  lo''al  stability  wa.s  shown  [34]  which  can  be  viewed  as  extension  of  robust  control  rc.sulls 
for  rigid  robo;.;>  [48,  50j.  f,at,.'r,  a  robust  control  guaranteeing  global  stability  w;us  presented  in  [13],  this  full  state 
feedli.'ick  rotuist  control  design  is  an  a[.iplication  of  the  result  in  [42]  and  an  extension  of  the  roiiusl  control  law  [12]  for 
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rigid  robots.  Hybrid  control,  or  combined  robust  and  adaptive  control,  of  flexible  joint  robots  has  also  been  studied 
[49,  14], 

So  far  all  existing  control  laws  for  elastic  robots  require  full  state  feedback.  There  are  some  results  [31,  60]  on 
designing  state  observer  for  flexible  joint  robots,  but  no  result  has  been  reported  on  the  subject  of  hov  to  close  the 
control  loop,  that  is,  how  to  design  a  control  based  on  the  estimates  of  tlie  states.  Since  the  separation  principle  does 
not  hold  in  general  for  nonlinear  systems,  it  appears  unlikely  that  full  state  feedback  control  can  be  changed  to  an 
estimate-based  control  to  guarantee  global  stability. 

In  this  section  we  use  flexible  joint  manipulators  as  eample  to  design  input-output  robust  control.  The  control 
objective  is  to  design  a  robust  control  which  guarantees  global  stability  and  good  tracking  performance  but  requires 
only  feedback  of  link  position  and  velocity.  The  proposed  control  design  is  not  only  more  attractive  in  practice  since 
it  requires  less  feedback  information,  but  also  allows  the  presence  of  significant  but  bounded  nonlinear  uncertainties 
including  fast  time  varying  parameters,  modelling  errors,  load  change,  and  unknowm  flexibility. 

Dynamics  of  a  robot  with  flexible  joints  are  described  by  the  following  nonlinear  differential  equations: 

0  =  M{qi)qi-y  N{qi,qi)  + K{qi  -  q2)  (15) 

^92  =  A'(gi  -  92)  -  O92  f  7-  + (16) 
A(9i-9i)  ==  '^''rr,{qi,qi)qi+G(qi)+ Fdqx  + H(qi,qi) 

A (91, 91 )  -  F,(q,)  +  Td, 

where  91  and  92  represent  n  x  1  vectors  of  joint  angles  and  motor  angles,  respectively,  r  is  n  x  1  the  control  vector 
of  motor  output  torques,  M{q\)  's  an  71  x  n  inertia  matrix(symmetric  and  positive  definite)  for  the  rigid  links,  K  is  a 
diagonal  matrix  representing  the  joint  stiffness.  Vm(9i,9i)  is  an  n  x  n  matrix  of  centripetal  and  Coriolis  terms,  G[q\) 
is  an  11  X  1  vector  of  gravity  terms,  is  an  n  x  n  diagonal  matrix  of  dynamic  friction  coefficients,  H{qi,qi)  includes 
static  friction  F,(qi)  and  any  unknowm  but  bounded  disturbances.  It  is  worth  noting  that  Td  is  in  general  a  unknown 
nonlinear  functional  of  91,  91.  In  equation  (16),  J  is  a  diagonal  matrix  of  actuator  inertias  reflected  to  the  link  side 
of  the  gears,  D  is  also  a  diagonal  matrix  of  torsional  damping  coefficients,  P(qi,qi)  denotes  any  possible  nonlinearity 
whose  bounding  function  depends  only  on  91,  and  91. 

Let  qf  characterize  the  desired,  smooth  trajectory  that  the  robot  should  track.  The  assumption  of  qf  being 
smooth  implies  that  qf  and  its  derivatives  up  to  the  forth  order  are  conti  jous  and  bounded  functions  of  time. 

The  followings  are  the  important  properties  of  robot  dynamics. 

P.l  It  has  been  showm  in  [11]  that  the  inertia  matrix  satisfies 

ml  <  M{qi)  <  rn(qi)F  'iqi  G 

whe^e  it  is  assumed  that  m  and  m{q\)  be  known.  Note  that  771(91)  is  a  non  negative  function  and  reduces  to  a 
constant  for  robots  with  only  revolute  joints. 

P.2  It  has  been  shown  in  [11]  that  14, (91,91)  is  a  function  at  most  of  first  order  in  91  and  91.  Therefore, 

!|Pm(9).9l)ll  .<  A  +  0->,\\xi\]  ~  Plixi). 

where  ||  •  ||  denotes  Euch;.le.an  norm,  Ox  is  the  output  ticctor  defined  by  xy  =  [  ef  ]^,  and  ci  is  ;u  n  x  1 
vector  repiesenting  the  trajfjctcry  error,  i.e.  ci  =  qf  —91. 

The  robust  control  design  proposed  requires  only  tUv,-  following  assumptions; 

A.l  Unknown  functionals  in  dynamics  equa  ions  (  c)  and  (16)  include  dynamic  and  static  frictioi.,  bounded  distur¬ 
bances,  et,:.  It  is  assumed  that  they  be  bounded  by  known  functions  as 

||f-'(9i(4  Fdqi  -f  F5f9)ll  Pa  +/d4l|:ci||  =  P2(J'i), 

llTdil  <Ps(i'i,0,  liA(9i.9.)!l  <P4(ri;.  l!M(9i)ll  <Ps(ii). 

A. 2  The  feedback  information  for  contn;!  ciesign  are  only  the  measurements  if  joint  position  and  velocity,  i.e,,  qi 
.and  9i  I  he  1  osition  and  velocity  deformations  92  —  91  and  92  ~  9i  tito  unknown,  but  initial  deforrn  itions  are 
bounded,  that  i‘', 

|jj2(to)  -  J'!(<o)l|  <  Pf,  or  |l,C2(f,T)l|  <  P7 
for  some  constant  pg  or  p?,  where  is  the  interi.al  state  defined  by  ^2  -  [  9if  9?  J  ^  • 
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A. 3  If  the  parameters  K,  J,  and  D  are  unknown,  it  is  assumed  that  their  vaiue  are  limited  within  compact  sets  as 


0<A<A<A',  0<J<j'<J,  0<D<D<D, 


In  addition,  if  they  are  time- varying,  their  derivatives  up  to  third  order  are  bounded. 
We  can  rewrite  system  dynamics  (16)  into  the  following  state  space  representation: 

X2  =  A;j;2  +  B-i[T+  Kqi  -t-  A*{9i,?i)],  92  =  (^2X2 


where 


A2  — 


-J-‘A'  ~J-^D 


B2 


0 


C2  =  I  I  0 


^2 


T  T  1  ^ 

<1?.  <12  ]  ■ 


Note  that  the  matrix  A2  is  stable,  which  is  always  physically  guaranteed.  It  follows  from  (17)  that 

92(0  -  C2e-^^'a:2(0)  -b  r'  W-  C2e^^‘  *  B.Kqi  +  *  52^(91, 9i), 

where  +  denotes  the  convolution  operation  and 


(17) 


(18) 


r'  =  *  B2T. 

To  make  the  analysis  easier  to  understand,  let  us  proceed  the  I/O  robust  control  design  for  two  different  cases. 
In  the  next  subsection,  we  shall  first  study  the  simple  case  that  the  parameters  A’,  J ,  and  D  are  known.  The  general 
case  that  the  parameters  A',  J,  and  D  are  unknown  will  be  investigated  in  the  subsequent  subsection. 


4.2.1  Simplified  I/O  Control 

In  this  section,  I/O  robust  control  design  is  studied  fo’-  the  case  that  J  -  Jo,  K  ~  Ko,  and  D  =  Do  ^or  some  nominal 
value  matiices  Jo,  K„.  and  Do-  With  the  knowledge  of  A20  and  S20  where 


A20  = 


0 

-JZ^Ko 


I 

-JZ^Do 


B20  ~ 


I  0  1 

1  K'  I 


the  transition  matrix  can  be  calculated.  Consequently,  the  intermediate  variable 


t'o  =  r'  \j=:J„,D~D^,K~Ko  =  *  B2o'^ 

is  avaiiable  in  control  design,  in  stead  of  calcul.aiing  directly  e  off-line,  one  can  use  the  following  augmented  system 
to  generate  r'- 

-  =  ■'420*  -f-  ^o  --  ^2^,  (19) 

where  z  is  the  augmented  state  of  appropriate  order.  More  suecifically,  letting 


yields 


-1 


-■K,  '  “  Jo  ^  J^<>~2  +  J( 


(20) 

CM 


It  is  worth  noting  here  that,  although  matrices  in  (17)  are  known,  qo  or  i'-,  can  not  be  calrulated  due  to  the  uncertainty 
Sub.slituting  solution  (18)  and  (21)  into  (1,6')  yields  the  error  sy.sten!. 


2-)  rr  4  BiiAA  -  r(  i  ) 

-  .4ar,  4  A;  (A, 4'  -  r,',  .  qj). 


(22) 
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where  Kp  >  Q  is  gain  matrices  chosen  by  the  designer. 


= 


0  I 
0  0 


Bi 


-  [  -M-\qi)Kp  0  j  ’ 

A,4  -  K-^Miqi)r:t  +  /C'A'(9i, 9i)  -  C,e^^»'a:2(0)  -  *  S3.P(9i,9i) 


0 

M-'A' 


and 


A>1'  Ayl  +  A:„-‘ A'pCi  -  C2e^’”'  *  B.oKcqi- 

Input-output  robust  control  design  as  well  as  corresponding  stability  and  tracking  performance  will  be  investi¬ 
gated  in  terms  of  error  system  (22)  and  augmented  system  (19)  The  analysis  is  done  using  Lyapunov’s  direct  method. 
To  apply  the  Lyapunov  technique,  let  us  choose  Lyapunov  function  candidate  to  be 


V  =  +  1^2,  V)  =  .t[ Ptu  V2^~iz  -  i0^'(-  -  t-.),  - 

where  u  is  the  vector  to  be  chosen  later,  c-  >  0  is  a  constant  scalar,  and 

Kp+a^M(qi)  aM{qi) 


(23) 


aM{qi) 


M(?i)  J 


It  follows  Irom  the  definition 


-t-  ^-(o-e,  -I-  ei)'^'A/(<fi)(Qfei  -f  e,)  +  -^\\z  ~  ujl^ 

that  V'  is  a  positive  definite  function  with  respect  to  a:i  and  z  —  u. 

The  following  lemma  illustrates  the  property  of  the  derivative  of  sub-Lyapunov  function  Vi(xi  )  along  every 
trajectory  of  system  (22). 

Lemma-  [51]  Consider  system  (15)  and  (16)  under  Properties  P.l  and  P.2  and  Assumptions  A.l  and  A. 2.  Assume 
in  addition  tuat  the  matrices  K,  D,  and  J  be  constant  and  known.  Then,  the  sub-Lyapunov  function  V)(i;i)  satisfies 
the  following  inequality: 

<  ->-il|eiiP  +  !|ui(j-i)||i?i(a;i)  -  ui"(j:i )A'<,(r'  -  91  -  A'^^A'^Ci  +  *  B^Jloqi),  (24) 

where  Amin(  )  and  Amai'(  )  represent  the  operation  of  taking  the  minimum  and  maiiinum  e-.itnvaiues,  respectwtly, 

>‘l  -  aAmm(A'p),  w(xi)  =  [  cv/  I  ]xi, 

QiiTx)  --  m(9i)||(f'f||  +pi(xi)i|e||-!-p2(i;i)  +  p3(a^i)  +  i|U''^3-t)l|P5(i-i)  +  am(9i)IP.i|| 


-f||A',Qe^='’‘||  -^7+  f‘ \\KoCr-^^-‘''-  ’^B2o\\p,(X:{s))ds. 

Jto 


Remark:  Ihe  bounding  function  Pi(xi)  does  not  depend  on  internal  state  Xt  and  only  requites  .an  t  ,timate  (01 
bound)  on  the  initial  condition  of  iv. 

Upon  l.aving  Lemma,  we  can  proceed  input-output  robust  control  design  The  proposed  i/9  controller  is 
generated  by  the  following  recursive  mapping: 


ti 

i 

1 

-r 

4  ] 

r 

Ui 

=  «i 

1 1 

-  1. 12 

«!! 

--  9i 

-f 

A';'Ar 

.9  4  a;* 

»n(9 

J,' 

- 1 

Pi(-r! 

l 

.f)|‘^ 

Ul2 

J\ 

c 

(|A'i(i’i 

U2 

11  ] 

-'1  -b  A 
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cS 

T 
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where  £_,  >  0  and  i/j  >  0,  j  =  1, 2,-1,  are  -'.onstants,  the  constants  are  choren  such  that  the  first  order  partial 
derivatives  of  Uj  with  respect  to  their  variables  are  well-defined,  |||  ■  |||  denotes  a  known  bounding  function  on  the 
laagnitude  of  the  argument,  and 

=  j||us||l,  =  {U:  ---i).92(y,  n  0- 

,93(a;i,i)  =  illfizili,  -  (w2  -  r2)<i3(^i,<)- 

The  recursive  niapf)iag  basically  involves  finding  bounding  functions  of  |iti|  and  |a2|  for  obtaining  U2  and  '/', 
respectively.  The  terms  |ui|  and  |u2|  can  be  bounded  by  first  developing  bounds  for  the  first-order  partial  derivatives 
of  u,  with  respect  to  its  variables,  and  then  by  determining  the  bounds  for  the  first-order  time  derivcitives  of  its 
vari.ables  using  dynamic  equations  (.19)  and  (22).  The  bounding  functions  are  usually  obtained  by  taking  Euclidean 
norm.  There  are  several  ways  to  guarantee  differentiability  of  tii  and  U2.  The  easiest  way  is  to  use  some  user-defined 

norm  such  as  |jy||i;  =  v/lil/ll'*’  +  £  for  some  e  .'>  0.  It  is  worth  mentioning  here  that  U;  will  conia.n  which  in  turn 
depends  on  x^-  However,  the  hounding  function  on  |iii|  will  only  depend  on  x\  and  r'  since  X2  can  be  bounded  using 
(18)  with  z'  —  Tg. 

We  are  now  in  a  position  to  state  the  following  theorem  on  control  (25)  which  requires  only  input-output 
measurements  and  i.s  for  now  robust  with  respect  to  any  bounded  uncertainties  except  the  para.meter  variation  of  J , 
D,  arm  K. 

Theorem:  [51]  Consider  system  (Jo)  and  (16)  tinder  Properties  P.l  and  P.2  and  Assumptions  A.l  and  A. 2.  Assume 
in  addition  that  the  malrices  K,  D,  and  J  be  constant  and  known.  If  I/O  robust  controller  r  :s  chosen  to  be  the 
outcome  of  the  mapping  procedure  (25),  then  the  trajectory  tracking  erro~  Xi  (both  t  and  e)  is  globally  and  uniformly 
uliin.ately  hounded.  That  is,  as  time  approaches  infinity,  ike  magnitude  of  the  tracking  error  characterized  by  Vi{e,e) 
becoi'ies  no  larger  than  the  design  parameter  C  where 


1 


min{ 


2aX„..,(A,) 


AK,) 


Furthermore^  the  robust  control  r  is  continuous  and  globally,  uniformly  bounded. 


4.2  2  General  I/O  Control 

In  ..his  section,  input-output  control  design  is  proceeded  without  knowledge  of  matrices  J,  D,  and  K.  When  these 
matrices  are  not  known,  the  intermediate  variable  r'  defined  in  \T8)  can  not  be  calculated.  However,  it  is  noted  that, 
if  a  nominal  augmented  system  simil.ar  to  (19)  tan  be  obtained  by  defining  r'  properly,  most  of  the  analysis  in  the 
previous  section  follows.  Therefore,  we  shall  focus  on  how  to  generate  from  (17)  an  equation  similar  to  (19)  which 
deperid.s  only  on  r’o.minal  s'alues. 

Consider  the  .‘bllowing  linear  time- varying  system: 

F{s.t)y  =  v  +  d,  (26) 

where  y,  v  and  d  are  column  vectors  of  n  dimension,  y  is  the  output,  v  is  the  corresponding  input,  d  is  disturbance, 
F{s,t)  is  the  s-o- called  time- varying  differential  operator  defined  by 

T(s, -b  ibs -b  A'. 

That  is,  system  (26)  can  be  rewritten  in  terms  of  differential  equation  as 

Jy  -b  Dy  -b  A  y  ~  x>  b  d. 

M.-re  details  on  tirne-varying  difiV-terJ ial  operator  can  be  found  in  [57,  22]. 

Th>  problem  to  be  studied  is  under  v/hat  input  v  the  closed-loop  system  becomes 

FJs)Jf'.Iy  =  r  -b  d',  (27) 
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where  Jo,  Do,  and  Ko  are  constant  matrices  represents  any  choice  of  nominal  values  of  J,  D,  K  respectively,  r  is  any 
reference  input,  d'  is  the  equivalent  disturbance,  and  differential  operator  Fo{s)  is  given  by 

F<,(«)  =  JoS^  +  DoS  +  Ko- 

Let  ns  introduce  the  following  auxiliary  signals: 

r?i  =  —'Hi  +  G\V,  (28) 

=  -r]2  +  G2y,  (29) 

where  rji  and  %  are  n-tli  order  column  vectors,  initial  conditions  of  rji  and  772  are  assumed  without  loss  of  any 
generality  to  be  zero  and  G\  and  G2  are  n-th  order  diagonal  matrices. 

The  input  v  is  selected  as 

V  =  Gay  +  r  +  T/i +TJ2,  (30) 

where  G3  is  also  an  n-th  order  diagonal  matrix.  Utilizing  differential  operator,  we  can  rewrite  the  input  v  as 

V  ~  Gay  +  r^  (s+  l)"^[Gir)  +  G2J/], 


V  =  {si  +  I  -  Gi)  M[(«+  1)^3  +  G2]j/+  {s  +  l)r}. 

Substituting  the  above  equation  into  (26)  yields 

[{si  +  I-G1  ){Js'^  +  Ds  +  K)-{s+  1)C?3  -  Gijy  =  (s  +  l)r  +  (s7  +  7  -  Gi)d. 
It  then  follows  that  the  closed  loop  system  is  given  by  (27)  with 

d'  --  {s  +  l)-\sl  +  I  -  Gi)d 


iff  the  following  identity  holds: 

[(s7  +  7  -  Gi)(Js2  +  Ds  +  K)  -  {s  +  1)G3  -  G2J  =  (s  +  l){JoS^  +  7?„s  +  Ko)J;^J.  (31) 

Since  all  matrices  are  diagonal,  the  above  equality  can  be  rewritten  as 

[(s  +  1  —  Gii)(7,s^  +  77, s  +  Ki)  —  (s  +  l)G3i  —  Gzi]  =  (s  +  l)(Je„s^  +  DoiS  -f 

J  Ci 

where  subscript  i  denotes  the  i-th  element  on  the  diagonal.  It  is  easy  to  verify  that  the  above  equality  holds  if  Gi, 
G2,  and  G3  are  chosen  such  that 


Gi.  = 


Gsi 


Dj  ^Jj  Dpi 

Ji  ~  Ji  ~  Jpi  ’ 

bi  +  A'.  +  (1  -  Gi.)A  -  3  A 

J  oi  V  ot  c>i 


G2.  -  A-i  +  (l-Gi.)A'i-G,3i- 


d^Jj 

dD 


Doi  ,  Kc 


{1  +  ^)J,- 

^  OX 


i  “b  dJoi  j  Fpi  J 

~T 

0  01  01 


(32) 


Solution  (32)  guarantees  identity  (31)  which  in  turn  guarantees  that  the  closed-loop  system  is  internally  stable.  The 
above  relations  will  be  used  to  determine  known  bounds  on  Gi,  G2,  and  Cj.  These  bounds  are  required  in  designing 
robust  control. 

It  should  be  emphasized  here  that  the  introduction  of  differentia!  operators  implies  zero  initial  conditions.  It 
is  noted  that  systems  given  by  (17)  and  (26)  are  both  uniformly  asymptotically  stable.  Consequently,  non-zero 
initial  conditions  cc^ntribute  only  exponentially  decaying  terms  with  which  a  similar  Lyapunov  stability  proof  can  be 
proceeded  to  yield  the  same  stability  results. 
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Now,  reconsider  d.ynamic  equation  (16)  by  rewriting  as 


J  q2  +  Dq2  +  92  — 


A 


r  +  A'9i  +  P(9i,9i) 

[6392  +  r  +  T?i  +  t)2]  +  [A'gi  +  P(9i,  91)  -  G392  -  r?i  -  m] 
V  +  d, 


where  iji  and  i]2  are  given  by  (28)  and  (29)  with  r  =  t  and  y  q2,  and  G,-  are  given  by  the  soh  .ion  (32).  It  follows 
from  the  discussion  from  (26)  to  (32)  that  dynamics  (16)  becomes 

+  J:^Doq2  +  J;^Koq'2  -  r  +  P'iququO  (33) 


where 

0.2  =  Jq2^  Ci  =  e“*  +  T,  C2  =  e-'*C2,  C3  =  e-‘*C3,  C  =  [  cr  ■  Cs  ]^. 

P'{qiA\^0  =  (s  +  1)  +  /  ~  Gi)[A'yi  +  P(9i,  9i)  -  G392  -  'll  -  '12] • 

Hence,  the  solution  for  §2  is  given  by 

q2{i)  =  J-'C2e^’‘‘4(0)  +  J-'r''  +  J-'G2e^-‘  ^  P2.J.P'(9i,  9i,C), 


where 

4(0)-  [  92(^o)J(<o)  92'^(‘o)  +  52(<o)^(<o)  ]’ 

and  r''  is  defined  by 


r"  =  G2Z' 
z'  —  A202'  +  B2„JoT, 


(34) 


(3b) 


which  is  similar  to  (19).  Thus,  the  results  obtained  in  the  previous  subsection  can  be  duplicated  here  and  therefore 
omitted. 


5  Current  and  Future  Research 

The  current  and  future  research  is  divided  into  three  parts:  loosening  the  existing  restrictions  on  uncertainties  (mainly 
the  GMCs),  strengthening  existing  stability  results  by  studying  performance  indices  under  robust  control,  and  im¬ 
proving  the  nonlinear  I/O  control  method  so  that  it  becomes  applicable  to  more  classes  systems,  especially  general 
non- minimum  phase  systems. 

There  have  been  several  preliminary  results  along  the.se  directions.  First,  for  systems  without  GMCs,  we  propose 
a  new  design  procedure  in  which  several  interlacings  are  performed  in  each  recursion.  The  intuition  is  that  interlacing 
allows  one  to  deal  with  the  uncertainties  not  satisfying  GMCs.  The  procedure  has  been  proven  to  work  for  systems 
such  as  those  with  A/,(x,<)  =  A/s(xi.).2,  •  ■  • ,  j;n,  0-  became  apparent  in  the  preliminary  study  that  the  procedure 
can  be  used  not  only  for  control  design  but  also  for  identifying  the  class  of  stabilizable  systems.  Second,  using 
performance  index  to  quantify  the  transient  performance  of  nonlinear  robust  control  has  been  studied  in  [40].  Third, 
it  has  been  shown  in  [52]  that  MRRC  is  applicable  to  nonminimum  phase  systems  provided  that  nonminimum  phase 
zeros  are  due  to  sufficiently  small  unmodelled  dynamics. 
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Abstract: 

Improvements  in  robust  performance  of  gun-turret  system  mounted  on  helicopters,  can  significanily 
sonhance  the  mission  capabilities  of  light  attack  helicopters.  A  significant  research  effort  has  been  directed 
toward  the  design  and  implementation  of  controllers  which  can  guarantee  the  stability  and  performance. 
Some  of  the  specific  gun-turret  problems  are  impulse  loads  neai  the  first  flexible  mode  of  the  system,  time- 
varying  friction  in  the  recoil  slider,  lack  of  barrel  tip  position  sensors,  presence  of  non-linear  elements,  and  lack 
of  proper  mathematical  models  of  the  gun-turret  systems.  One  of  the  major  sources  of  fire  control  error  is  due 
to  the  excitation  of  several  structural  modes  by  gun  firing.  Designing  controllers  for  such  system  whose 
mathematical  model  is  subject  to  uncertainties  is  an  interesting  and  challenging  problem. 

To  design  active  controllers  for  flexible  gun  systems,  a  matherriatical  representation  of  the  system  is 
needed.  We  have  derived  mathematical  models  of  gun-turret  systems  by  analytical  methods  and  model 
validation  is  accomplished  by  using  structural  identification  methods.  In  order  to  accomplish  simplicity  in  the 
controller  implementation,  v/e  have  derived  reduced  order  models  by  using  optimal  projection  methods. 

To  account  for  uncertainties  in  the  structural  models  and  to  accomplish  good  closed  loop  system 
performance  and  sensor  noise  suppression  properties,  we  have  developed  robust  control  design 
methodologies  for  gun-turret  systems.  The  reduced  order  models  are  utilized  in  the  design  of  robust 
controllers.  We  have  utilized  a  modified  linear  quadratic  Gaussian  with  loop  transfer  recovery  (LQG/LTR) 
robust  control  design  methodology  for  accommodating  the  limited  control  force  provided  by  the  actuators. 
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I.  INTRODUCTION 

Improvenients  in  robust  performance  of  Gun-Turret  System  mounted  on  helicopters,  can  significantly 
enhance  the  mission  capabilities  of  light  attack  helicopters.  Designing  a  controller  for  such  a  system  whose 
mathematical  model  is  subject  to  uncertainties  is  an  interesting  and  challenging  problem.  The  uncertainties  in 
the  model  may  arise  due  to  unmodeled  dynamics,  firing  disturbances,  helicopter  motion,  linearization  of 
nonlinear  elements,  train  rate  sensor  noise  etc.  A  control  si.ategy  which  can  guarantee  stability  and  provide 
satisfactory  performance  in  the  presence  of  model  uncertainties  is  called  a  robust  controller.  Among  the 
various  design  methods  for  robust  controllers,  the  linear  quadratic  Gaussian  with  loop  transfer  recovery 
(LQG/LTR)  design  procedure  [1],  has  many  advantages.  This  methodology  will  result  in  control  systems  with 
excellent  stability  robustness,  command  following,  disturbance  rejection  and  sensor  noise  suppression 
properties.  A  significant  research  effort  has  been  directed  toward  the  design  and  implementation  of  robust 
controllers  for  turret-gun  system. 

One  of  the  important  problems  in  the  control  of  a  Gun-Turret  system  is  to  approximate  a  high-order, 
complex  mathematical  model  of  the  svstern  with  a  low-order,  simpler  model.  The  resulting  reduced  order 
models  are  useful  for  designing  and  implementing  robust  controllers  for  a  Gun-Turret  System.  This 
methodology  will  provide  simplicity  of  implementation  and  reduction  in  hardware  requirements. 

The  Gun-Turrei  System  contains  nonlinear  elements,  such  as  gear  trains,  servo  valves,  hydraulic 
motors  etc.  in  this  system,  the  firing  disturbances  excite  the  structural  modes.  Integrated  Systems  Inc.  (ISI) 
has  developed  a  detailed  nonlinear  model  and  identified  various  parameters  of  the  model  [2].  A  linear 
quadratic  Gaussian  with  loop  transfer  recovery  (LQG/LTFi)  controller  is  designed  for  the  gun  system  using 
linearized  models.  We  encountered  the  convergenco/numencal  integration  problems  in  the  simulation  of  this 
controller  along  with  the  non-linear  piant.  It  is  also  noticed  that  there  is  a  large  spread  of  eigenvalues  of  the 
linear  model  [3].  For  the  convergence  of  the  control  algorithms  and  their  easy  implementation,  controllers  are 
designed  using  reduced  order  models. 

Optimal  projection  theory  was  developed  by  Bernstein  and  Hyland  [4]  to  design  low-order  fixed 
compensators  for  multivariable  systems.  Tfte  optimal  projection  method  was  later  extended  to  model 
reduction  [5],  parameter  robust  control  [6,7],  R2/H00  method  for  model  reduction  [8]  and  various  other  control 
problems.  The  salient  feature  of  the  optimal  projection  theory  is  that  it  wiil  provide  a  common  mathematical 
framework  for  designing  low  order  controllers  with  multiple  performance  criterion. 

The  optimal  projection  method  methodology  has  been  employed  to  derive  a  reduced  order  model 
and  a  lower  order  controller  for  the  Gun-Turret  System.  Tne  results  are  compared  with  balance-truncation  [9], 
modal  method  [10]  and  Routh  Approximation  methods  [11]. 
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Hyland  an  Bernstein  [4]  have  presented  a  technique  for  model  reduction  by  minimizing  the  steady 
state  error  between  the  outputs  of  the  original  system  ard  reduced  order  mode.  A  detailed  description  of  this 
procedure  along  with  a  proposed  numerical  solution  algorithm  is  presented  in  this  report. 

In  order  to  accommodate  the  limited  control  force  of  the  actuators,  we  have  modified  the  tobust 
contorl  design  methodology. 


II.  BRIEF  DESCRIPTION  OF  THE  GUN-TURRET  SYSTEM 

The  gun-turret  system  (Fig.1)  under  investigation  consists  of  a  medium  caliber  cfiain  gun  mounted  to 
a  turret  capable  of  slewing  ±120  degrees  in  azimuth  and  +15  to  -60  degrees  in  elevation.  The  impulse-like 
disturbance  due  to  firing  is  sinusoidal  in  nature  and  near  the  natural  frequency  of  the  system,  in  addition,  the 
firing  disturbances  produce  structural  deformations  which  are  unobservable  at  the  sensors. 

The  current  gun-turret  system  is  controlled  by  an  analog  controller  which  resides  in  the  turret  control 
box  (TCB).  The  TCB  receives  i  he  gun  reference  commands  from  the  fire  control  computer  (FCC).  The  FCC  is 
responsible  for  compensatir  j  for  the  helicopters  rigid  body  motion  and  the  addition  of  the  lead  angle 
prediction. 

The  gun  is  mounted  within  a  cradle  using  a  brass  slide  mechanism  that  allows  for  recoil  movement. 
Recoil  adapters  are  mountei^  between  the  recoiling  mass  of  the  gun  and  the  cradle  to  dampen  the  recoil  force. 
The  cradle  and  gun  assemblies  are  attached  to  a  fork  using  two  trunnion  pins.  One  trunnion  pin  has  a  resolver 
built  into  it.  this  resolver  p'-ovidr  s  the  elevation  pointing  error  to  the  TCB.  The  elevation  axis  positioning  is 
accomplished  through  the  use  ot  a  servo-valve  controlled,  double-acting  hydraulic  cylinder.  A  pressure 
transducer  measures  the  p.essi  e  differential  across  the  cylinder  and  provides  this  to  the  TCB. 

ie  fork  is  held  in  pi;  ce  by  the  azimuth  housing.  The  azimuth  axis  positioning  is  accomplished 
through  the  use  of  a  rotary  hyd /aulic  motor  and  a  gearbox.  A  train  rate  sensor  measures  the  azimuth  angular 
velocity  and  a  resolver  p  ovide  >  the  pointing  error.  The  azimuth  housing  is  mounted  to  the  helicopter  hull. 

A  detailed  locel  of  he  turret-gun  system  was  developed  by  Shah  and  Kosut  [3].  The  nonlinear 
simulation  model  i'  ;lu(  ;s  th*)  effects  of  hydraulic  ser/o-valve  nonlinearities,  backlash  in  the  drive  train  and 
freeplay  in  the  foi‘,  cradle  .nd  barrel  attachmeit  points  [2],  Preliminary  testiig  has  shown  that  besides 
geometry  depenc-  nt  inertial  variations,  very  littie  coupling  exists  between  the  axes.  Hence,  independent 
models  were  de'  f  iopf  i  for  the  elevation  and  azimuth  axes,  I  he  rest  of  this  eport  will  deal  with  only  the 
azimuth  axis,  however,  ihe  results  can  easily  be  applied  to  elevation. 


I!l.  MODEL  REDUCTION  TECHNIQUE  USING  OPTIMAL  PROJECTION 

A  Method 

Hylanc  and  Bernstein  [5]  have  presented  a  technique  for  model  reduction  by  minimizing  the  steady 
state  error  be  ween  the  outputs  of  the  original  system  and  reduced  order  model,  The  necessary  conditions 
for  optimality  will  result  in  two  modified  Lyapunov  equations  which  determine  the  structure  of  the  reduced 
order  model.  These  Lyapunov  equations  are  coupled  by  a  piojection  parameter  whose  rank  is  equal  to  the 
order  of  the  reduced  model.  A  detailed  description  of  the  procedure  is  presented  in  this  section.  The 
p.incipal  ref'  rences  for  this  section  are  Hyland  and  Bernstein  [5]  and  Ngo[12].  A  reduced  otder  model  for 
gun-turret  s, .  em  is  derived  by  using  optimal  projection  equations  and  a  critical  comparison  is  made  between 
other  reduced  order  models. 
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Statement  of  Problem: 

For  an  n-^  '  order  stable,  controllable  and  observable  system 

X  -  Ax  +  Bu 
y-Cx 

where  u  is  white  noise  with  spectral  density  V>0,  find  a  nmth  order  reduced  model 
=  A„x„+  B„u 

m  mm  m 

V  -=  c  X 

-  m 

by  minitfiiz!”g  ihe  model  reduction  error  criterion 

•^(  An .  £|(>’  -  Jn.  Riy  -  )] 


where  R  is  symmetric,  positive  definite  matrix. 


r 


u 


original  system 

X  =  Ax+Bu 
y  =  Cx 


reduced  order  model 


^m  ~  Am^m+  ®m^ 
y  ”  ^m^m 


Fig.  2.  Representation  of  Original  and  Reduced  Order  Models. 

Consider  the  augmented  system 


X 

~A  O' 

'  X  ' 

+ 

'  B' 

A. 

X  -  A  x  +  Bu 

The  model  reduction  criterion  J  can  be  written  ao 

J  =  lim 


where 


C^Rc  -C^Rc„' 
-Cl,RC  ClRC„ 


(1) 

(2) 

(3) 

(4) 


(5) 


(7) 


(8) 
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ard  j[0(f)j=£' 


(9) 


If  A  is  stable,  then  Q{t)  has  limiting  solution,  limQ(/)  =  Q  satisfying  equation 


wh.^re 


AQ-¥'qA^  =  0 


BVB^ 

BVB^ 

ITt 


BVBl ' 

ffi  fft  ^ 


(10) 

(11) 


Now  the  problem  is  transformed  into  minimizing 
J{A..B„,C.j  =  trQR 

subject  to  a  constraint 

AQ  +  QA^  :  V  =  0 


(12) 


(13) 


The  constrained  minimization  problem  can  be  solved  by  introducing  the  Lagrange  multiplier 
moeJifying  the  performance  index  as 

L  =  +  (AQ  +  QA^  +  vjpj 


and 


(14) 


The  necessary  conditions  for  optimality  are; 


(0 

~  =  R^  +  A^P  +  PA  =  0  =  A^P  =  PA  +  R  =  0 
dQ 

(15) 

(») 

—  =  AQ  +  QA'”  +  V  =  0 
dP 

(16) 

(Hi) 

=2  ^  (aqp)  =  0 
dA^  dA^  ^  > 

(17) 

The  results  of  model  reduction  technique  based  on  optimal  projection  method  are  summarized  in  the 
following  theorem  [5]; 

Theorem 

Suppose  (Afn.Bm.Cm)  solves  the  optimal  model-reduction  problem.  Then  there  exist  nonnegative 

definite  matrices  P ,  Q  such  that,  for  some  factorization  of  QP  =  G  the  matrices  Am.Bm  and  Cm  ai'e 
given  by 
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A,. -tag"  ^  (18) 

^  TB  (19) 

Cm  =  CG^  {2‘S) 

and  such  that  with  T  =  G^T ,  the  following  conditions  are  satisfied: 

AQ  +  QA^  +  BVB^  -  r^BVBi^tl  =  0  (21) 

A^P  +  PA  +  C^RC  -  xIC^RCt^  =  C  (22) 

rank(Q^  =-■  rank(p^  =  rank(QP]  =  (23) 

where 

The  nnnim'jm  model  reduction  cost  is  given  by 

■/™.  ="{(a-fi)c"«c]  or  (24) 

,/^.=lr[flVe"(/>-p)]  (25) 


B  I)ie_P:QDerties  of  Projection  Parameter  z 

The  projection  parameter,  x  plays  an  important  role  in  the  model  reduction  procedure.  The  properties 
of  pr'^jection  parameter  are  discussed  below: 

(i)  In  general,  t  is  an  oblique  projection  and  not  necessarily  an  orthogonal  p'-ojection  since  it  may  not  be 
symmetric. 

(ii)  Projection  parameter,  x  is  an  idempotent  matrix,  since 

=  -r  (2£) 

(iii)  The  matrix  x  satisfies  the  following  identities: 

tQ  =  Q  =  Q^  (27) 

Pr=P  =  T^P  (28) 

(iv)  Eigen'  alues  and  eigenvectors  of  t. 

The  eigenvalues  of  x  are  either  1  or  0. 

(v)  There  exists  an  invertible  matrix  <I>  g  P'”'"  such  that 
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QP  - 


JA  0 

[O  0 

0  0 


!<> 


A  e  is  a  diagonal  luatnx. 


(29) 

(30) 


C  Numerical  Solution  ot  Optimal  Proiection  Equations  for  Model  Reduction 

In  order  to  find  reduced  order  models,  we  need  to  solve  a  coupled  Liapunov  type  ec;uations. 
Essentially,  two  distinct  approaches  ha'^e  beers  developed  for  solving  the  optima!  projection  equations:  (1) 
iterative  procedure  balancing  f9]  using  or  component  cost  analysis  (131  and  (2)  homotopic  continuation 
method  [14].  In  this  paper  iterative  procedure  is  described. 

Recall  Thai  the  objective  is  to  determine  Q,  P  and  such  that  the  following  conditions  are  satisfied: 


AQ  +  QA^  +  RVBi^  -  0 

(31) 

A^P  +  PA  +  CRC  -  xlC'^RCr^  =  0 

(32) 

rank^Q^  =  rank{P^  —  rank^QP^  ~ 

For  the  sake  of  simplicity,  it  is  assumed  that  V  ~  .<?  =  /„• 

(33) 

Nyo  [12]  has  developed  a  numerical  procedure  for  solving  Eqi/ations  (31)  and  (32)  by  utilizing 
balanced  realization  of  the  original  system.  He  has  also  uhown  the  similarities  oetween  optimal  projection 
equations  and  controliabilitv  observability  Grammians  of  balartced  realizations.  Let  the  uriqinal  system  be 
represented  by 


X  =  Ax  +  Bu  (34) 

y-^Cx  (35) 

This  representation  will  be  iransformed  iruo  an  internally  balanced  representation  with 

=  Tx  (36) 

A  procedure  for  determining  similarity  transformation,  T,  Is  given  in  the  reference  [15]. 

Then  internally  balanced  realization  is  giver  by 

+  (37) 

-  Qx,  (38) 

where  A,  =  TAT-\  B,  =  TP,  C„^CT'  (39) 

The  controllability  and  observability  Grammians  of  inlernaliy  balanced  realization  =  Zq  =  Z)  satisfy  the 
following  equat’ons: 

A,'L^IAI  +  BX  =0  (40) 

AjZ-f  Z^.,  +CjQ  =0  (41) 
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Now  the  optima!  projection  equations  for  rri-odel  reduction  can  be  written  as 

+  QK  +  KBl  -  --  0 

AlF-^PA„~-ClC-T,ClC,x,~~^Q 
Equations  (40)  and  (41)  can  be  written  as 

a,4,  -t  &A[  +  BX  -  +L  ^  '  j = 0 


QQ  ’^xoQ  Q'^xo 


0  ■^1^2 

XA, 


0 


=  0 


(42) 

(43) 


(44) 

(45) 


The  similarity  between  Equations  (44),  (45)  and  (42),  (43)  gives  a  procedure  for  the  selection  of  initial  guess 
for  (2-  P  and  Tj^  in  the  numerical  solution  of  optimal  projection  equations. 

Numerical  Algorithm 

Step  1:  Def'eimine  the  balancer?  re^,  .';ation  (Ap,  Bp,  Cp)  and  I  from  the  general  state  variable 

representation  (A,  B,  C)  of  the  original  system. 


Let  !■  “  diag{ai , CT_. , . . . rT„  j 

with  a  ,  >  o'j  >  . , .  >  cr , 

where  oj's  are  Hankel  Singular  values 

Select  the  order  of  the  reduced  model,  nm  such  that 


(46) 

(47) 


«T,  »  <7^  ,1 

(48) 

then  X|  =  diag{o^,. . .  j 

1  (49) 

1.2  =  (50) 

Step  2: 

Choose  the  initial  values  of 

and  as 

.  rs,  01 
^  ~  “  1  0  0  j 

(51) 

then 

ro  =  (4Po)(4r, )*  =  !'■■  1 

(52) 

Step  3: 
Let 

o' 

II 

■-S., 

1 

s: 

II 

c> 

(53) 
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Step  4: 


Step  5; 


Step  6: 


Solve  the  following  equations  for  and  P-^ 


\Qn-\  ^  '^U^h^b'^U  “■  ® 

„A,  +  ClC,-r„C, 

for  I  =  0,1,2,.., 


aIL  +  t,A, + c^c;  -  t„c;c,r„  =  0 


(54) 

(55) 


For  a  given  value  of  i,  the  solutions  of  (126)  and  (127),  and  P■^^  may  have  the  rank 
greater  than  nm-  One  of  the  requirements  of  optimal  projection  is  that 

rank  Q  =  rank  P  -n^  (56) 

To  reduce  the  rank  of  2,>i  and  P-^^,  find  the  singular  value  decomposition,  such  that 


a.,  = 

Partition  Q+t  and  as 


a.,  = 


Qn  ® 

0  a 


22  J 


^11 

0 


0 


'22  J 


The  rank  of  and  is  reduced  by  defining 

a.>  = 

L  = 

where  Q:.,A  ^ 

0  0 

Update  the  value  of  the  projection  parameter 

T,., 


•  />  =1"^'  "" 
'  0  0 


Define  the  error 


(57) 

(58) 


(59) 


(60) 

(61) 

(62) 

(63) 


Qi+\  ~  Qi 

~W” 


and  e^ 


i|5:|| 


and  e  =  max  (e-) ,  e2) 

If  e  is  less  than  a  prespecified  value  go  to  Step  7,  othenwise  go  to  Step  3 


(64) 
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Step  7; 


Then 


Decompose  las 


‘A 

O' 

(e/>)= 

<D-' 

0 

0. 

O' 

T  =  O"' 

o 

0 

0 

I 

r  =  [/,.  o]<I.  W  G  =  [/..  oj4.-' 

The  reduced  order  model  matrices  are  given  by 

\  =  rA,G^ 
s.  ...(69) 

C,  =  C.C" 


(65) 

(66) 
(67) 


(68) 

(70) 


Ngo[12]  has  developed  a  program  code  in  Matrixx  to  solve  the  optimal  projection  equations. 


IV.  DERIVATION  OF  REDUCED  ORDER  MODELS  FOR 
GUN  TERRET  SYSTEM 

A  12^^  order  linear  state  variable  model  of  the  Gun-Turret  system  is  derived  from  a  nonlinear 
representation  by  using  analyzing  system  features  of  Matrixx  Software.  The  input  and  output  variables  are 
azimuth  current  and  train  rate  respectively.  The  reduced  order  models  are  derived  by  using  balance- 
truncation,  optimal  projection  methods.  For  the  sake  of  comparison  purposes  the  eigenvalues  and  zeros  of 
original  system  and  reduced  order  models  are  given  in  Table  1  and  Table  2  respectively.  From  Table  2  it  can 
be  noticed  that  the  non-minimum  phase  zeros  are  introduced  in  the  reduced  order  models. 


Table...!.:.  Comparison  i2f  EigenvaiueTg 


Original  System 

Balance-T  runcation 

Optimal  Projection 

-1.7134D-03 

+0.00000+00) 

-1.71340-02 

+.00000+00) 

-1.71340-02 

+0.00000+00) 

-5.3756D+00 

+5.20450+01) 

-5.38280+00 

+5.20460+01) 

-5.38280+00 

+5.20460+01) 

-5.3756D+00 

-5.20450+01) 

■5.38280+00 

-5.20460+01) 

-5.38280+00 

-5,20460+01) 

-2.0265D+01 

+1.37940+02) 

-2.07330+01 

+1.37710+02) 

-2.07370+01 

+1.37700+02) 

-2.0265D+01 

-1.3794D+02i 

-2.07330+01 

+1.37710+02) 

-2.07370+01 

-1  37700+02] 

-1.8819D+01 

+2.94840+02) 

-1.99850+01 

+2.94570+02) 

-1.99860+01 

+2.94560+02) 

-1.9819D+01 

-2.94840+02) 

-1.99850+01 

-2.94570+02) 

-1.99860+01 

-2.94560+02) 

-9.4526D+02 

+0.00000+00) 

-1.5732D+03 

+4.55070+03) 

-1.5732D+03 

-4.55070+03) 

-1.2223D+02 

+6.39790+03) 

-■>.22230+02 

-6.3979D+03i 
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Table  2.  Comparison  of  Transmission  Zeros 


Original  System 

Balance-T  runcation 

Optimal  Projection  j 

-1.6245D+01 
-1.6245D+01 
-3.3961  D+00 
-3.3961  Dt-OO 

-hi  ,7280D-H02j 
-1.7280D-^02j 
+8.28480-^0 1j 
-8.2848D+01j 

-6.5481  D+02 
-6.54810+02 
-1 .64590+01 
-1 .64590+01 
-3.30510+01 
-3.30510+01 

+8.7498D+02j 

-8.7498D+02j 

+1.7352D+02j 

-1.73520+02] 

+8.28250+01) 

-8.28250+011 

-6.55440+02 
-6.55440+02 
-1. 64640+01 
-1.64640+01 
-3.30520+01 
-3.30.520+01 

+8.75240+02] 

-8.75240+02] 

+1.73520+02] 

-1.73520+02] 

+8.28250+01] 

-8.28250+01] 

V.  DESIGN  OF  ROBUST  CONTROLLERS 

Among  the  various  mehtods  available  for  design  of  robust  controllers,  the  linear  quadratic  Gaussian 
with  loop  transfer  recover  (LQG/LTR)  design  procedure  has  many  advantages.  This  methodology  seeks  to 
define  a  compensator  so  that  the  stability  robustness  and  performance  specifications  are  met  to  the  extent 
possible.  Initially  we  have  designed  a  robust  controller  without  restricting  the  control  effort  of  the  actuators. 
Since  the  control  effort  produced  by  the  actuators  do  not  meet  the  LQG/LTR  controller  needs,  we  have 
designed  a  modified  LQG/LTR  controller,  which  speeds  up  the  loop  transfer  recover  process.  The 
quickening  of  the  loop  transfer  recovery  process  can  be  shown  using  an  expression,  Eo(s),  defined  as  the 
error  between  the  desired  loop  shape  and  the  actual  loop  shape  at  the  output  of  the  plant. 

Eo(s)  for  nominal  LQG/LTR  structure  is  given  by 


E/s)  =  [/  +  COK^  ][/  -h  N(s)Y'  N(s) 

(71) 

where 

N(s)  =  C(sI~A  +  BKJ-'K^ 

(72) 

The  error  expression  Eo(s)  for  modified  structure  is 


E,(s)  =  N{s)  =  C{sI-A  +  BKJ'k, 


(73) 


Note  that  perfect  recover  is  obtained  when  Eo(s)=0.  Using  this  modified  structure,  we  have  designed  robust 
controllers  for  full  and  reduced  order  systems.  The  plant  output  controller  effort  needed  in  each  case  is 
shown  in  figures  (3  and  4). 


3.5 


f 


I 


Scuidard  LQG/LTR  -  Solid 
Modified  LQG/LTR  -  )ash 


0  02  OA  0.6  08  1  1.2  1.4  L6  1.8  2 


Time  (icc) 

Figure  3a.  Plant  Output  of  Original  System 


RAC.  MATTICE.  COt.EMAN 


Staiidard  LQG/LTR  -  Solid 
Modified  LQG/LTR  -  Dash 


2.S  3  3.5  4  4.5 

.  ^  tec 


Figure  3b.  -^ant  output  of  Orc*r  Models 


Standard  LQG/LTR  -  Solid 
Modified  Q  i/ITR-Dash 


0  O.i  U.4  0.6  0.8 


1.2  14  1.6  1.8 


Time  (sec) 


Figuf^i?  4a.  Controller  Effort  of  Drigtnat  System 
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Standard  LQG/LTR  -  Solid 
Modified  LQG/LTR- Dash 


2.5  3  3.5  4  4.5  5 

Time  (sec) 

Figure  4b.  Controiler  Effort  of  Reduced  Order  Model 


VS.  CONCLUSIONS 

The  optimal  projection  and  balance-truncate  methodologies  have  been  employed  in  the  derivation  of 
reduced  order  models  tor  the  gun-turret  system.  !n  general,  the  optimal  projection  theory  provides  a  common 
mathematical  framework  for  designing  low  order  controllers  with  multiple  performance  criterion.  A  critical 
comparison  of  the  reduced  order  models  reveal  that  the  results  of  optimal  projection  reduced  order  modeis 
are  similar  to  balance-truncate  models.  We  have  developed  a  numerical  algorithm  for  solving  the  optimal 
projection  equations. 

The  robust  controllers  were  designed  for  the  gun-turret  system  by  using  both  original  and  reduced 
order  models.  The  reduced  order  models  have  introduced  nonminimal  phase  zeros  in  the  models.  The 
presence  of  nonminimal  phase  zeros  introduced  complexities  in  the  design  of  controllers.  In  order  to  minimize 
the  control  effort  needed,  we  have  developed  a  modified  LQG/LTR  algorithm  for  designing  robust  controllers. 
A  comparison  of  controller  effort  has  been  indicated  for  full  order  and  reduced  order  controllers.  We  intend  to 
implement  these  controllers  on  test  beds  at  ARDEC. 
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Abstract 

It>.  this  paper  we  consider  vibration  suppression  in  flexible  structures  using  active 
control.  The  design  of  active  control  systems  for  structures  has  been  a  topic  of 
investigation  for  more  than  a  decade.  One  of  the  common  threads  linking  previous 
research  in  this  area  is  the  assumption  that  the  control  system  will  have  relatively  few 
sensors  and  actuators.  This  assumption  was  necessary,  considering  the  actuation  and 
sensing  technology  available  in  the  past.  The  last  decade,  however,  has  seen  the 
development  of  the  next  generation  of  actuators  and  sensors.  This  instrumentation 
consists  of  low  power,  miniaturized  devices  that  can  be  incorporated  directly  into  the 
material  of  the  structure.  Coupled  with  advancements  in  digital  electronics,  we  can 
imagine  dense  arrays  of  sensors  and  actuators  for  structural  control.  In  this  paper  we 
investigate  the  possible  impact  these  arrays  would  have  on  control  system  design.  In 
particular  we  note  that  these  arrays  provide  a  direct  spatial  measurement  of  the 
stiucture.  We  present  a  framework  that  takes  into  account  this  novel  capability  of  the 
actuator/sensor  arrays.  Application  to  the  active  suppression  of  acoustic  radiation  is 
discussed. 
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1.  INTRODUCTION 

The  suppression  of  vibration  in  flexible  stj  ctures  using  active  feedback  control 
has  received  a  great  deal  of  attention  in  the  last  a  acade.  Current  research  has  focused 
on  the  iixstrumentation  required  to  implement  these  control  laws,  particularly,  through 
the  use  of  embedded  sensors  and/or  actuators  -  so-called  Smart  Structures.  In  this 
paper  we  discuss  the  impact  this  new  generation  of  actuators  and  sensors  will  have  on 
the  design  and  implementation  of  control  algoritluns  for  the  suppression  of  acoustic 
radiation  from  flexible  structures. 

Recently  there  has  emerged  a  new  class  of  sensors  for  structures  which  respond 
over  a  significant  gauge  length;  we  call  these  sensors  distributed-effect  sensors.  The 
most  well  known  sensor  of  this  type  is  piezoelectric  laminate  PVDF  film.  Another 
sensors  in  this  class  are  modal  domain  optical  fiber  sensors  [1],  In  their  simplest 
configuration,  the  use  of  modal  domain  optical  fiber  sensors  in  a  control  loop  for 
vibration  suppression  of  a  cantilevered  beam  has  recently  been  demonstrated  [2]. 

In  some  cases,  distributed-effect  sensors  have  a  unique  capability  in  that  they  can 
be  fabricated  to  locally  alter  their  sensitivity  to  the  measurand.  Because  these  sensors 
have  a  scalar  output,  we  see  that  a  miiltidimensional  signal  in  space  and  time  has  been 
reduced  to  a  scalar  function  of  time.  Thus,  these  sensors  act  as  a  spatial  filter.  This 
spatial  filter  is  defined  by  the  spatial  variation  of  the  sensitivity  of  the  sensor;  this 
ftmction  of  space  is  called  the  weighting  function.  By  various  choices  of  the  weighting 
function,  these  sensors  can  be  configured  to  measure  a  wide  variety  of  structural 
parameters  which  can  not  be  measured  directly  with  point  sensors. 

Spatial  filtering  has  been  demonstrated  using  PVDF  film.  The  distributed 
actuation  can  be  described  in  terms  of  boundary  forces  and  moments  [3],  in  terms  of 
modes  [41  or  wave  number  filters  [5].  To  achieve  this  weighting  fimction,  PVDF  film  is 
cut  into  the  required  shape.  Several  ways  in  which  modal  domain  optical  fiber  sensors 
may  be  configured  as  spatial  filters  have  been  sxiggested  [6,7]. 

In  this  paper  we  investigate  the  use  of  spatial  sensors  and  actuators  for  control  of 
flexible  structures.  These  actuators  and  sensors  inherently  include  spatial  information 
abotJt  the  structure.  Therefore,  it  is  convenient  to  place  this  discussion  within  the 
framework  of  structural  acoustics.  When  a  vibrating  structure  immersed  in  a  fluid  the 
struct i.’re  will  radiate  acoustic  power.  Only  part  of  the  vibrations  contribute  to  the  far 
field  acoustic  power.  Therefore,  the  control  system  should  sense  the  shape  that  is 
radiating  acoustic  power  and  suppress  this  shape  while  leaving  the  rest  of  the 
’/ibrations  alone.  Spatial  fi’ters  are  ideally  suited  for  this  application  [8-10].  In  this 
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paper  we  use  this  application  as  a  motivation  for  the  investigation  into  spatial  sensing 
and  actuation. 

In  addition  to  the  development  of  distributed-effect  sensors,  the  last  decade  has 
seen  the  development  of  miniaturized  actuators  and  sensors.  Combined  with  recent 
advances  in  elertronics  including  miniaturized  power  converters  [11],  we  can  suppose 
that  these  small  sensors  and  actuators  could  be  configured  as  actuator  or  sensor  array. 
When  these  arrays  become  dense  (as  measured  with  respect  to  the  structural 
dynamics),  these  arrays  are  an  approximation  to  a  distributed  actuator  or  sensor.  If 
these  arrays  are  hnked  using  a  digital  communication  network,  then  output  of  the 
sensors,  say,  can  be  combined  into  weighted  sum.  These  weightings  on  the  sensor 
outputs  form  the  weighting  function  for  a  spatial  filter.  We  assume  a  similar 
configuration  for  the  actuator  array.  In  this  paper  we  assume  that  these  actuator  and 
sensor  arrays  can  be  approximated  by  distributed  actuators  and  spatial  filters  for 
sensors. 

The  focus  of  this  paper  is  the  selection  of  the  actuator  and  sensors  for 
improvement  of  the  control  system  performance.  For  simplicity,  we  assume  that  the 
controller  is  a  LMS  algorithm.  This  type  of  controller  is  widely  used  for  the  suppression 
of  acoustic  radiation. 

In  Section  2  we  discuss  tne  models  of  the  structure  and  instrumentation.  Section 
3  we  briefly  review  the  framework  for  determining  the  structural  shape  that  radiate. 
Section  4  describes  the  model  of  the  control  system;  the  LMS  controller.  Section  5 
explains  the  relationship  between  the  actuator  and  sensor  weighting  functions  and  the 
performance  of  the  control  system.  Section  6  has  the  conclusions. 


2.  STRUCTURAL  MODEL  AND  INSTRUMENTATION 

Here  we  consider  a  lightly  fluid  loaded,  baffled,  uniform  clamped-clamped  beam 
acted  on  by  a  point  force  disturbance  as  shown  in  Figure  2.1. 


d(t)  -  Ajcos  ((Djt  +  Orf) 

Figure  2,1.  Instrumented  Clamped-Clamped  Beam. 


This  beam  is  modeled  with  an  Euler- Bernoulli  model 
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8^w(z,t)  0^w(z,t) 

dz^  dz^ 

w(0,t)  =  w(L,t)  =  0, 


=  5(z  -  Zu  )u(t)  +  8(z-  Z(j  )d(t), 
dw(0,t)  dw(L,t) 

~di  ^ 


(2.1) 


where  t  >  0  is  the  time  variable,  z,  0  <  z  <  L  is  the  space  variable,  and  w(z,t)  is  the 
displacement  of  the  beam.  We  assiune  that  a  disturbance  force  enters  into  the  structure 
as  a  point  force  at  z^.  The  beam  is  also  instrumented  with  a  point  force  actuator,  u(t), 
located  at  Zu  .  The  coordinate  system  is  shown  in  Figure  2.2. 


Figure  2.2.  Coordinate  S3rstem  of  the  Instrumented 
Clamped-Clamped  Beam. 

The  parameters  for  this  beam  are  given  in  Table  2.1. 


TABLE  2.1.  BEAM  PARAMETERS 


Young's  Modulus 

E 

2.04xlO‘iPa 

Mass  Density 

PA 

0.491  kg4n 

Length 

Lb 

1.0  m 

Width 

hb 

0.125  m 

Thickness 

0.5  mm 

The  displacement  of  the  beam  can  be  approximated  by  a  finite  number  (Ur)  of  the 
modes,  xtAk(z).  and  the  modal  amplitudes,  ilirCt),  as 


w(z,t)= 

k=l 


(2.2) 


where  w(z,i,)  is  the  displacement,  yk(z)  is  the  kth  mode  shape  and  T|k(t)  is  the  kth  modal 
amplitude.  This  approximation  leads  to  a  reduced  order  model 


Ti(t)  +  Dfi(t)  +  D^-n(t)  =  Hj.u(t)4  HjdCt), 
y(t)  =  CTi(t) 


(2.3) 


where 
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In  (2.3) 


(2.4) 


(2.5) 


is  the  vector  of  modal  influence  coefficients  for  the  disturbance  force  .  The  vector  of 
modal  influences  for  the  control  input.  He,  is  determined  similarly.  The  natural 
frequencies  are  contained  in 


=diag{o)J},  D  =  diag{24jtC0k},  i=l,--,nr. 


(2.6) 


and  1%  proportional  damping  was  added  to  the  model  (2.3)  via  the  damping  matrix  D 
in  (2.3).  The  second  equation  in  (2.3)  models  the  sensors  on  the  beam. 


In  this  paper  we  consider  sinusoidal  disturbance  forces  of  the  form 

d(t)  =  Aj  cos(o)dt  +  ed) 


(2.7) 


where  9d  is  a  random  variable  uniformly  distributed  between  •  n  and  n.  The  signal  d(t) 
is  then  a  wide  sense  stationary  harmonic  process.  To  remove  an  arbitrary  scale 
constant  fl-om  the  problem,  we  set  Aa  =  0.  Alter  the  system  has  reached  steady  state,  all 
of  the  modal  amplitudes  will  be  harmonic.  These  modal  amplitudes  can  be  computed 
from  the  transfer  function 


Ti(s)  =  [s^I  +  Ds  +  ]'^  Hdd(8)  =  Q(8)Hdd(8) 


(2.8) 


where 


Q(8)  =  diag(Qi  (s))  =  diag((s^  +  2^jti>iS  +  tof  ). 
The  modal  amplitude  of  the  kth  mode  as  computed  from  (2.8)  is 

■Hit  (t)  -  cos((0dt  +  6di  +  0d ) 


where 


^dk  =  |QkU«d)|!iicikhqk|fadk!>  and. 
^lZQk(ja)d)  ifhd],>0 

if  hdk  <  0 


(2.9) 


(2.10) 


(2.11) 
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Here  hdt  is  the  kth  element  of  the  vector  of  modal  influence  coeffidente  Ha  and 


[  3“^  +  24icO)^S  +  0)^ 


=  |Qk  ( j“d  )|®*p(^Qk  ( ))• 


(2.12) 


8=j<oa 


When  the  beam  has  reached  steady  state,  the  displacements  of  the  beam  are  given  by 

wa(z,t)=  5^Vk(2)Ti<jijCo..(toat+ed+eait).  (2.13) 

k=l 

In  this  paper  we  are  concerned  with  sensors  that  respond  over  a  significant 
gauge  length.  Let  the  spatial  variable,  z,  belong  to  the  domain  F^.  Let  Fg  C  Fb  such  that 
Fs  is  an  open  set  that  contains  more  than  one  elei  lent  of  Fb. 

Deiimtion:  A  signal,  m(z,t),  is  called  a  distributed  signal  if  it  depends  on  time,  t,  and 
the  spatial  variable,  z,  which  belongs  to  Fg,  z  e  F,. 


Here  we  are  concerned  with  sensors  that  can  be  modeled  as 

y(t)=  L  g(z)in(z,t)dz. 

I 


(2.14) 


Definition:  If  the  function  g(z)  is  given  by  g(z)  =  5(z  -  zo),  we  say  that  the  sensor  is  a 
point  sensor.  If  g(z)  is  not  an  impulse  function,  then  we  say  the  sensor  is  a  distributed- 
effect  sensor. 

In  some  cases  a  distributed-effect  sensor  can  be  physically  altered  in  a  controlled 
way  such  that  the  function  g(z)  can  be  selected  independently  of  the  sensor.  In  that 
case,  (2.14)  cnn  be  interpreted  as  filtering  the  distributed  signal  m(z,t)  according  to  g(z) 
to  produce  the  scalar  sigoal  yit). 

Definition:  If  the  function  g(z)  in  (2.14)  can  be  chosen  independently  of  the  sensor, 
then  g(z)  is  called  a  weighting  function. 

Definition:  Any  device  with  an  input  of  the  distributed  signal  m(z,t)  and  an  output  of 
the  scalar  signal  yit)  which  can  be  modeled  as  in  (2.14)  where  giz)  is  a  weighting 
function  is  called  a  spatial  filter. 

For  simplicity,  let  the  domain  of  the  distributed-effect  sensor,  Fa,  be  defined  on  the 
entire  spatial  domain  of  the  structure,  Fb  ={z  I  0  <  z  <  L).  We  assume  that  the  distributed 
signal  to  be  measured  is  the  strain  at  the  surface  of  the  beam.  This  strain  can  be 
expressed  as 
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e(z,t)  =  hb]^\j/^(z)tij(t)  ’  (,2J.5) 

j=i 

where  hb  is  the  distance  from  the  neutral  axis.  Let  the  weighting  function  of  the 
distributed-effect  sensor  be 


g(z)  =  X  Sk¥k  (z)-  (2-16) 

k=i 

Then  the  sensor  output  is  given  by 


y(t)  =  g(z)e(2,  t)d2  =  hb 


£gk¥k(z) 

k=l 


IVk(z)Tlk(t) 

k=l 


dz 


k=l 


(2.17) 


So  we  see  that  choosing  the  weights  of  the  weighting  frinction  is  the  same  as  specifying 
the  output  matrix  for  the  beam  model. 


3.  ACOUSTIC  RADIATED  POWER 

In  this  section  we  review  the  framework  for  relating  the  vibrations  in  the  beam  to 
the  far  field  radiated  acoustic  power  [12-13].  When  a  structure  is  excited  by  the 
disturbance  signal,  d(t),  in  (2.7)  the  velocity  of  each  point  on  the  structure  is  given  by 

Ilf 

Vd(z,t)=  X¥k(z)''''dkCOS(<«)dt  +  0d-t-0dk).  (3.1) 

k=l 


Certain  combinations  of  these  vibrational  modes  in  (3.1)  generate  far  field  pressure 
waves  in  the  surrounding  fluid  medium.  The  total  radiated  power  from  the  beam  can 
be  determined  as  follows.  Define  the  vector 


VjCOsGdi 


(32) 


[vn^cose^^J 

where  the  components  of  V(j  are  defined  in  (3.2).  Then  the  expected  value  of  the  total  far 
field  radiated  power  is 


n  =  vjM(u)j)v^. 


(3.3) 
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Remark:  From  this  analysis  we  see  that  for  sinusoidal  disturbances  the  far  field 
radiated  accustic  power  is  determined  by  the  vector  Vd  in  (3.2).  The  vector  Vd  contains 
information  abctit  the  relative  phase  relationship  between  the  modes  in  the  nambers 
cos(0dk). 

Next  we  examine  the  structure  of  the  quadratic  form  (3.3).  The  matrix  M(a)d)  is 
symmetric  and  positive  definite  so  that  its  singular  value  decomposition  is  given  by 

M(Q)d)  =  SIS“  (3.4) 


where 


S  =  [si  S2  •••  Sjsf],  and 


,  Gi  >02  >  ">an  >0. 


G 


n 


(3.5) 


In  (3.5)  all  of  the  vectors,  Si,  are  orthonormal. 

The  decomposition  of  the  matrix  M(cod)  in  (3.4)  lends  insight  into  which 
structural  modes  contribute  to  the  far  field  acoustic  power.  For  a  given  vector  of  modal 
velocity  amplitudes,  Vdo,  the  total  radiated  power  is  given  by 

n  =  vJ„M(q,j  )  V^o  =  VJoSZSTVjo  =  i  ( VjoSj  f  Oi .  (3.6) 

i=l 

From  (3.6)  we  see  that  the  contributions  of  the  various  velocity  vectors  to  the  far  field 
acoustic  power  can  be  decomposed  into  principle  directions,  Si.  These  directions  are 

rank  ordered  according  to  the  attached  singular  value,  Oi.  The  maximum  power  that 
can  be  radiated  per  unit  excitation  is  given  by  Vdo  =  s\,  (because  of  the  orthonormality  of 
the  vectors,  Si )  and  the  minimum  is  given  by  Vdo  "  sn  . 

Erample.  Suppose  that  the  beam  described  in  Section  2.1  is  excited  by  a  sinusoidal 
disturbance  with  frequency  Od  =  95-4  rad/sec.  For  this  excitation,  the  matrix  M(cod)  in 
(3.4)  is 


5.49 

0 

2.4  ' 

(3.7) 

M(95.4)  = 

0 

0.007 

0 

X 

o 

i 

2.4 

0 

1.05 

This  matrix  lias  singular  values 

L  --  diag[ 0.0654 

7.4  X  10 

2. 

7xl0‘^) 

(3.8) 
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with  corresponding  singular  vectors 


0.916' 

O' 

■  0.401  ■ 

0 

) 

1 

> 

0 

0.401 

0 

-0.916 

Suppose  that  the  beam  is  driven  with  a  sinusoidal  source  such  that 
Vdmax(z.t)  =  \jri(2)(0.916)cos(95.4t)+\j/3(z)(0.401)cos(95.4t).  (3.10) 

For  this  excitation  frequency,  the  acoustic  power  radiated  by  the  structure  is 

n  =  oj  =  0.0654.  (3.11) 

The  spatial  distribution  of  the  peak  amplitude  of  the  signal  in  (3.10)  is  shown  in  Figure 

i 

0»JL. 


Figure  3.1.  Maximun  Radiator. 


fo  compute  the  total  radiated  acoustic  power,  the  velocity  profile  is  required.  This 
velocity  profile  can  be  calculated  from  the  vector  of  modal  displacements  by  scaling  qa  Iv 
cOd-  The  expression  for  the  total  radiated  power  becomes 


n  =  (co§)qjM(a)d)qd- 


(3.12) 
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4,  THE  LMS  CONTROL  ALGOBITHAI 


For  a  beam  driven  by  a  amusoidal  disturbance  at  a  known  frequency,  the  LMS 
algorithm  has  been  proposed  as  a  controller  for  the  suppression  of  acoustic  radiation 
[14].  The  LMS  controller  is  shtO’wx\  schematically  in  Figure  4.1  for  the  beam. 


.x'" 


"... 


Q  Actuator 

W  ^ 

I 

disturbance 

Control  1 

force 

gains  1 

X  i 

X 

.  ;^ssssss:i.'s;.\ 

Sensor 

\<t) 


LMS  Algorithm 

r~'~ 


d(t)  -  Ajcos  (cOdt  +  e<j) 


Figure  4.1.  The  LMS  Controller. 


The  LMS  algorithm  can  be  thought  of  as  containing  a  transient  response  and  a 
steady  state  sinusoidal  response.  During  the  transient  the  controller  locks  on  to  the 
phase  of  the  disturbance  signal.  Then  in  steady  state  operation  the  controller  works  to 
zero  the  sensor  output.  It  is  with  the  steady  state  operation  that  we  are  concerned. 

Given  the  steady  stiite  disturbiina? 

d(t)=cos(o)dt  +  0,j) 
the  output  signal  at  the  sensor  is 

yds(t)  --  Ads  cos(o)dt  +  Bda )• 


(4.1) 

(4.2) 


Tlie  LMS  controller  assumes  tliat  the  control  force  is  of  the  form 

u(t)  =  Ac  cos(Q)d t  ©c ). 


(4.3) 


We  call  Ac  the  control  gain  and  0c  the  control  phase.  The  controller  selects  the 

parameters  Ac  and  0c  based  on  the  sensor  output.  If  the  diivturban.ce  force  is  not 
present,  the  reSjTonse  of  the  beam  to  the  control  force  (4.3  )  at  the  output  O'  tlie  sensor  is 

Yes  (t)  Acs  COs((x)dt  +  0es). 
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When  both  input  forces  are  present,  the  sensor  output  is 

y(  t)  =  Ads  cos(oi)dt  +  Sds )  +  Acs  cos(a)d  t  +  ©cs  )• 


(4.5) 


The  controller  chooses  the  amplitude,  Ac,  and  phase,  0c.  of  the  control  input  signal  such 
that  the  sensor  output  signal  (4.5)  is  driven  to  zero;i  i.e.  y(t)  0.  When  the  LMS 
controller  is  operational  the  sensor  output  signal  is  driven  to  zero.  If  the  sensor  is  a 
displacement  point  sensor,  then  that  point  of  the  be.am  is  pinned  to  zero  displacement. 
The  chaise  in  total  radiated  acoustic  power  is  then  computed  from  the  beam  velocity 
distributions  for  the  controlled  and  ?mcontrolled  system. 

With  this  controller  there  is  no  freedom  to  choose  the  control  gains  (for  steady 
state  operation).  All  of  the  "control  design"  is  in  the  selecticn  of  the  sensor  and  actuator 
locations.  To  describe  the  relationship  of  the  sensor  and  actuator  to  the  total  radiated 
acoustic  power  we  develop  an  internal  description  of  the  LMS  controller. 

The  state  equations  of  the  amtroUed  system  are 
ii(t)  +  Dfi(t)  +  D^Ti(t)  =  HdAd  cos(cOdt + 0d )  4-  H.  Ac  cos(o)dt  +  ©c  )• 

The  vector  of  modal  displacement  amphtudes  due  to  the  disturbance  force  is 


Tld(t)  = 


TldiCOSedi 


cos(o)dt+ed3)  =  Tld  C0s((0dt4 


[Tldn,  C08e*-J 

The  vector  of  modal  amphtudes  associated  with  the  control  force  has  a  i^imilar  form. 
The  corresponding  sensor  output  signal  is 


y(t)^C(qd(t)  +  A^.Tic(t)) 

=  Cpd  cos(&)dt  -4  0d8 )  +  CAcTIc  cos(o)di  +  ). 


(4.8) 


It  follows  tliat 


Crid  "  AcCrie  =  C[r\a  -  A^tIc  ]  -  0 


(4.9) 


which  essentially  nulls  the  output  of  the  sensor.  BVom  (4.9)  the  control  gain  is 


Ac 


_  Grid 
CTle 


(4.10) 


^  Technically,  a  small  residual  vibration  remains  due  to  steady  state  operating  conditions,  for  ou* 
purposes  here,  we  set  this  amplitude  to  zero. 
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After  the  controlled  system  has  reached  steady  state,  the  residual  vibration  left  in 
the  beam  is  given  by 


ftr  (t)  =  (lid  -  Ac-Hc  )cos(cOdt  +  6dc ) 
=  ArTlrCOs(0)dt  +  edc) 


(4.11) 


We  call  tht  ector  in  (4  11)  the  residual  vector  of  modal  displacement  amplitudes.  The 
radiated  acoustic  power  from  the  controlled  system  is  the  residual  radiated  acoustic 
power. 


Now  the  total  radiated  acoustic  power  of  the  uncontrolled  beam  is 

Hu  =(a)d)^TijM(a)d)Tld, 


(4.12) 


and  the  total  radiated  acoustic  power  of  the  controlled  beam  is 

He  =  («»d)^Tl5FM((«)d)Tlr. 


(4.13) 


Ezamp  'ipt: 
frequencj 
and  i  str 
the  cc  ti'i 


Considei-  the  beam  in  Section  2.  Suppose  that  a  disturbance  .force  with  a 
rad/s  is  located  at  Zd  =  0.36.  If  the  actuator  is  located  at  Zc  =  0.45 
5  t  ge  s  located  at  Zg  =  0.75  m.  The  vector  of  amplitude  displacements  for 

■  a  is 


r-lL46 
Ti,,  =  -L344 
[-0.88 

From  (4  10)  the  con^,!  gain  is  A^  =  0.5272.  The  residual  vector  of  modal  displacements 
is 


xlO 


-5 


(4.14) 


1-3.80 
I  -2.40 
[-0.4a 


X  10“^. 


(4.15) 


The  unco  itroLlat '  ,  )i  .!  ladiated  acousti?  p  *wer  is  4.83  x  10  ®  W,  while  the  total  acoustic 
power  for  the  c  i  u  oiled  system  is  7.96  t  0  “^  W.  The  displacement  amphtudes  for  the 
controlled  and  l  .  onLrelled  system  are  s  hown  iio  Figure  4.2. 
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5.  GEOMETRIC  INTERPRETATION  OF  RADIATED  ACOUSTIC  POWER 


Let  be  the  vector  space  with  a  basis  determined  by  the  modal  displacements 
iTi.  This  vector  space  is  shown  in  Figure  5.1  for  R2, 


Figure  5.1.  Geometric  Representation  of  the  LMS  Controller. 


In  the  vector  space  R”*^  we  identity  the  set,  RPd, 


RPd  ^{TieR"^^|Ti  =  aTido,a  =  (cOdfTiJoM(o)d)Tido.Ko|=  l}- 
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called  the  set  of  normalized  total  radiated  pjwer.  Each  element  of  this  set  is  the  total 
radiated  power  for  the  corresponding  modal  displacement  amplitudes  for  j|Ti^oS=l- 
This  set  is  an  ellipse  whose  principle  axes  are  the  principle  directions,  Si,  of  the  matrix 
M((Od)  in  (5.1)  scaled  by  the  eigenvalue  .  The  set  RPd  is  identified  in  Figure  5.1, 

For  a  given  disturbance,  d(t),  the  vector  of  modal  displacement  amplitudes  is 
given  by  T]d,  and  the  corresponding  vector  of  modal  velocities  is  codild-  total  radiated 
power  for  this  excitation  is 


n  =  rco|)TijM(»d)Tld  =(®d)ndS2S^Tid  =(<ad)X(TldSif  Oi-  (5.2) 

i=l 

From  (5.2)  we  see  that  the  contributions  of  the  various  velocity  vectors  to  the  far  field 
acoustic  power  caii  be  decomposed  into  principle  directions,  Sj.  So  we  see  that  the 
quadratic  expression  for  the  total  radiated  power  is  as  the  intersection  of  the  set  RPd 

and  the  vector  rid. 

Similarly,  the  actuator  axid  disturbance  location  can  be  described  geometrically. 
If  the  disturbance,  say,  is  located  at  z  =  Zd  then  from  (2.5)  the  vector  of  modal  influence 
coefficients  is 


H<i  =  [hdi  -  (5.3) 

This  vector  is  shown  in  Figure  5.2  where  we  have  assumed  that  the  components  of  the 
vector  are  positive. 


Figure  5  2.  Geometric  Description  of  the  Vector  of  Modal  Amplitudes 
for  the  Sinusoid^  Disturbance. 

When  computing  the  total  far  field  radiated  acoustic  power,  we  are  interested  in 
the  vector  of  modal  displacements  corresponding  to  the  disturbance  d(t).  This  vector  is 
related  to  the  vector  of  modal  influence  coefiBcients  through  the  beam  dynamics.  From 
{2.11)the  vector  of  modal  displacements  is 
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T\d 


Ihdilqicose^i 

j^dn,  j^n,. 


(5.4) 


lliis  vector,  (5.4)  is  shown  in  Figure  5.2. 

Geometrically,  the  radiated  acoustic  power  can  be  determined  by  intersecting  the 
vector  of  displacement  amplitudes,  rid,  with  the  set  of  total  radiated  power,  RPd.  This 
intersection  is  shown  in  Figure  5.1.  Note  that  this  vector  is  fixed  once  the  stmcture  and 
the  frequency  of  the  disturbance  have  been  specified.  Also  note  that  not  all  vectors  in  R2 
stand  in  a  one-to-one  relationship  with  possible  vectors  of  modal  displacement 
amplitudes. 

As  vidth  the  disturbance  force,  the  object  of  interest  is  the  vector  of  modal 
displacements,  t]c,  due  to  the  action  of  the  control  force.  The  steady  state  vibrations  due 
to  the  control  force  are  described  by  the  location  of  the  actuator  and  the  (disturbance) 
fi’equency  of  the  control  force.  The  construction  of  this  vector  is  exactly  the  same  as  the 

construction  of  disturbance  vector  of  loodal  displacements.  Ihe  vector  Tic  is  shown  in 
Figure  5.3. 


I'igure  5.3.  Decomposition  of  the  Vectors  of  Modal  Displacementjs 
Along  the  Range  Space  of  C^. 


The  sensor  on  the  beam  is  modeled  as  the  output  natrix  C  in  the  model  of  the 
system  ri  (2.3).  In  the  space  R""  the  output  matrix,  C,  is  a  map  C;R"'^  R.  This  map 
is  characterized  by  the  nullspace  of  C,  N[C].  Since  N[C1'‘'  =  R[C^L  the  range  space  of  C^, 
N[C]  is  orthogonal  to  the  vector  C^.  These  two  spaces  are  shown  in  Figure  5.3.  Since  the 
output  matrix  C  is  determined  by  the  type  and  location  of  the  sensor,  geometrically  the 
sensor  is  represented  by  the  vector  C^. 

The  controlled  beams  vectors  of  displacement  amphtudes  satisfy 

0  =  Gild  -  A,Cti,  =  C[ Tid  -  A^ti  J.  (5.5) 
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Geometrically,  the  calculatioii  of  the  control  gain  can  be  broken  into  two  steps.  First,  the 
vector  of  modal  displacements  for  the  dictnrbance,  Tid,  is  decomposed  in  terms  oitL>.  tvro 
subspaces 


~  ^dm  ^dm  ^  j,  Tjjjj  €  N[C],  gj 

—  ^cm  ^cn »  ^cm  ^  j,  T|ctj  S 

shown  in  Figure  5.3.  The  same  projection  is  applied  to  the  control  vector  of  modal 
displacement  amplitudes,  t]c.  Second,  the  same  vector  multiplied  by  the  control  gain, 

ApTicas  shown  in  Figure  5.3.  'fhen  the  two  vectors  rid  and  A^tIc,  ilr  =  Adild  -  Ac^lc.  are 
added  component-wise.  We  have 


0  =  Ct\^-  AcCtIc  =  C[Tldm  +  Tldn  ]  -  AcC[Tlcm  +  Tlcn  ] 

~  CTJdin  “  AgCTJgjjj  =  —  AgTJgjjj  ]. 

Their  sum,  the  residual  vector  of  modal  amplitudes,  is  shown  in  Figure  5.4. 


Figure  5.4.  Decompositicn  of  the  Disturbance  and  Control 
Vectors  of  Modal  Displacements. 


The  total  radiated  power  of  the  uncontrolled  system  is  determined  from  the 
intersection  of  the  vector  of  modal  displacements  corresponding  the  disturbance  with 
the  set  of  total  radiated  power  as  shown  in  Figure  5.5. 
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Figure  5.5.  Radiated  Acoustic  Power  for  the  Uncontrolled 
and  Controlled  Beam. 

The  total  radiated  power  for  the  controlled  system  is  found  from  the  intersection  of  the 
residual  vector  of  modal  displacements  with  the  set  of  total  radiated  power. 

From  the  discussion  above,  it  is  clear  that  the  LMS  controller  doesn't  directly 
incorporate  any  measure  of  the  radiated  acoustic  power.  A  reduction  of  power  is 
realized  if  the  total  acoustic  power  corresponding  to  the  residual  power  is  less  than  the 
acoustic  power  that  is  radiated  by  the  uncontrolled  beam.  The  LMS  controller  drives  to 

zero  the  linear  combination  of  modeshapes  C[Ti!d(t)- Agile  (t)].  As  a  result  of  this  action 
the  sum  of  modes  corresponding  to  the  residual  vector  of  displacement  amplitudes  may 
increase  or  decrease.  Hence,  the  total  radiated  power  of  the  controlled  system  must  be 
evaluated  on  a  case  by  case  basis. 

Remarks.  In  this  discussion  about  we  assumed  perfect  knowledge  of  the  structure 
and  truly  distributed  actuators  and  sensors.  In  practice  errors  will  be  present.  These 
errors  can  be  modeled  as  a  p>erturbation  to  the  desired  shape  of  the  sensor.  Then  the 
effects  of  these  errors  on  the  control  system  performance  can  be  determined  '.ising  the 
results  in  [6,15]. 

The  problem  formulation  discussed  in  this  paper  is  based  on  a  modal  model  of 
the  structure.  These  results,  however,  can  be  extended  to  finite  element  models  with 
only  minor  modifications. 


6.  CONCLUSIONS 

In  this  paper  we  have  considered  the  use  of  distribirted-effect  actuator  and  sensor 
arrays  for  the  vibration  suppression  in  flexible  structures.  We  have  formulated  the 
control  problem  in  such  a  way  that  spatial  information  f;an  be  incorporated  directly  into 
the  control  system  design.  Using  tins  formulation  we  have  shown  how  to  place  the 
actuator  and  sensors  for  optimum  control  system  performance.  This  theory  was 
applied  to  the  suppression  of  acoustic  radiation  from  a  ’/ibrating  structure. 
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A  hybrid  distributed- lumped  parameter  model  of  the  elevation 
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tectmique  with  che  electro-mechanical  servo  .system  modelled  in  the 
lumped  parameter  method.  The  barrel  is  modelled  by  specifying  the 
dimensions  of  the  elements,  thus  eliminating  the  need  for  gross 
approximat ions . 

A  generic  gun  system  is  modelled  and  the  effects  of  changing 
system  parameters  such  as  barrel  stiffness,  breech  mass,  gearbox 
stiffness  and  structural  damping  are  investigated  in  the  frequency 
domain  using  Bode  diagrams. 

The  simulation  also  provides  the  response  of  the  barrel  at  a 
number  of  locations,  the  muzzle  motion  being  of  particular  interest  for 
future  work  on  muzzle  reference  svstems,  active  muzzle  control,  and  for 
predicting  accuracy  when  firing  on  the  move. 
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Chobham  Lane,  Chert sey 
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INTRODUCTION 

To  satisfy  the  demands  of  speed  and  precision  modern  control  systems 
have  to  influence  or  compensate  for  the  dynamics  of  flexible 
struct!,  tes . 

The  development  of  effective  control  systems  for  flexible  structures 
are  attracting  considerable  attention  as  these  systems  are  now 
prevalent  in  a  wide  variety  of  products  and  industrial  applications. 
Typical  examples  are  disk  drives  in  consvimer  electronics,  satellite 
structures  in  the  aerospace  industry,  robot  arms  in  manufacturing 
applications,  cind  gun  systems  in  ground  based  weapons  such  as  Main 
Battle  Tanks. 


In  Main  Battle  Tank  gun  systems  the  flexing  and  the  movement  of  the 
barrel  in  its  mounting,  under  the  influence  of  the  gunners  demand  and 
due  to  terrain- induced  disturbances,  causes  significant  loss  of  gun 
accuracy  and  a  low  hit  probability  when  firing  on  the  move  or  tracking 
moving  targets. 

It  has  been  suggested  that  by  directly  measuring  the  muzzle  motion  and 
incorporating  it  in  Fire  Control  Systems  significant  improvements  in 
accuracy  can  be  achieved.  Firstly,  by  correcting  for  errors  due  to 
droop,  barrel  bend  and  misalignments  and  secondly,  by  controlling  or 
compensating  for  structural  deformations  using  predictive  control 
methods [1] . 


To  enable  engineers  to  develop  effective  control  systems,  improved 
computer  simulations  of  the  weapon  system  are  required  which 
incorporate  the  effects  of  structural  flexibility  more  accurately. 
Distributed  parameter  modelling,  using  the  Finite  Element  Modelling 
(ilM)  technique  is  primarily  used  for  analyzing  mode  shapes,  natural 
frequencies  and  stress-strain  relationships  in  structural  and 
mechanical  components.  In  lumped  parameter  models  the  effects  of 
structural  dynamics  are  either  ignored  or  approximated  using  several 
mass-spring  elements.  The  models  are  then  tuned  by  matching  with 
measured  results  in  the  freqirency  domain.  This  .leads  to  arbitrary 
selection  of  lumped  parameters  and  the  models  are  only  valid  at  the 
measured  locations.  These  models  can  not  be  used  .  with  confidence, 
to  predict  the  motion  at  points  remote  from  the  measured  locations. 

The  work  described  in  this  paper  is  a  study  info  t.he  development  of 
hybrid  distributed- lumped  parameter  moder .  This  approach  links 
together  the  dynamics  of  the  stnrcture,  modelled  using  FEM  techniques, 
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with  lumped  parameter  models  of  the  actuator  and  other  servo 
components.  The  simulation  thus  incorporates  the  effects  of 
flexibility  while  still  retaining  the  simplicity  of  the  lumped 
parameter  approach.  For  this  initial  study  the  openloop  linear  model 
of  the  elevation  axis  of  a  gun  system  is  considered. 

The  simulation  is  developed  using  modules  which  represent  system 
components  such  as  amplifier,  motor  and  gearbox.  These  modules  are 
then  linked  together  using  measurable  quantities  such  as  volts,  amps, 
torques,  displacement  etc.  The  modules  themselves  are  constructed 
using  primitive  blocks  which  are  assembled  using  hierarchical 
facilities  provided  in  the  MATRIX^  simulation  package.  The  simulation 
can  be  easily  modified  to  include  improved  component  models  and  permits 
structural  models  with  varying  number  of  elements  to  be  incorporated. 


THEORY 

The  elevation  axis  illustrated  in  Figure  1,  consists  of  several 
electro-mechanical  components  -  motor,  gearbox  and  gun.  These 
components,  together  with  the  servo  amplifier  and  the  primary  feedback 
transducer  (rate  gyro)  constitute  the  openloop  elevation  model.  The 
equations  in  the  subsequent  subsections  describe  the  behaviour  of  each 
component  and  collectively  they  foirm  the  hybrid  model. 


Figure  1  Main  components  of  elevation  axis  servo  system 
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Distributed  Parameter  Model 


The  gun,  which  is  shown  in  Figure  2,  consists  of  3  irain  components. 
These  are  the  breech,  cradle  cind  barrel. 

In  the  FEM  technique  the  structure  is  divided  into  discrete  elements 
which  are  then  assembled  together  at  the  node  points  to  represent  the 
system.  The  following  assumptions  are  used  in  modelling  the  gun 

a)  The  breech  is  modelled  as  a  single  element  which  has  a 
rectangular  cross  section. 

b)  The  bearing  clearances  in  the  cradle  which  support  the 
barrel  are  small  and  neglected. 

c)  The  cradle  and  the  barrel  within  it  are  modelled  as  a 
single  compound  element  which  is  cylindrical. 

d)  The  cradle  and  breech  are  held  together  in  close  contact 
by  the  recoil  mechanism  until  firing  cakes  place. 

e)  The  barrel  is  divided  into  several  cylindrical  sections  which 
have  constant  cross-sectional  area.  Average  values  are  used  for 
tapered  sections. 


Figure  2  Details  of  gun  system 


371 


DHOI.IWAR 


vidot,  thidot,  etc.  are  the  rates 

Figure  3  Finite  element  representation  of  the  gun  system 


The  representation  in  Figure  3  is  used  to  model  the  system  as  with  this 
arrangement  it  is  easier  to  decouple  the  pitch  and  heave  motions  of  the 
^^l-*-"  The  pitch  and  heave  motions  and  the  torgue  from  the  elevation 
servo  system  act  through  the  pivot  located  at  the  front  end  of  the 
cradle. 
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A  =Area 

E  :=Young '  s  modulus 

I  =Moment  of  Inertia  (cx'oss-sectional  area) 
L^^eiement  length 
p  =  density 
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When  these  elements  have  been  assembled  the  following  equation  of 
motion  results. 


[M]  {x}+  [f]  {x}+  [k]  {x}-{Fo} 


(3) 


F  =Danping  matrix 
Fo=Forcing  function 
K  =Stiffness  matrix 
M  -Mass  matrix 
X  =displacement 

The  damping  matrix  F  can  be  obtained  using  similar  techniques  as  those 
used  to  derive  the  stiffness  and  mass  matrices,  however  as  damping  in 
structures  is  primarily  determined  by  fraction  in  joints,  bearings, 
surface  covering  etc.  it  is  advaiitageous  to  define  damping  for  the 
structure  as  a  whole.  A  commonly  used  proce.dure  for  deriving  damping 
is  called  Rayleigh  damping  [2] . 


[F]-ajM]  H-ajF] 


(4) 


The  variables  ao  and  ai  can  be  selected  by  choosing  ^  for  two  modes. 


(5) 


The  main  disadvantage  with  procedure  is  that  damping  can  not  be 
selected  for  each  mode  individually.  By  transforming  equation  3  into 
a  set  of  uncoupled  equations  damping  can  be  selected  for  each  model 3] • 

H  -  ^  M  K  F  O  ( 6 ) 


[if]  {q}  +  [F]  {qJ  t-  [JT]  {q)  -  {i’o},  F  ~  diag  {2  ^ ^  m)  (?) 


=modal  matrix 
Q  =  Principle  coordinates 

The  value  of  is  selected  for  each  mode  and  the  resulting  datping 
matrix  transfonaed  back  to  physical  coordinates  using  the  tra^ispose  aiid 
ivverse  of  modal  matrix. 

The  equations  of  motion  are  represented  in  state  space  form  and  linked 
with  models  of  the  servo  system. 


x{C)  “  Ax(  C)  +  Bu  ( t) 


(8) 
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y  -  Cx(  t)  +  I?u{  t) 


(9) 


A  =  Coefficient  matrix 
B  --  Driving  matrix 
C  =  Output  matrix 
D  =  Transmission  matrix 
u  =  input  vector 
X  =  state  vector 
y  =  output  vector 

The  MATRIX.^  window  with  the  state  space  model  is  shown  in  Figure  4. 
The  co-ordinates  vldot,  thldot,  etc,  describe  the  rates  at  element 
boundaries  cind  vl,  thl,  etc  the  displacements. 

Lumped  Parameter  Models 

The  electro-mechanical  servo  components  considered  in  this  section  are 
modelled  using  the  lumped  parameter  technique. 

GVro 

The  gyro,  which  is  located  on  the  cradle,  measxires  the  absolute  angular 
rate  of  the  gun  and  the  pitch  motion  of  the  hull.  The  gyro  is  modelled 
as  a  damped  second  order  system  which  has  the  following  transfer 
function 


n*^gy 

S^  +  aCCr) 


(10) 


Ks,y=  Gyro  gain 
S  =  Laplace  trainsform 
^  =  Damping  ratio 

(0  =  Natural  frequency 

Servomotor 


The  servomotors  used  in  control  systems  are  usually  DC  machines  which 
may  have  separately  excited  field  or  permanent  magnet  stators.  A 
schematic  diagram  of  the  motor  [5],  with  the  associated  variables,  is 
shown  in  Figure  5 

The  voltage  ccjuation  for  the  armature  is  given  by 


d!i„ 

— ^  + 

dc  ^ 


(11) 


where  is  the  voltage  generated  when  a  conductor  moves  through  a 
lield.  According  t'o  Faraday's  Law,  the  voltage  induced  in  a  conducting 
loop  rotating  in  i  magnetic  flux  is  given  by  erpaaticn  12. 


Where  X  represents  the  flrcx  linkage  in  the  coil.  T>;'-  rate  of 
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Figure  5  Schematic  of  DC  Motor 


V- 


dt 


(12) 


change  of  X  is  proportional  to  the  magnetic  flux  in  the  air  gap 
and  the  angular  velocity  (0(t) 

4>  W  (  C)  (13) 


Now,  if  we  assume  constant  field  voltage  or  current  and  ignoring 
second  order  effects,  the  above  equation  sin??lifies  to 


W  (t) 


(14) 


where  Kg  is  the  motor  voltage  constant.  The  torque  generated  in 
the  armature  with  field  flux  which  remains  constant  is  given  by 

i,  (15) 


Kt  is  called  the  torque  constant  of  the  motor. 

The  torque  generated  by  the  motor  is  equal  to  the  torque  required  to 
overcome  the  motor  inertia,  the  frictional  and  external  load  torques. 
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T -T,  +  T,  + 

^  t  L  a 


dQ\ 

'3t 


+  F. 


'  dt 


(16) 


Tf  consists  of  all  other  losses. 


Servo  amplifier 

Servo  amplifiers  used  in  gun  control  systems  are  usually  switching 
amplifiers  whose  output  power  is  controlled  by  varying  the  on-off  time 
ratio,  pulse-width,  of  the  output.  The  switching  frequency  of  these 
amplifiers  can  be  as  high  as  100  kHz  [6]  .  Because  of  the  high  switching 
rates  accurate  models  of  the  cimplifiers  require  very  small  integration 
step  lengths,  which  results  in  long  simulation  run  times.  To  overcome 
this  difficulty  switching  amplifiers  in  control  simulations  are  often 
modelled  as  equivalent  linear  amplifiers. 

Servo  amplifiers  use  a  combination  of  current  and  voltage  feedback  for 
stable  operation.  In  many  applications  the  current  feedback  is 
dominant  and  the  amplifier  is  modelled  as  a  gain  which  converts  a  low 
input  voltage  to  a  current  output.  When  this  representation  of  the 
amplifier  is  used,  the  mocor  model  simplifies  to  a  constant  term  which 
produces  motor  torque.  After  accounting  for  torques  due  to  friction, 
external  loading  and  acceleration,  the  output  can  be  integrated  to  give 
a  trainsfer  f'jnction  between  input  voltage  and  speed.  The  block  diagram 
in  figure  6  shows  the  simplified  amplifier  and  motor  model. 


Gearbox 

Tne  gearbox  model  used  in  this  simulation  consists  of  two  gears.  The 
total  gearbox  stiffness  is  lumped  at  the  output  shaft  and  in  the 
nonlinear  model  the  backlash  in  the  gearbox  is  lumped  between  the  two 
gears.  Figure  7  shows  the  block  diagram  of  the  corrplete  system. 


DISCUSSION  OF  RESULTS 

The  results  from  the  simulation,  which  does  nor.  represent  any  specific 
gun  system,  are  presented  in  the  frequency  domain.  The  Bode  d.iagrams, 
with  normalised  frequency,  show  the  openloop  response  of  the  system 
with  voltage  input  at  the  amplifier  and  the  output  at  the  gy'^ro. 

The  effects  of  varying  the  system  parameters  such  as  barrel  stiffness, 
breech  mass,  gearbox  stiffness  and  system  damping  are  investigated. 

Figure  8  shows  the  effects  on  the  re.sponse  when  the  stiffness  of  the 
gun  is  changed.  The  stiffness  may  change  due  to  le^ngth,  moment  of 
inertia,  or  because  of  changes  in  the  Young's  modulus;  which  may 
occur  in  barrels  made  from  composite  materials.  As  the  .stiffness  is 
increased  the  resonant  frequencies  associated  with  the  gun  also 
increase.  The  resonance  at  normalised  frecguency  of  0.2  which  is 
associated  with  the  gearbox  and  motor  inertia  remains  unchanged.  In 
figure  9  the  effects  changing  gearbox  stiffness  are  shewn. 

The  breech  and  muzzle  masses  may  change  to  account  for  improvements  in 
design  or  to  accommodate  sensor  systems,  such  muzzle  mirrors.  Figure 
10  shows  the  variatio.ns  in  the  systtim  response  when  the  breech  mass  is 
clianged.  Breech  mass  mainly  effects  the  frequencies  beyond  the  gearbox 


^77 


DHOLIWAR 


Continuous  SuperBlock  Ext. Inputs  Ext. Outputs 

A.'np„niotor_simple  2 _  1 _ 


ainplUler  Rlanp  gain  Hint  sun  Insrtla  Jn  Incsgracor  integrator 


Figure  6  Block  diagram  of  a  simplified  DC  motor  and  amplifier 
resonance  although  some  modification  is  noted  at  frequency  of  O.&l. 


Figure  11  shows  the  response  of  the  system  along  the  barrel.  Figure 
lla,b,c  show  the  response  at  the  breech,  fume  extractor  eind  muzzle 
respectively.  For  ease  of  comparison  the  rate  at  each  location  is 
measured  using  the  same  gyro  model. 

The  effects  of  changing  the  damping  in  the  gun  structure  are  presented 
in  figure  12.  Figure  12a  shows  the  undamped  system  while  12b  and  c 
show  the  effects  of  increasing  the  deimping.  Again  the  resonance 
associated  with  the  gearbox  and  motor  remains  unaffected. 

CONCLUSIONS 

The  results  of  t.his  study  indicate  that: 

a)  The  liybrid  technique  used  to  simulate  the  elevation  axis  of  a  grun 
system  is  a  valid  technique  which  links  together  Finite  Element 
Model  of  the  gun  with  lumped  parameter  models  of  the  servo 
components . 

b)  Using  the  hybrid  technique  flexible  components  which  have 
changing  cross-sections,  such  as  the  barrel,  can  be  modelled  by 
specifying  the  d...mensions  of  each  element.  This  eliminates  the 
need  for  guesswork  and  gross  assumptions.  Some  tuning  is  required 
to  allow  for  irregular  mass  distribution  at  the  cradle.  The 
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Figiixe  7  Block  diagram  of  the  system 


accuracy  of  the  model  can  be  improved  ty  using  several  elements 
to  model  the  cradle  but  this  would  further  increase  the 
conplexity  of  the  model . 

c)  The  simulation  also  provides  the  response  of  the  grun  at  a  number 
of  locations.  The  motion  of  muzzle  is  of  particular  interest  for 
future  work  on  muzzle  reference  systems  and  for  predicting 
accuracy  when  firing  on  the  move. 

d)  The  modular  nature  of  the  simulation  allows  easy  modification  of 
the  simulation  so  that  different  or  improved  conponent  models  can 
be  readily  incorporated.  The  validation  of  the  conponent  models 
is  also  simplified  as  the  input  and  outputs  are  measurable 
quantities  such  as  speed  and  voltages. 

e)  The  greater  accelerations  at  higher  frequencies  may  excite 

nonlinear it ies  which  will  cause  discrepancies  between  the 
measured  and  the  predicted  results.  At  these  frequencies  the 
simplifications  regarding  the  bearing  clearances  and  the 
recuperator  may  be  incorrect.  Transient  responses  from  the 

vehicle  and  nonlinear  models  are  required  to  confirm  this 
conclusion . 
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Abstract 

In  this  paper,  active  control  of  flexible  structures,  e.g.,  weapon  systems,  using  feedback  and  feedforwc.rd 
compensation  is  considered.  Specifically,  dynamic  feedback  design  utilizing  signals  from  the  accelerometer 
mounted  on  the  structure  is  discussed.  Furthermore,  utilization  of  adaptive  input  precornpensators  in  con¬ 
junction  with  nonlinear  controllers  for  flexible  structures  is  proposed.  The  flexible  pointing  system  considered 
here  is  the  test-bed  at  the  Army  Research  Development  Engineering  Center  (ARDEC)  at  Picatinny  Arsenal, 
which  is  a  scaled-down  representation  of  real-life  targetting  systems.  The  approaches  advocated  he’-e  are 
based  on  Youla’s  parametrization  of  stabilizing  controllers,  Wiener-Hopf  design,  feedback  linearization  and 
input  preshaping.  The  results  on  the  ARDEC  setup  indicate  a  sigTjfic<is;<.  improvement  in  performance  with 
the  Weiner-Hopf  design.  Results  on  the  adaptive  feedback  and  feedforward  scheme  are  presented  ^or  the 
flexible  arm  at  CRRL. 
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Rapid  retargetting  of  pointing  .systems  in  the  face  of  externaJ  disturbances  poses  generic  control  problems 
[1-7].  The  problems  arise  mainly  due  to  the  flexible  nature  of  the  pointing  system.  Excitation  of  the 
structural  modes  grossly  affects  the  pointing  accuracy  of  these  systems.  The  structural  frequencies  of  these 
setups  are  clustered  in  the  low  frequency  range  and  are  well  within  the  control  bandwidth.  Thus,  it  becomes 
imperative  to  consider  control  designs  based  on  models  which  take  these  flexural  effects  into  account. 

An  advanced  weapon  tracking  testbed  (AWTB)  has  been  developed  at  the  Army  Research  Development 
Engineering  Center  (ARDEC)  at  Picatinny  AisenaJ.  This  setup  will  be  described  in  more  detail  later  in 
this  paper.  The  AWTB  mimics  the  behavior  of  real-life  targetting  systems,  e.g.,  helicopter  and  gun-turret 
.systems,  etc.  In  this  paper,  our  efforts  and  results  on  control  design  for  AWTB  at  ARDEC  are  presented. 
We  have  also  developed  several  experimental  setups  on  flexible  structures  at  the  Control/Robotics  Research 
Laboratory  (CRRL)  which  exhibit  similar  dynamics  and  control  issues.  Several  control  schemes  for  flexible 
pointing  systems  are  being  tried  at  CRRL.  Those  include  the  trajectory  synthesis  approach  [7]  and  utilization 
of  piezoceramics  for  vibration  damping  [8],  to  name  a  few.  Other  ongoing  approaches  for  flexible  targetting 
systems  will  be  discussed  in  this  paper. 

The  noncollocated  nature  of  the  sensors  and  actuators  coniubcates  the  problem  of  controller  synthesis  for 
these  structures  as  the  input/state  map  is  not  externally  feedback  lineavizable.  Furthermore,  the  distributed 
parameter  nature  of  the  dynamics  is  an  additional  complication  as  it  results  in  an  infinite  dimensional  system. 
A  finite  dimensional  model  which  ignoies  the  high  frequency  modes  is  reasonable  to  consider  due  to  the 
artuator/sensoi  bandwidth  limits.  However,  control  and  obt-ervation  spillover  need  to  be  considered. 

,4n  important  consideration  in  gun-pointing  applications  is  that  significant  parameter  variations  may 
exist,  for  example,  varying  environmental  conditions  or  different  barrel  configurations.  Such  variations  may 
be  modeled  as  a  disturbance;  however,  considerable  performance  degradation  may  result  for  uninodeled 
parameter  variations.  Most  apprcjaches  for  disturbance  reduction  result  in  a  high-gain  feedback.  For  flexible 
gun-pointing  sysleiiis,  due  to  the  non-minimum  phase  nature  of  the  system,  high-gain  feedback  is  not 
possible  and/or  desirable.  A  belter  approach  to  handiiug  such  plant  uncertainties  is  using  adaptive  (self 
tuning)  control  scliemes.  These  involve  on-line  system  identification  and  control,  yielding  a  closed  loo]) 
system  with  reduced  sensitivity  and  improved  performance  c>ver  non-adaptivc-  algorithms 
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In  this  paper,  two  different  control  (l8,sign.s  incorporating  feedforward  and  feedback  compensation  for 
vibration  suppression  and  [rointing  purposes  are  proposed.  The  first  scheme  is  based  onr  a  two-stage  control 
design.  The  inner-loop  control  performs  the  base  slew,  whereas  the  outer-loop  is  designed  to  maintain 
a  good  pointing  accuracy  at  the  tip.  The  feedback  for  the  tip  pointing  accuracy  is  obtained  from  the 
accelerometer  mounted  at  the  tip.  The  outer-loop  control  is  a  dynamic  compensation  derived  from  Youla’s 
parameterization  of  stabilizing  controllers  [!)]  and  frequency  shaping  techniques  [10],  Control  designs  are 
based  on  two  and  three-mode  models  of  the  AWTB. 

The  second  approach  utilizes  a  nonlinear  control  scheme  with  an  adaptive  feedforward  compensation. 
The  feedforward  controller  basically  preshapes  the  reference  trajectory  for  the  inner-loop  nonlinear  control 
which  is  based  on  feedback  linearization  of  the  rigid-body  motion  of  the  system.  It  has  been  .shown  in  [11] 
that  the  feedback  linearizing  control  reduces  the  effect  of  geometric  configuration  on  the  frequencies.  Thus, 
the  preshaping  scheme  applied  in  conjunction  with  this  inner-loop  nonlineai  control  is  more  effective  for 
different  slew  configurations  as  compared  to  a  linear,  independent  joint  inner-loop  PD  controi.  However,  in 
Ciise  oi  significant  parameter  variations,  for  instance,  for  different  barrel  configurations,  an  adaptive  scheme 
needs  to  be  implemented.  A  seif-tuning  frequency  domain  adaptation  mechanism  is  invoked  to  adjust  the 
nonlinear  controller  and  the  input  preshaper  to  parameter  changes.  Here,  the  estimation  and  control  can  be 
carried  out  simultaneously  without  the  need  for  any  test-slews  to  generate  estimates  unlike  most  adaptive 
control  schemes.  Results  are  presented  for  the  advocated  control  design  implemented  on  the  experimental 
setup  at  the  Control/Robotics  Research  Laboratory  (CRRL). 

2  Description  and  Modelling  of  the  Flexible  Pointing  Test-bed  at 

ARDEC 

The  testbed  at  ARDEC  is  designed  to  simulate  real-life  targetting  systems  viz.,  helicopter  and  gun-turret 
systems.  The  main  body  of  the  setup  consists  of  an  aluminum  disk,  appended  to  which  is  a  replaceable 
plate  which  simulates  a  barrel.  The  system  is  actuated  by  a  direct  drive  brusnless  DC  motor  with  a  variable 
coinpiiance  torque  transmission.  Figure  1  shows  a  picture  of  the  setup. 


swpcrscnicasc 


laicT  •rm 

blue 


Figurt’  1:  Fxjv'riiiK'mal  t^sl  i>eil  .VHDFt'. 

.A  ,,ie..ru<der t ric  .u  rderfiiUet er  is  inounted  at  the  tip  of  the  l.'arrel.  I'iie  angular  (,it  tlie  turret  nmtor 
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is  obtained  by  differentiating  the  encodv-'r  output.  Other  acce.ssories  are  mounted  on  the  .setup  to  emulate 
]>rartical  condition.s  (e.g;.,  disturbaru es,  variable  compliance,  back]a.sh,  etc.)  a.s  closely  ;i.s  j)o.ssible.  These 
include  a  variable  backlash  mechanism,  four  slide  motors  for  base-motion  disturbances,  a  variable  friction 
mechanism ,  and  a  solenoid  firing  eciuipmont  to  generate  periodic  and  impulsive  type  disturbances  due  to 
hriiig.  I'he  f ouipliain e  of  the  torque  transmission  unit  is  Tracking  and  pointing  ])erformance  of 

the  barrel  ociii  be  o’mained  usbig  a  laser-b.ased  system  mounted  on  the  setup. 

Modelling 

The  modelling  of  the  test  bed  has  been  done  on  similar  bines  to  modelling  procedures  for  flexible  multi¬ 
body  systems,  A  lumped  model  for  the  turret  actuator  ha.s  been  obtedned  taking  into  account  all  the 
associated  inertias,  vis.  inertias  of  the  disk  and  the  coupling  assembly,  and  friction  etlects.  The  parameters 
for  different  components  on  the  set-up  were  obtained  in  technical  reports  [12.13].  A  careful  modelling  of  the 
turret  actuator  was  done  through  frequency  response  analysis.  The  foDowing  table  lists  the  turret  actuator 
parameters  obtained  from  our  experiments  on  the  motor. 


Parameters  of  Turret  Actuator 


J  77iotor-rlacli.-^e7ic. 

0-0023  Kg  - 

Jdtsk-j-soUixoid 

0.085,56  Kg  - 

Be}} 

no:>25 

KrJ] 

»■!>«  fSr 

The  barrel  is  modelled  as  a  flexible  beam  with  the  following  parameters. 


Barrel  Parameters 

Length 

0.83  m 

Thickness 

17. 

Mass/ Length 

0.177368  ^ 

El 

2.21857  A’  - 

The  dynamic.s  of  the  sy.stem  are  obtained  using  the  extended  Hamilton  principle. In  general,  fur  a  weaixin 
puinling  system,  the  barrel  exhibits  fle.xibiiity  ;dung  both  the  azimuth  and  elevation  motioms.  However,  for 
the  setiqi  fc  ii.sidered  here,  il.e  barred  flexibility  is  only  in  one  vlirection  and  can  be  r<'preserited  b\  the  flexure 
variable  u.  .Another  flexible  pointing  te,st-t)ed  with  flexure  along  l;oth  azimuth  and  eh'vatlon  motions  is 
(  urrently  being  built,  The  flexure  varialile  u  can  be  approximated  by  a  finite  (bineindnnal  rejiresetitalion 
ignoring  the  high  '^'■(Hjuency  modes  as  folloavs; 


o(/.0  -  V  (1) 

( 'lioosmg  t!ie  lir.st  j)  eigenfunctions  ( inode-sliapes),  gq,  as  tlie  complete  set  ol  fnin  tions,  the  kinetu  and 
potential  energy  terms  .ire  disi  ret ized  in  terms  of  tlie  generalized  (oordin.ite  vru  tor  .\  .is  follovvs: 

r  Y  '  .  V  ft  A'  i  V 
• ) 

and 

It;  '  A^A  V 
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Hero  ^  and  7;  are  the  rigid  body  and  flexure  variables  respectively.  Using  these  expressions  foi'  kinetic  and 
])otential  energies  and  foUowing  the  Euler- Lagrangian  formulation,  we  obtain  the  lumped  representation  of 
the  system  including  the  actuator  dynamics 

Adi'  +  VX  +  KX  =  F(X,  X)  +  BV,n  (2) 

where  M,  K,V,F,  and  B  are  the  inertia,  stiffness,  damping,  vector  of  non-linearities  due  to  Coriolis  and 
centripetal  forces,  and  input  matrix  respectively. 

Model  Validation 

A  precise  validation  of  the  model  is  done  by  comparing  the  frequency  response  obtained  from  the  simu¬ 
lation  model  of  the  set-up  with  the  experimental  frequency  response  shown  in  Figure  2.  A  two-mode  model 
of  the  system  is  considered  here.  FFT  analysis  of  the  accelerometer  data  of  the  open-loop  system  shows 
the  first  two  vibrational  modes  at  4.18  and  22.6  Hz.  respectively  and  the  mode  due  to  joint  flexibility  at 
9.17  Hz.  The  frequenc.  response  of  the  simulated  model  is  given  in  Figure  .3.  From  the  figures,  we  see  that 
the  experimental  and  analytical  frequency  responses  match  quite  closely  thus  validating  the  accuracy  of  the 
model. 


0  i  *  6  m  to  12  It  19  70  22  ?B  ?0 


Prequtney  (HZ) 

Figure  '2:  Frequency  response  of  the  experimental  set-up. 


3  Controller  Designs  and  Experimental  Resuits 

Rapid  rc-rargetling  .uid  external  disturbances  result  in  the  excitation  of  '.l.e  vibrational  luode.s  of  the 
stnict7ire  which  affects  the  pointing  of  the  barrel  tip.  A  controller  de.sign  which  maintains  a  good  ])ointing 
accuraev  during  rapid  slewing  and  in  face  of  external  disturl)atices  is  henc.  auite  es.sential.  Different  control 
designs  using  structure  mounted  sensors  and  .0  tu.ators  .are  being  considered  for  the  experimental  testbed  a' 

ARDFC. 

3.1  Friction  C<)nipen.sation 

It  w;i.s  ol.iserved  that  stiition  playeii  an  iinj airtant  role  in  tin'  perlorr.iance  ot  the  turrei  motor.  It  is  tin:.', 
important  to  identify  and  conipens.ale  lor  this  nonlinearity,  Difb'rent  techniques  for  Irii  tion  coin])ensati(.ui 
can  he  utilized.  Orie  jxissihle  approach  is  to  feed  narrow  juilse  signals  to  the  motor  ,it  rero  sjieed  instams. 
I  fie  sign  and  inagniiiide  of  tlie  pulse  i or respoad.s  to  the  niiniinuni  \ollage  requiieil  to  turn  the  inotrir  in 
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Figure  3:  Frequency  response  of  the  simulated  model. 


that  direction.  Another  approach  which  has  proven  quite  effective  is  to  incorporate  a  velocity  feedback  loop 
around  the  motor.  This  has  the  effect  of  stiffening  up  the  motor  and  hence  help  in  overcoming  friction. 


3.2  Dynamic  Compensation  Based  on  Youla’s  Parameterization 

A  two-stage  control  design  is  considered  in  this  paper.  The  inner-loop  controller  is  a  joint  ba.sed  controller 
for  tracking  a  desired  slew  trajectory.  The  PD  gains  for  the  inner  loop  were  chosen  to  be  -4.0  and  -0.5 
respectively.  With  this  choice  of  the  PD  gains,  a  reasonably  good  performance  at  the  joiuc  is  achieved.  A  step 
slew  maneuver  of  0.5  radians  is  completed  in  0.6  seconds  with  a  criticallj  damped  joint  response.  However, 
significant  vibrations  are  noticed  at  the  barrel  tip  resulting  in  poor  pointing  accuracy.  To  damp  out  the 
barrel  vibrations,  an  outer-loop  controller  is  designed.  The  controller  designed  here  is  a  dynamic  compensator 
based  on  the  linear  system  model  with  the  PD  control  in  the  inner-loop.  The  feedback  utilized  here  is  from 
the  accelerometer  mounted  at  the  tip  of  the  barrel.  The  design  is  ba.sed  on  Youla’s  parameterization  of 
stabilizing  controllers  [9],  To  increase  the  bandwidth  for  tracking,  a  prefilter  CC  was  placed  cm  the  command 
signal.  The  two  degree  of  freedom  linear  controller  is  depicted  in  Figure  4.  Fu,  is  designed  for  .stabilization 
and  could  aiso  be  used  for  decoupling  [14]. 
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f  igure  1:  Two  tiegree  cif  ffredoni  control  .structure. 

The  geiierie  transfer  functiin!  of  the  test  bed  retaining  7j,„  vibrational  inodes  of  the  barrel,  from  input 
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actuator  voltage  to  the  end-point  acceleration  under  the  PD  control  is  given  by: 


acc{s)  _  s^n”r, (s^  -  of ) 

Pin(s)  2<irtVf.S -f  -f  2(^,W,S  +uJ,^) 


(3) 


where  subscripts  a  and  c  correspond  to  the  modes  corresponding  to  the  actuator  and  the  compliance  respec¬ 
tively.  Note  that  the  plant  is  nonminiinuni  phase.  Hence,  high  gain  feedback  schemes  cannot  be  utilized  for 
vibration  compensation  and  disturbance  rejection.  A  two  mode  model  of  the  flexible  barrel  is  considered  for 
the  dynamic  compensator  design. 

The  parameters  of  the  transfer  function  under  the  PD  control  corresponding  to  3  are  given  by:  ai  =  58.48, 
02  =  192.35,  Ca  =  1-2,  wY.  =  75.67,  Cc  =  0.73,  =  4.16,  Ci  =  0.037,  u),  =  26.68,  Cz  =  0.0054,  w,  =  142.02. 

The  vibrational  modes  are  lightly  damped  (with  damping  ratios  below  10%).  A  dynamic  compensator  is 
now  designed  to  increase  the  damping  of  the  first  mode  to  40%  as  well  as  maintaining  the  stability  of  the 
second  mode.  For  this  purpose,  the  controUer  must  roll-off  sufficiently  fast  so  that  the  second  mode  is  not 
excited.  The  following  controller  transfer  function  was  obtained: 


17.1233(s2-f  22s-h  146) 
-p  80s  +  2500 


(4) 


The  effect  of  the  above  compensator  on  the  system  modes  is  shown  by  the  root-locu.s  plot  of  Figure  5. 


Figure  5:  Root-locus  plot  using  the  dynamic  compensator. 

Experiments  were  conducted  to  study  the  barrel  tip  performance  using  the  above  controller.  The  solid 
plot  in  Figure  6  shows  end-point  response  of  the  compensated  system  for  a  0.5  radian  slew  maneuver.  The 
response  is  compared  with  the  case  where  only  a  control  is  utilized  frefer  to  dotted  plot  in  Figure  6).  The 
plots  show  an  improvement  in  tip-performance  for  the  case  where  the  dytiamic  compensator  is  utilized  as 
compared  with  the  PD  control  only.  Utilizing  the  dvnamic  compensator,  the  end-point  vibrations  using  the 
dynamic  compensator  are  damped  out  in  1 .3  .seconds  for  a  0.6  second,  0.5  radian  slew  maneuver,  whereas  the 
vil'.''ations  are  sustained  for  about  8  seconds  for  the  same  slew  under  the  ?D  control.  The  joint  behaviour 
u.sing  dynaiuic  compensation  is  shown  in  Figure  7.  The  slight  oscillauons  at  the  joint  compensate  for 
vibrations  at  the  tip. 
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Figure  6:  Tip  performance  with  and  without  dynamic  compensation  for  a  0.5  radian  slew. 


higure  7:  Joint  trajectory  under  dynamic  compensation. 

3.3  Adaptive  Non.Unear  Feeaback  and  Feedforward  Compensation 

As  was  mentioned  before,  an  important  consideration  in  gun-pointing  appLcations  is  that  significant  param¬ 
eter  variations  may  exist,  for  example,  varying  environmental  conditions  or  different  barrel  configurations. 
For  robustness  to  such  variations,  an  adaptive  scheme  utilizing  a  nonlinear  feedback  and  feedforward  control 
is  proposed  next.  The  dynamics  of  a  fl  .-xible  gun-pointing  system  with  azimuth  and  elevation  motions  is 
similar  to  that  of  a  flexible  two-link  arm.  The  experimental  results  presented  here  are  for  the  adaptive 
srheine  implemented  on  the  two-link  flexible  u,rni  at  CRRL. 


3.3.1  Nonlinear  Control  with  PjJ  Inner-Loop 

The  nonlinear  control  design  is  derived  from  the  asymptotic  expansicn  analysis  for  flexible  structures  derive<l 
in  The  expansion  was  performed  by  embedding  a  smali  purturbation  parameter  in  the  distributed 
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L'^ 

parameter  model  and  performing  an  asymptotic  expansion.  The  small  parameters  arc'  c,  =  The 

choice  of  these  parameters  signifies  that  as  the  barrel  becomes  shorter  or  as  the  bending  stiffness  becomes 
larger,  the  perturbation  parameter  becomes  smaller.  In  turn,  this  corresponds  to  the  fact  that  as  this 
parameter  vanishes  the  barrel  behaves  as  if  it  were  rigid.  It  was  shown  [15]  that  the  flexure  variable  was  of 
order  (.  Furthermore,  analytical  representation  of  flexural  variables  can  be  obtained  through  the  asymptotic 
expansion  approach.  The  0{l)  linearizing  control  turns  out  to  be  identical  to  the  computed-torque  controller 
for  a  rigid  gun-pointing  system,  since  as  c  — *  0,  the  barrel  behaves  as  if  it  were  rigid.  The  rigid-body  dynamics 

Mr'e  +  VA^  Fr{e,e)  ^  BrV,n 

can  be  linearized  using  the  following  control  law 

BrV„,  --=  MrV-^Vri-  Fr{e,e) 

where  the  entries  u,  of  v  are  given  by 

'^i  ~  ~Fp^[6{  —  ^,re/ )  —  —  Oiref)  T  ^iref  • 

Since  this  control  eliminates  the  nonlinearities  in  the  0{\)  dynamics,  the  performance  is  expected  to  be 
better  as  compared  to  the  case  of  a  linear  rigid  body  controller.  Furthermore,  cancellation  of  some  of  the 
nonlinearities  would  reduce  the  configuration  dependence  of  the  barrel  frequencies.  Also,  the  nonlinear 
control  results  in  smaller  and  smoother  actuator  torques.  These  facts  have  been  discussed  in  detail  in  [11] 
for  multi-link  flexible  arms,  and  are  extended  in  the  sequel  for  application  cf  the  adaptive  input  preshaping 
scheme.  However,  application  of  the  non-linear  control  would  stiH  result  in  significant  vibrations  induced 
at  the  end-point  of  the  barrel.  For  further  suppression  of  tip-vibrations,  the  input  preshaping  technique 
is  employed.  Irnplementation  of  the  input  preshaping  scheme,  requires  an  estimate  of  the  vibrational  fre¬ 
quencies.  To  this  effect,  the  tip  acceleration  signal  is  utilized.  This  measurement  can  be  easily  obtained 
by  mounting  an  accelerometer  at  the  tip  of  the  barrel  or  considering  the  frequency  content  of  the  turret 
position  or  velocity  signals. 

3.3.2  Input  Preshaping 

The  input  preshaping  scheme  adjusts  th'^  input  command  to  the  manipulator  so  that  vibrations  are  elim.- 
inated.  This  is  achieved  by  convolving  impulses  with  the  reference  signa  .  [16].  Implemeutation  of  the 
input  preshaping  scheme,  requires  an  estimate  of  the  vibrational  frequencies  of  the  system  for  which  the  tip 
acceleration  signal  is  utilized.  The  details  on  the  input  preshaping  scheme  are  given  in  [16,17,11]. 

The  important  assumptions  upon  which  the  input  preshaping  scheme  is  based  on  are  that  the  system  be 
linear  and  tiine-ir variant.  These  assumptions  do  not  hold  for  a  multi-ajcis  flexible  pointing  system  as  a  result 
of  which  the  input-preshaping  scheme  would  not  be  as  effective  in  vibration  suppression  tor  such  systems. 
However,  since  the  aforemenTioued  nonlinear  control  alleviates  the  effects  of  .‘^ome  of  tiie  noiilinearlties 
resulting  in  a  doFC  to  linear  ;ystem.  the  input  preshapiiig  scheme  has  been  shown  to  be  effective.  The 
results  for  flexible-iink  inanipuialcrs  are  pre.sented  in  [11]. 


3.3.3  Adaptive  Control  for  Parameter  Variations 

To  increase  robustness  of  the  input  preshaping  and  nonlinear  control  to  pa.'ameter  and  freqtiency  variations, 
a  self-tuning  regulator  i.s  utilized  to  identify  the  modal  frequencies  and  th  "  variable  parameters  on-line  to 
adjust  botii  the  inner  loop  nonlinear  control  and  the  timing  of  impulses  for  input  fireshaping  (Figure  S). 
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Figure  8:  Block  diagram  for  implementation  of  the  adaptive  nonlinear  control  and  preshaping. 


The  input  signal  u{n)  and  output  y{Ti)  are  accumula*^cd  into  bufl’er  meix.ories  to  form  A’-point  data 
blocks.  These  blocks  are  then  transformed  by  A^-point  Fast  Fourier  Transforms  (FFTs)  to  their  equivalent 
frequency  transformed  blocks  U,Y  at  the  time  instant.  A  simple  yet  effective  representation  for  transfer 
function  identification  is  the  so  calleu-  Empirical  Transfer  Function  Estimate  (ETFE)  [18].  A  non-recursive 
updating  scheme  for  the  transfer  function  in  the  frequency  lomain,  at  a  given  time  k,  is  utilized  in  the 
manner  Hi{k)  =  Yi(k)/Ui{k)  ,  B!^^i{k)  -  H*{k)  ,  for  t  €  {0  <  i  0},  where  i  corresponds 

to  bin  in  the  frequency  domain,  and  is  the  complex  conjugate  of  Hi\k). 

A  recursive  implementation  of  this  idea  is  possible  via  the  Time- varying  Transfer  Function  Estimation 
(TTFE)  me  hod  [If’.  This  is  basically  an  extension  of  the  ETFE  by  performing  a  Recursive  Least  Squares 
on  the  frequency  bins.  The  TTFE  technique  can  be  used  to  reduce  the  variance  of  the  estimated  frequtnev 
response.  The  adjacent  frequency  bins  H,{k),  Hj{k)  are  corr  ’  ted  through  ihe  relation 


h\{k)  = 


E(i+A,)inodA' 

j=(!  — A,  )modA'  "  J 


H,{k) 


— A,  )modA'  ^7 


IS) 


which  indi  ates  that  the  estimate  is  related  to  ail  the  adjacent  frequencies  within  a  niodulus  A,  with 

a  corresponding  weight  C.  for  the  frequency  point 

Th(  crijcal  information  for  cortrol  purposes  sought  by  frequency  dcnifdn  methods  is  the  location  of 
poles  and  of  the  assumed  linear  slowly  time.-varyiny  transfer  function.  These  locations  correspond 

to  the  peaks  and  the  valley.s  of  the  estimated  magnitude  response.  Due  to  the  lightly  damned  na'ure  of 
the  ilexible-structures,  these  locations  are  easily  recognizable  with  the  TTFE  technique,  even  with  low 
signal-to-noise  rativ>s.  For  tlie  case  of  large  signal-to  noise  ratios,  however,  the  simpler  non-i  ccursive  ETFE 
technique  is  quite  effective,  as  has  been  shown  in  the  ensuing  experimental  re.sults. 
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3.3.4  Experimentt.1  Results 

As  wa.s  stated  before,  a  flexible  gua-poiriting  .system  with  ashmith  and  elevation  motions  exhibits  similar 
dynamics  to  a  two- link  flexible  arm.  The  exjxjrimental  results  presented  here  are  for  the  flexible  two-link 
arm  at  CRRL.  The  variable  parameter  in  this  case  is  the  payload  at  the  tip 

The  advantages  of  the  CJfl)  feedback  V.nearizing  control  over  the  linear  PD  control  were  discussed  '<v 
dcaail  in  [11].  It  was  shown  that  the  end-po]ni  performance  under  the  £^{1)  feedback  hnearizing  control 
is  significantly  better  than  that  using  an  independent  joint  PD  control,  since  the  iionlinearitius  in  the 
C^(  l)  dynamics  are  eliminated  in  the  case  of  the  nonlinear  control.  The  ironlinear  control  .also  other 

advantages  over  the  linear,  independent  joint  PD  Control  in  t*'rms  of  smaller  and  smoother  actuator  toupies 
and  reduced  configuration  dependence  of  modal  frequencies.  The  following  tables  bst  the  modal  vibration 
frequencies  for  different  configurations  of  the  arm  locked  under  these  controls,  thus  validating  tne  reduced 
configuration  dependence  of  vibrational  frequencies  under  the  nonlinear  control  as  compared  to  the  lincu,r, 
independent  joint  PD  Control.  Due  to  these  advantages  of  the  noruinear  control,  the  ensuing  adapti-'e 
preshaping  technique  is  applied  with  the  0(1)  lineari.zing  control  in  the  inner-loop. 


Table  II 


[|~  Independent  Joint  PD  Control  j 

Configuration  (degrees) 

Mode  1  (Hz.) 

Mode  II  (Hz.) 

1  (0,0) 

0.352 

8.731  1 

(0,30) 

0.826 

8.549 

(0,45) 

0.792 

8.265 

(0,60) 

0.762 

8.080 

(0,90) 

0.731 

7.896 

Table  III 


07(1)  Linearizing  Control  | 

Configuration  (degrees) 

Mode  I  (Hz.) 

Mod.*  II  (Hz.) 

(0,0) 

0.788 

8.404 

(0,30) 

0.786 

8.388 

(0  45) 

(T783 

^  8.362 

^0,60) 

0.780 

8.320 

(0,90) 

0.776 

8.284 

The  modal  frequencies  of  vibration  under  the  0(1)  feedback  linearizing  control  were  estimated  for  dif¬ 
ferent  payloads.  The  estimates  of  vib''ational  modes  were  obtained  using  the  ETFE  algorithm  since  the 
sign?!  to  noise  ratio  of  the  data  was  quite  nigh  and  distinct  peaks  v/ere  obtained  corresponding  to  the 
lightly  c!  vmped  vibrational  modes.  T’he  data  for  system  identificaticn  was  sampled  at  250  Hz,  while  the 
control  loop  was  executed  at  iKHz.  Radix-2  decimation  in  frequency  (DIF)  2048  point  FFT  algorithms 
were  impieiiH  nted  for  estimation.  The  FFT  routines  were  written  in  assembler  for  faster  f'xecution.  The 
TM.S3'20C30  DSP  board  was  utilized  for  FFT  compiitatious,  with  a  ’486  based  PC  as  the  host  for  control 
loop  romputalions.  The  architecture  and  special  instruction  set  of  the  DSP  orovide  efficient  and  optimizea 
implementation  of  the  FFT  routines.  The  table  of  twiddle- factors  (sir.es/cosiiies)  for  FFT  computations 
was  prepared  and  stored  separately  in  l.)R,.4M  and  unked  with  the  FFT  routines  to  provide  faster  execution 
speed.  The  execution  time  foi  each  set  of  2048  point  FF'T  roniputatior..s  was  1.2  m.sec.  Since  the  Fl'T 
comimtations  were  done  In  parallel  with  the  execution  of  the  control-iooe  on  the  host  ’486,  the  time  foi 
f'l'T  ( oinputatlons  was  not  a  critical  factor  governing  the  sampUng  time.  The  crucial  factors  governing  the 
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arruracy  of  the  freqi:eiicy  estimates  are  the  sampling  time  of  data  i.nd  the  number  ‘N’-of  points  of  FFT. 
For  small  frequency  quantization  error,  the  sampling  frequency  must  be  smaller  and  ‘N’  must  be  as  large 
as  possible.  It  was  found  that  a  sampling  rate  of  250Hz  and  2048  points  of  FFT  gave  reasonably  precise 
estimates  so  as  to  delineate  the  variation  of  vibrational  frequency  with  payload.  Figure  9  shows  typical  plots 
for  the  FFTs  computed  on  the  accelerometer  data  for  the  no  payload  and  100  gm.  payload  case.  Similar 
plots  were  obtained  for  other  sets  of  payloads. 


r  igure  9:  FFT  plots  obtained  from  the  accelerometer  data  for  the  arm  locked  in  (60,60)  degree  configuration 
under  the  0(1)  linearizing  control  for  mp=:0  (solid  plot);  100  gm.  (dashed  plot). 

The  frequencies  of  the  vibrational  modes  are  next  correlated  with  the  variable  parameters;  in  this  case 
the  variable  payload.  A  fourth  order  polynomial  relation  between  the  payload  and  vibrational  modes  was 
obtained.  The  details  on  correlation  of  the  first  and  second  vibrational  modes  with  payload  are  given  in 
[20].  Figures  10  and  11  show  the  variation  of  the  second  and  first  modes  with  payload. 


Figure  10:  Payload  esti.nialion  based  on  the  second  vibranonal  mode. 

An  arriirale  e.stiinalion  of  payload  plays  a  significant  role  in  the  performance  of  the  0(1)  feedback 
linearing  control  scheme.  The  performance  of  the  feedback  linearizing  control  can  deteriorate  if  it  is  designed 
based  on  incorrect  payload  estimates.  Experiments  were  conducted  to  study  ttie  jierformance  of  the  nonlinear 
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Figure  11:  Variation  of  first  vibrational  mode  with  payload. 


control  for  different  payload  estimates.  The  plots  in  Figure  12  indicate  an  improvement  in  the  end-effector 
performance  when  the  controller  was  obtained  using  the  correct  payload  estimate  generated  online.  The 
solid  plot  in  the  figure  shows  the  end-point  response  under  the  0(1)  linearizing  control  for  a  (0-60,0-60) 
degree  slew  with  a  100  gm.  payload  attached,  whereas  the  control  is  generated  using  an  estimate  of  0  gm. 
An  adaptive  estimation  of  this  payload  results  in  an  improved  end-point  response  as  shown  by  the  daushed 
plot  in  Figure  12. 


Figure  12;  Tip  vibrations  under  0(1)  linearizing  control  with  and  without  payload  estimate  (m^  =l00gm). 

Next,  a  two  pulse  preshaping  controller  obtained  from  the  adaptive  estimation  of  the  first  mode  and 
payload,  was  applied  to  the  two-link  arm  for  the  (0-60,0-60)  degree  slew  under  the  0(1)  linearizing  control. 
Although  the  experimental  plots  show  two  vibrational  modes,  only  the  dominant  first  mode  is  targeted 
using  the  preshaper.  A  30  gm.  payload  was  applied  in  this  rase.  The  plots  in  Figure  13  show  the  results 
in  sequence  with  and  without  preshaping.  Next,  a  100  gm.  payload  was  attached  to  the  tip.  The  result  of 
applying  the  adaptive  preshaper  for  this  case  is  shown  by  the  last  plot  in  Figure  13.  The  plots  validate  the 
fact  that  an  adaptive  preshaper  can  effectively  improve  the  end-point  performance  for  varying  payloads. 

'rhe  notation  imphes  ). 
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15 


Time  (teconds) 

Figure  13:  Adaptive  preshaping  for  different  payloads. 


4  Conclusion 


In  this  paper,  control  of  flexible  weapon  pointing  systems  using  feedback  and  feedforward  schemes  is  consid¬ 
ered.  Experimental  results  using  dynamic  feedback  from  the  accelerometer  mounted  at  the  tip  indicate  that 
superior  performance  and  robustness  properties  can  be  attained  using  such  a  compensation.  Adaptive  input 
precompensation  and  nonlinear  feedback  for  robustness  enhancement  is  discussed.  The  initial  experimental 
effort  at  CRRL  using  this  scheme  shows  that  significant  improvement  on  tip  pointing  performance  alongwdth 
robustness  to  parameter  variation  can  be  achieved.  This  effort  is  on  going  at  ARDEC. 
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♦ABSTRACT: 

When  a  tank  fires  its  main  weapon  system,  a  complex  chain  of  dynamic  events  begins.  The  projectile  is  accelerated  down 
an  imperfect  gun  tube  (gun  tubes  are  never  perfectly  straight)  being  forced  by  the  burning  propellant  gsaes.  During  this  time, 
considerable  forces  and  interactiems  between  the  projectile  and  gun  tube  are  possible.  In  seme  cases,  the  response  of  the  two 
systems  (i.c.,  the  projectile  and  gun  tube)  are  not  lully  understood.  One  method  of  e;iamining  the  dynamics  of  tliese 
complicated  chain  of  events  is  to  develop  straightforward  numerical  models.  As  a  first  step  in  assuring  the  accuracy  of  these 
models,  verification  of  the  assumptions,  .such  as  geometry  and  boundary  conditions,  must  be  examined. 

This  paper  discusses  an  experimental  modal  survey  of  die  MIAl  main  weapon  system.  Both  liorizontai  and  vertical 
components  are  examined  to  find  the  actual  frequencies  and  mode  shapes  of  the  system.  A  simple  numerical  model  is 
developed  using  the  finite  element  method  and  subsequently  compared  to  the  experimental  results  of  the  modal  survey.  A 
discussion  of  the  system’s  attributes,  as  well  as  the  techniques  and  assumptions  used  to  develop  the  finite  clement  model  are 
discussed  at  length.  Possible  shcrtccmings  in  the  numerical  approximation  arc  ouJined  as  well. 
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OBJECTIVE 

The  primary  purpose  of  this  modal  test  was  to  provide  experimental  verification  for  a  finite  clement  (FE)  model  of  the 
MlAl  tank  M256  main  gun  The  FE  model  is  being  developed  for  the  gun  accuracy  improvement  program.  Major  vertical 
and  horizontal  rigid  body  and  bending  modes  of  tiie  main  gun  will  be  obtained  from  experimental  modal  analysis  (EMA). 
The  realism  of  the  FE  boundary  conditions  (between  the  iniiin  gun  and  its  supporting  su'uctures)  may  be  enhanced  by 
comparison  to  the  EMA  model.  The  secondary  objectives  of  this  experiment  included  measuring  the  nonlinearity  of  the  gun 
modal  responses  and  determining,  if  any,  the  effects  of  the  hydraulic  gun  elevation  mechanism  on  the  gun  dynamics. 

TEST  SETUP 

All  of  the  heat  shields  on  the  gun  were  removed  and  the  accef  rometers  were  attached  directly  to  the  gun  tube.  The 
accelerometer  locations  were  situated  in  two  lines,  90”  apart.  This  positioning  permits  one  set  of  vertical  data  and  one  set 
of  horizontal  measutemer:ts  to  be  obtained,  in  order  to  resolve  the  fifth  bending  mode,  IS  locations,  10  inches  apart,  were 
chosen  from  the  muzzle  to  the  king  nut.  Only  four  locations,  due  to  inaccessibility,  were  measured  within  the  turret  Table  1 
and  Figure  1  detail  the  placement  of  the  measurement  locations.  The  chosen  excitation  locations  were  at  the  muzzle  (location 
200)  and  in  the  king-nut  area  (location  I'^'O).  Both  vertical  and  horizontal  excitation  was  utilized.  The  excitation  source  was 
a  50-lb  elecuodynamic  shaker.  To  ens,  miform  energy  distribution  over  the  frequency  range  of  interest,  a  controlled  true 
random  signal  was  utilized  as  the  exciia.  n  signal. 

SIGNAL  PROCESSING 

A  16-channel  Genrad  2515  spectitun  analyzer  was  utilized  to  acquire  the  measurements.  Since  more  than  16  measurement 
chani.els  were  utilized,  2  runs  were  required  for  each  configuration.  Frequency  response  functions  (FRFs)  and  coherence 
functions  w-ete  retained  in  the  final  data  set.  In  addition,  several 
signal.  The  FRFs  were  collected  with  the  following  parameters: 

Maximum  Frc(iucrx;y 
Frame  Size 
Fn;;qucncy 
Number  of 
Window  Type 

FRFs  collecud  to  assess  nonlinearity  of  the  structure  utilized 
frujuency  shifts. 

HNITE  ELEMENT  MODEL.  DESCRIPTION 

Tlic  M256  120-mm  gun  sy.stciTi  consisus  of  a  number  of  importani  parts  which  coniribule  to  the  system  s  dynamic 
chaiactcrislics.  Figure  2  is  a  cui-a-way,  thtec-dtfnen;,ional  view  showing  some  of  ihe  pairs  in  the  cradle  as.sembly  area.  ITiis 
figure,  as  well  as  the  mexici,  ckr  not  consider  the  rnamclct  or  irunnion  mounis  Tliis  is  discassed  in  the  conciasion  section 
of  this  paper.  The  objective  of  this  firsi  f'E  mixlcl.  namely,  a  beam  clement  represcniaiion  of  the  system,  was  to  make  a 
simple,  easily  modified,  numerical  rncxlel  of  the  M256  giin-rccoil  sysiem.  Then  tins  simple  model  will  be  u.scd  as  a  learning 
tool  for  more  .sophisticated  FE  mrxlels'  in  the  future  The  complicaicd  set  of  boundary  condilioas  in  the  sysiem  is  firsi 
examined  with  the  siinphsuc  itxxIcI.  Thai  mixlcl  is  then  lomjxired  with  ex(x;rimeni,s  and  improved  based  on  observed 
discrepancies.  Motlel  alUibutes  arc  incrementally  changed  until  a  saiislaciory  numeiical  rcprcscmiaiion  of  ihe  M256's  dynamic 
characlcn.sucs  is  made.  The  cliarackrnsucs  (a-alisiic  gcomcu-ic  and  bouiuiary  condiuons)  of  the  simple  model  are  then 
incorfxiratcd  into  more  sophisiicaied  and  robust  ifirce-dimcnsionul  HI  imxlels  which  arc  nos  so  quickly  mixJified  or  analyzcrl. 


auto  spe«.:tra  were  also  retained  to  evaluate  the  excitation 


640  Hz 

2560  Frequency 
0.25  Hz 
50 

Hanning 

a  higher  frequency  rc’joluiicm  in  order  to  detect  small 
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Tabic  1.  Measurement  Location  Dimension 


Location  No. 

Distance  From  Muzzle 

Description  of  Gauge  Location 

1 

.05 

@  Muzzle 

2 

10. 

On  Gun  Tube 

3 

20. 

On  Gun  Tube 

4 

30. 

On  Gun  Tube 

5 

40. 

On  Gun  Tube 

_  6 

50. 

On  Gun  Tube 

7 

60. 

On  Gun  Tube 

8 

70. 

On  Gun  Tube 

9 

80. 

Oil  Gun  Tube 

10 

90. 

On  Gun  Tube 

11 

100. 

On  Gun  Tube 

12 

no. 

On  Gun  Tube 

13 

120. 

On  Gun  Tube 

14 

1.30. 

On  Gun  Tube 

15 

135. 

On  Gun  Tube 

16 

180. 

On  Cradle 

17 

208.7 

On  RF  of  Gun  Tube 

18 

218. 

On  Breech 

19 

218. 

On  Breech 

20 

-  191. 

On  Elev.  Mechanism 

21 

-I9F 

On  Elcv.  Mechanism 

After  exiunining  the  mcehanieal  drawings  ol  the  sysieiii  and  Itien  exaniiniiig  its  assiK:iaied  parts,  as  well  as  its  assembly 
and  disassembly,  a  simplified  model  of  die  M2S6  consisting  of  what  is  Ivlieved  to  be  eriiieal  components  was  ckvciopcd. 
The  critical  comfxiiKnits  were  combined  iiiio  nine  individual  parts  niese  rime  esseniial  parts  arc  highlighted  in  Figure  2. 
Additionally.  Figure  3  shows  a  compuar  aided  desigri/coiiipuici  aiocu!  iiiamilacture  (C’AD/C'AM)  drawing  of  the  simplified 
pans  which  are  going  to  Iv  included  in  die  FT,  nuHlel.  For  die  bc'ain  eU'iiieiii  nuxlel,  eac  h  ol  the  (Xirts  is  represeniea  using 
coiKentric  cylindrical  beam  elements  with  assix  laied  proiK-riics  to  the  pieces  shown  in  Figure  ^  However,  the  adapted 
bearing,  long  nut,  and  dirusl  nut  were  incliuled  in  the  iH-ani  eicnien!  iinKlcl  ol  the  insioii  1  Ik*  piston  wits  assumed  to  be 
rigidly  attached,  as  was  the  hieech,  to  dv  gun  tube  at  the  coiiiai  i  (Hunts  Similarly,  the  cradle,  which  sup[K)rLs  the  structure, 
was  nuKleled,  at  Itrsi,  with  rigid  contaei  (Himts  where  die  pist  n  rested  on  the  cradle’s  surfaces  (Wilkerson  et  al.  1992). 
Imually,  it  was  undersUKKi  that  diis  would  tv  msullicieiit  let  iiiiHleling  the  lecaul  sssiem's  n  nion,  Noneltieless,  it  was 
assumed  that  this  would  Iv  snilieieni  lor  Imdmg  the  lust  I  \e  veiiK.il  llexur.J  IreijiieiK  les  and  as.siviat'HJ  tiicxle  shaix’s 
correctly  Due  to  clearances  K'tween  die  [iision  and  cr.idle  m  '.Iv  e.il  svstem,  iti.u  was  run  the  ca.se  In  |).ariicul.ir,  the  coritiVt 
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F'gurc  3.  CAD/CAM  Simplificalion  of  M256  Critical  Comfxjncnis. 

points,  where  the  piston  slides  inside  the  cradle,  required  more  flexibility  than  liic  rigid  connections  allowed.  Subsequently, 
the  rigid  connections  were  replaced  by  gap  elements.  These  gap  elements  gave  J.„  system  more  flexibility  and  beuer 
approximated  the  actual  systems  dynamic  characteristics.  (Note:  gap  elements  arc  simulated  with  regard  to  the  vertical  modal 
analysis  as  spring-dashpots,  but  act  as  gap  clcmenls  allowing  the  system  to  recoil.)  The  final  model  consisted  of  the  gun  tube, 
breech,  piston,  and  cradle  asscmblv.  The  cradle  was  simply  .supported  at  the  same  location  as  the  trimnita's  The  elevating 
mechanism  was  approximated  m  the  model  as  a  spring -dashpot  which  aiuichcd  Isctwecn  the  cradle  assembly  and  a  rigid 
mount. 

In  order  to  check  the  FE  model’s  gcomeiric  properties,  it  was  assembled  incrementally,  First,  the  model  of  just  the  gun 
tube  was  compared  with  some  expenmcrital  results  of  the  frcc-frcc  vibraijoni',1  frequencies  of  that  part  (Rowckamp  1987). 
This  was  a  gtxxl  initial  check  of  the  nuxlci's  most  iirtftoriani  part,  namely,  ific  gun  tube.  Afterwards,  the  breech,  piston,  and 
cradle  assembles  were  included  in  the  mixlcl.  Results  comparing  experimental  ficqucnc  cs  to  the  numerical  model’s 
predictions  a^e  given  in  Table  2  and  Figure  4  for  the  gun  tube  alone.  A  compari.son  of  the  experimental  and  numerical  model 
for  the  assembled  M256’s  frequencies  and  mtxlc  shapes  arc  given  m  the  results  section  of  this  paper. 
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Tabic  2.  Gun  Tulw  .ily  -  Frcc-Ficc 


Mode  Shape 

Ex^rcrimental 

Results 

Beam  Model 

3-D  Model 

Freq. 

Error 

Freq. 

Error 

1 

37.5 

36.4 

3.0 

.35.6 

5.3 

2 

106.3 

106  1 

0.2 

104.5 

1.75 

3 

211.3 

214.4 

1.5 

210.6 

0.34 

4 

337.0 

394.3 

3.6 

336.5 

0.15 

.J 

482.5 

510.3 

5.8 

488.6 

3  3 
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Figure  4.  Frequency  Response  Function  for  Gun  !  ubc  in  Free-r  ree  Mode. 


RESULT.*: 

The  natural  Irequcncics  found  in  the  eoi[X;ririjenial  analysis  for  vertical  and  horizontal  flexural  cornpor'cnts  are  suntinariz.ec! 
in  Tables  3  and  4.  Table  3  also  sununari/.cs  the  numerical  predictions  from  the  model  in  the  vertical  direction.  No  numerical 
pretlictions  have  been  made  for  the  horizontal  llexural  components  The  mtKlc  indicator  funclirms  for  frequency  ran^jCs 
()-2(X)  Hz  and  200-640  Hz.  arc  given  in  Figures  5  and  6  for  the  vertical  and  Figures  7  and  8  for  the  horizontal,  respectively 
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Table  3.  Vertical  Modal  Parameters 


Mode 

Labe! 

Flexural 

Mode 

Damping  % 
of  Critical 

Magnitude 
in  Driving 
Point,  FRF 

Frequency 

Error 

(%) 

Exp. 

Calc. 

(  . . 1 

1 

— 

2.724 

11.24 

11.6 

10.5 

11 

2 

1 

1.0% 

20.02 

30.27 

31.4 

3.8 

3 

2 

4.074 

4.78 

79.3 

85.7 

4 

3 

1.127 

4.37 

182. 

178.9 

1.7 

5 

4 

1.143 

4.66 

276. 

287.9 

4.0 

6 

4 

2.355 

11.9 

376. 

366. 

2.8 

7 

5 

2.392 

L 

495. 

45S. 

8.8 

Table  4.  Horizontal  Modal  Parameters 


Mode 

Label 

Damping  % 
of  Critical 

Magnitude  in 
Driving  Poirit  FRF 

■1 

Frequency 

(Hz) 

1 

1  33 

25.65 

16.57 

2 

2.17 

2.36 

4085 

3 

4.74 

4.% 

73.8 

4 

2.33 

1.88 

134.6 

5 

2.49 

2.56 

170.5 

6 

4.69 

1.70 

240.0 

7 

3.91 

.925 

332.4 

8 

.512 

1.24 

342.0 

9 

2.53 

3.24 

479.4 

A  small  nonlinearity  study  wai  performed  on  the  M256  cannon.  This  study  was  performe-d  in  only  the  vertical 
configuration  with  the  excitation  force  at  the  king  nut.  Data  was  collected  at  six  excitation  levels  (I  lb,  4  lb,  6.2  lb,  8  lb, 
10  lb,  12.5  lb)  from  0  Hz  to  320  Hz  at  .seven  locations.  The  first  two  modes  were  quite  linear.  Modes  3  (80  Hz)  ana  4 
(182  Hz)  manifested  some  interesting  effects  (Figure  9).  Both  of  these  modes  .showed  two  lower  amplitude  peaks  preceding 
the  frequency  from  which  the  modal  parameters  were  extracted.  In  the  mmlincarity  study,  tliese  initial  peaks  showed  a  large 
variation  in  amplitude  and  frequency  compared  to  the  third  (piitnar)')  peak.  This  observation  is  a  good  indicator  that  '2ie 
system  can  exhibit  nonlinear  behavior,  panicularly  in  certain  trequency  langes.  No  attcmpl  was  made  to  simulate  this 
behavior  with  die  numerical  model.  Further,  d  is  very  likely  that  the  two  peaks  observed  are  primanly  the  re.su!t  of  botindfsry 
conditions  (initiraccs  between  tube  and  piston,  or  piston  and  crad'e)  aixl  not  die  dynamic  prt^iertics  of  the  M256  tube  itself. 
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Figure  9.  Nonlinear  siu(ly,  mode  indicator  function  for  0  to  320  Hz. 

Figures  10-16  show  the  numerical  and  experimental  mode  shapes  for  each  of  the  first  seven  major  frequencies  obtained. 
As  can  be  seen  in  the  figures,  the  early  mode  shapes  (i.e.,  rigid  body  mode  and  the  first  two  flexural  frequencies)  compare 
with  the  numerical  predictions  quite  well.  However,  due  to  insufficient  accessibility  in  the  cradle  region  of  the  M'’56,  the 
shapes  of  flexural  modes  3-5  are  not  completely  resolved  in  the  experiment.  Consequently,  the  actual  assumed  shape  is 
penciled  into  the  experimental  figures  based  on  the  estimations  made  by  the  numerical  model. 

CONCLUSIONS 

The  confidence  in  the  accuracy  of  the  modal  parameters  for  the  first  five  modes  of  the  vertical  configuration  and  the  firet 
four  modes  of  the  horizontal  configuration  is  high.  There  is  significantly  less  confidence  in  the  accuracy  of  the  damping  and 
frequency  values  for  the  higher  order  modes.  In  the  vertical  configuration,  several  modes  appear  in  the  mode  indicator 
function  and  frequency  response  functions  which  were  not  extracted  in  the  modal  analysis.  These  modes  have  mode  shapes 
which  arc  extremely  simUar  to  mode  shapes  which  were  extracted.  It  is  believed  that  these  extraneous  modes  result  from 
complex  boundary  conditions  and  are  not  present  in  the  dynamics  of  the  Uibc  itself,  but  only  the  system  as  a  whole  (tube, 
plus  its  supporting  structure). 

The  current  FE  model  shows  reasonable  agreement  with  the  experimental  results.  However,  the  experimental  mode  shapes 
fot  flexural  modes  4  and  5  must  be  resolved  to  determine  if  the  numerical  predictions  are  correct  and  to  verify  that  there  arc 
multiple  flexural  mode  4  shapes.  This  can  only  be  done  by  increasing  the  number  of  sensors  on  the  gun  tube  inside  of  the 
cradle.  This  could  have  been  accomplished  by  attaching  the  sensors  to  the  inside  of  the  gun  tube;  however,  it  was  not  thought 
of  at  the  time  of  the  test. 

There  was  also  a  fair  amount  of  difficulty  in  numerically  predicting  both  the  first  rigid  body  mode  and  the  firs;  flexural 
mode.  Both  modes  are  dependent  on  the  spring  constant  used  to  simulate  the  elevating  mechanism.  A  suffer  spring  constant 
makes  it  ea,sier  to  duplicate  the  rigid  body  frequency  while  making  the  first  flexural  mode  too  stiff.  Therefore,  it  was 
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Figure  10.  Comparison  of  numerical  and  experimental  vertical  mode  shapes  (rigid  body  mode) 
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Figure  1 1.  Comparison  of  numerical  and  cxpcrimcnlal  vcriical  mode  shapes  (first  flexural  mode). 
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Fif^ure  12.  Coinp'ui.son  of  numerical  ano  experiment!  vertical  mode  bhapevs  (.sccciid  nc,xunil  nxxic). 
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MUWERICAL  RESULTS 


AM&YS  4.  . 
MAH  18  )?E3 
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Figure  13,  Comparison  of  numerical  and  cxf^nmcnial  veriieal  mode  sh  ipcs  (ihi  d  flexural  mode). 
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Figure  14.  Compari.son  of  lurncrical  and  cxpcrimcnla;  vertical  mode  shapes  (fourth  ilcr.ura!  mode). 
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Figure  15.  CoirijiPiiJHis.  of  numerical  anti  cii|x'rimcnuil  vc;;ital  mod  ’  sfuipcs  (iourlh  flexural  mode  7). 
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NUMERICAL  RESULTS 
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Figure  16.  Cornpari.son  of  numerical  and  cxpcrimcriuil  vcriieal  mode  sha[x's  (lildi  Hexural  moir 
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speculated  that  the  trunnions  were  exhibiting  some  resistance  to  rotation  and  a  rotational  spring  was  added  at  that  location, 
which  improved  both  predictions. 

Finally,  some  of  the  parts  that  were  not  originally  represented  in  the  model  need  to  be  included.  These  paria  include  the 
tliermal  shrouds,  bore  sight,  mantelet,  and  trunniott  mounts.  Future  models  will  incorporate  these  parts  and  hopefully  beuer 
represent  the  whole  system. 
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Abstract 

In  engineeiing  problems,  we  often  require  a  quick  rough  estimate  of  the  solution 
at  the  prehrrJ.nary  stage,  which  may  later  be  refined  as  the  design  or  investigation 
progresses,  The  muitiresolution  properties  of  wavelets  suggest  that  is  possible  to  obtain 
an  initial  coarse  description  of  the  solution  with  httle  computational  effort  and  then 
successively  refine  the  solution  in  regions  of  interest  with  a  minimum  of  extra  effort. 
The  problem  of  successive  refinement  is  one  of  the  main  drawbacks  of  the  finite  element 
method. 

This  paper  demonsfates  how  a  hieraichy  of  solutions  to  a  PDE  can  be  obtained  by 
using  MaJiat's  uiultiresolution  trajisform  [1]  in  conjunction  with  the  wavelet- Gaierkin 
method.  This  approach  provides  a  rational  means  to  trade  off  accuracy  for  solution 
speed.  In  contrast  to  the  example  of  Beylkin  et.  al.  [2,  3],  where  the  discrete  wavelet 
transform  is  applied  to  the  matrix  differential  operator  we  decompose  the  inverse 
of  the  differential  operator  matrix.  We  note  that  the  structure  of  the  inverse  matrix  is 
particularly  suitable  for  developing  hierarchical  solutions. 
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i  Introduction 

Wavelets  are  a  family  of  orthonormal  functions  which  axe  characterized  by  the  translation 
and  dilation  of  a  single  function  0(x).  This  family  of  functions,  denoted  by 
given  by 


^Prn.kix)  —  2'?  —  k);  m,  k  €  Z 

is  a  basis  for  the  space  of  square  integrable  functions  L'^{R)  i.e 

/(^)  =  EmEit  dm,k  ^ 

Wavelets  are  derived  from  scaling  functions  i.e.  functions  which  satisfy  the  recursion 

<^{x)  =  Ok  <p{2x  -  k)  (1) 

in  which  a  finite  number  of  the  filter  coefficients  a*  axe  nonzero.  /  uy  L^{R)  function  f{x) 
m.iy  be  approximated  at  resolution  m  by 

Rmif'lix)  =  Efc  <^,k  <f>m,k(x)  k  f  Z 

where,  using  Daubechies  notation  [4j,  represents  the  projection  of  the  function  /  onto 
•^he  space  of  scaling  functions  at  resolution  m. 

<i>t,.,ki^)  -  2t<^(2"*x  -  k)\  k  t  Z 

ii  a  scaling  functior  basis  for  the  scale  m  approximatioii  of  L  '(R).  The  set  of  approximations 
F n(f)ix)  constitutes  a  multiresolution  representation  )f  the  function  f{x)  [l]. 

Ill  two  dimensions,  the  space  of  squa’-  -  inte;  rable  functions  is  L^(R^)  and  any  function 
,'(x,j/)  v/hich  lies  in  this  space  inay  be  expressed  in  teims  of  the  orthonorrnal  basis 

V’..Ar(x)V’j,l(j/):  l,k,J,l(Z 

Thi;,  is  simply  the  tensor  product  of  the  one  dimensional  bases  i.n  the  twv>  coordinate  direc¬ 
tions,  X  and  y.  f{x,y)  may  be  represented  at  resolution  m  by 

P.„(/)lX,y)  'Zklll  ('m.k.l  <i>r.,,k{-T')<i>mAy)  kj  €  Z 
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Figure  1;  Daubechies  D6  scaling  function 

This  work  details  how  a  hierarchy  of  wavelet  solutions  tu  partial  differential  equa¬ 
tions  may  be  developed  using  wavelet  bases.  In  order  to  demonstrate  the  wavelet- Galerkin 
technique,  we  consider  Poisson’s  equation  in  two  dimensions  i.e. 

+  w.w  --  / 

whereu  =  u{x,y).f  =  /(a,y).  We  limit  ourselves  to  the  solution  of  the  problem  on  a  periodic 
domain  (the  enforcement  of  boundary  conditions  on  the  periodic  solution  is  discussed  in  [5].) 
We  then  consider  how  Mallat's  mulliresolution  transform  [1]  may  be  used  in  conjunction 
with  the  wavelet-GaJerkin  teclmique  to  trade  off  accuracy  for  solution  speed  in  a  rational 
manner. 


2  Wavelet- Galerkin  Solution  of  Poisson’s  Equation 

The  wavelet- Galerkin  method  [6,  7,  8,  9,  lOj  entails  representing  the  solution  v  and  the 
right  hand  side  /  as  expansions  of  seeding  functions  at  a  particular  scale  m.  The  vidues 
of  the  scaling  function,  </>,  may  be  calculated  using  the  recursion  m  equation  (  .1)  (see  e.g. 
[11])  Orthogon.ii  compactly  supported  scaling  functions,  such  as  those  belonging  to  the 
Daubechies  family  of  wavelets  [4],  are  found  to  be  particularly  suitable  for  the  solution  of 
pairtia!  differential  equations.  Figure  1  depicts  the  Daubechies  6  coefficient  .scaling  function. 

The  wavelet-GaJerkin  solution  of  the  Poisson  equation  is  slightly  more  complicated  than 
•a  conveut.unal  finite  difference  solution,  since  the  solution  procedure  involves  transformations 
to  and  from  wavelet  space.  Consider  the  Poisson  equation 

^,X.T  T  tl,yy  —  (2) 
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The  wavelet-Galerkin  approximation  to  the  solution  u{x\y)  at  scale  rn  is 

u{x,  y)  Cki2'f(p{2”'x  -  k)2f4>{2’^y  -  1)  kJeZ  (31 

v/heie  Cfc,/  the  wavelet  coefficients  of  u.  The  transformation  from  wavelet  space  to  physical 
space  (or  vice  versa)  can  be  easily  accomplished  using  the  FFT  if  the  wavelet  expansion  is 
expressed  as  a  discrete  convolution.  To  do  this  make  the  substitutions 

X  - 
7  =  2'“,v 


to  create  a  function  of  X  and  Y : 


U{X,  Y)  -  u{x,y\ -  YJli  HX  -  my  -  1)  c,,  =:  2’"du  (4) 

Discretizing  U{X,Y)  at  integer  values  of  X  and  Y  leads  to  a  discrete  periodic  convolution 

Ui,j  =  ZfcEi  ckj  <i>t-k4>j~i  ~  ISklZi  c.-i.j-i  (f>k'i>i 

where  4>k  —  <?!»(«)■  This  may  be  written  in  matrix  form  as 

=  (5) 

where  is  a  size  n  circuiant  matnx  of  scaling  function  vcdues.  Equation  (5)  may  be 
rewritten  as 


U  =  (#„.  (I’n.  off. 

It  is  eaisy  to  see  that  this  is  a  one-dimensional  convolution  of  the  first  column  of  with 
each  column  of  c,  followed  by  a  transposition  of  the  rows  and  columns  cd  the  result,  followed 
by  a  one- dimensional  convolution  of  the  first  column  of  with  each  column  of  this  result, 
followed  by  another  transposition  of  the  rows  and  columns  of  the  result.  The  one-diraensional 
convolutions  are  tfficienily  and  exactly  comouted  using  ihe  FFT. 

Similar  relationships  to  equations  (4)  aind  (5)  exist  for  the  right  hand  side  function,  / 

i,e 

F[x  ri  =  f{x,y)  =  g,j  «A'  -  mx  -  d  (6) 

and 

F  =  (7) 

where  g  is  the  matrix  of  wavelet  coefficients  of  F{X,  7). 

The  differential  equation  in  wavelet  space  may  now'  be  formulated  by  substituting 
equation.s  (4)  and  (6)  into  equation  (2).  This  leads  to  a  systeni  of  equations  of  ihe  form 


^Sk^'k.q  -f-  5  (  CpJ  —  i 


22.»i  t/p.ij 


where 
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ilj^k  =  f  <t>"{y  -  k)(i>{y  -  j  )dy 

are  the  connection  coefficients  described  by  Latto  et  al  [7].  In  matrix  form,  this  becomes 

1 


c  A  c  R„^  -  g 


(8) 


where  is  a  size  n  circulant  matrix  of  connection  coefficients.  The  system  of  equations  (8) 
may  be  decoupled  by  taking  the  two-dimensional  FFT: 

1  - 


where  A„  are  diagonal  and  ')  denotes  the  two-dimensional  FFT.  It  then  follows  that 


f.  --  1  a 


(9) 


(10) 


where 


An  = 


(■  29.0 

H, 

...  Hyv~2 

...  ... 

H-,  ■ 

0 

0 

0 

0 

! 

Ha  -2 

0 

0 

0 

0 

0 

0 

. 

0 

0 

0 

0 

0 

9,2- N 

0 

. 

0 

0 

G 

0 

0 

9  . 

Combining  equation  (10)  with  the  two  dimensioual  FFTs  of  equations  (5)  and  (7)  gives 

!  ku 

Talcing  the  inverse  two  dimensional  Fourier  transform  yields  the  solution  U. 


3  Co2:iVergence  of  the  Wavelefc-Gaierkiix  Method 

'I'he  wavelet -Caier km  method  as  described  above  compares  extremely  favourably  with  a  five 
point  finite  difference  so’iutioa,  The  following  are  some  results  for  a  tesi  problem. 

Figure  2  .shows  the  dciay  of  the  rnax.nium  residua)  error  with  increasing  sample  size  n. 
The  figure  cJearl}’'  ra  iicates  tne  high  rate  of  convergence  *hat  is  obtained  with  the  wavelet 
rneth-  id. 

Figure  3  indicate!-  the  vaxiaticn  of  computation  lime,  in  seconds,  Vv^ith  increasing  sampie 
size.  Ihe  v/avelet  soiuticu  takes  slightly  longer  taan  the  finite  difference  solutior.  owiug  to 
the  need  to  transform  the  .sample  born  phvsicai  space  into  wavelet  space  and  bac.k  again. 
T^'js  overii  :ad  becorues  less  sigidficant  as  the  sample  .size  increases. 
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Figure  3:  Variation  of  computation  times  with  increasing  sample  size 
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Figure  4;  A  256  x  256  greyscale  image 


4  The  Fast  Wavelet  Transform  and  PDFs 

One  of  the  attractive  features  of  wavelets  is  their  inultiresolution  property,  which  is  their  abil¬ 
ity  to  represent  a  function  at  different  levels  of  resolution.  The  wavelet- Galerkin  approach, 
while  being  a  competitive  solution  procedure  for  PDEs,  does  not  exploit  the  multiresoiution 
properties  of  wavelets. 

The  multiresolution  decomposition  of  a  vector  of  data  may  be  accomplished  in  0{N) 
operations  using  the  feist  wavelet  transform  or  FWT  [12J.  Figures  4  and  5  illustrate  how  the 
two-dimensional  FWT  may  be  applied  to  an  image  to  produce  an  “averaged”  low  resolution 
picture  and  several  detail  components.  A  similar  operation  may  be  carried  out  on  matrix 
operators.  Beylkin,  Coifman  and  Rokhlin  [2,  3]  have  described  in  detail  how  matrix  differen 
tial  operators  may  be  transformed  into  sparse  matrices  using  the  FWT.  This  sparsification 
facilitates  the  rapid  evaluation  of  derivatives  numerically.  Among  the  examples  given  in  their 
work  axe  the  construction  of  the  non-standard  form  of  the  operators  D  =  ~  and  Z?"  he 
The  elements  cT  these  wavelet  trcinsformed  matrix  differential  operators  are  sedf  simihu  at 
all  scales. 

In  our  experiments  we  havt*  futher  noticed  that  it  may  be  advantageous  to  apply  the 
FWT  to  the  inverse  of  a  matrix  differential  operator.  The  application  of  tiie  FWT  to  an 
iiiver.se  matrix  differential  operator  also  gives  rise  to  self-similar  behaviour  at  different  scales. 
As  an  example  v/e  consider  the  standard  form  ol  the  inverse  matrix  differential  operator. 
(D^  +  1)  '-  Figure  G(a)  shows  the  64  x  64  iuver.se  matrix  differential  operator,  -f  1)'', 
for  the  Daubechies  DC  wavelet  syst'^m  [4]  at  .scale  m  —  6.  Figure  6(b)  shows  a  single  stage 
wavelf't  'lecompositioii  of  the  inverse  operator  into  couijioaents  at  scab'  in  -5,  giving  a  low 
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Figure  5:  A  single  stage  decomposition  of  the  image  in  the  previous  figure 

frequency  block  in  the  upper  left  hand  corner  and  three  high  frequency  blocks.  Figures  6(c) 
and  (d)  show  further  stages  of  decomposition  of  the  low  frequency  block. 

!t  is  apparent  from  these  results  that  the  sparsification  of  the  inverse  matrix  differencial 
operator  by  the  FWT  occurs  in  a  much  more  orderly  way  than  if  the  matrix  differential 
operator  itself  were  decomposed.  The  low  frequency  block  of  the  wavelet  transformed  inverse 
matrix  differential  operator  contributes  most  significantly  to  the  solution  and  from  Figure  6 
it  is  easy  to  see  that  the  operator  may  be  compressed  without  peidorming  any  thresholding 
operations.  Furthermore,  the  high  frequency  blocks  (which,  although  small,  are  non-zero) 
provide  us  with  the  information  necessary  to  get  to  a  finer  level  of  resolution. 

An  important  observation  is  that  the  discrete  wavelet  transform  preserves  the  circulant 
structure  of  the  original  inverse  matrix  differential  operator  i.e.  both  the  low  frequency  block 
<md  the  high  frequency  blocks  are  circulant  in  nctuie.  This  means  that  the  FFT  can  still 
be  used  to  evaluate  the  sohition  in  O(NlogN)  operatiotJs,  where  jV  is  now  the  size  of  the 
reduced  problem. 


5  Conclusions 


The  wavelet' Galerkin  approach  i.s  an  efficient  technique  for  the  numerical  solution  of  PDFs 
which  has  a  very  high  rate  of  convergence,  especially  for  high  order  Daubet  hie.s  wavelets. 
The  attrac  tiveness  of  the  wavelet- Galerkin  approach  is  further  enhanced  by  the  fact  that 
the  liiultiresolution  {)ro[)erties  cT  wavelets  provide  a  rational  way  to  trade'  off  accuracy  tf^r 
solution  sju'c’d. 
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Figure  6;  (a)  The  inverse  differential  operator  +  1)  ’  (b)  First  level  of  decomposition 
mi  (c)  Second  level  of  decomposition  (d)  Third  level  of  decomposition 
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1,  Introduction 

Nonlinear  modal  interactions  have  been  the  subject  of  a  great  deal  of  recent  research.  It  has 
been  found  that,  in  weakly-nonlinear  systems  where  there  exists  a  special  relationship  between  two 
or  more  naturai  frequencies  of  the  linear  modes  and  an  excitation  frequency,  the  long-time  responses 
can  contain  significant  coniributioris  in  many  modes  of  vibration  [1-5].  The  presence  of  significant 
responses  in  more  than  one  mode  increases  the  number  of  modal  equations  that  must  be  treated  and 
this  generally  serves  to  complicate  the  dynamics  the  system.  More  importantly,  modal  interactions 
can  lead  to  dangerously  large  respor-ses  in  modes  that  are  predicted  by  linear  analysis  to  have 
insignif’cant  response  amplitudes. 

Most  of  the  re.search  on  modal  interactions  focuses  on  autoparametric  resonances  in  systems 
where  the  linear  natural  frequencies  to*  an  commensurate  or  nearly  commensurate.  The  types  of 
possible  internal  resonances  depend  on  the  degree  of  the  nonlinearity.  When  the  nonlinearity  is 
cubic,  to  the  first  approximation,  internal  resonances  may  occur  if  rx)n~a%, 
(On^3(Om,  I  ±  ±  a) J ,  Or  eon*:  I  +  o),,,  +  o)*  +  fi),  1 .  If  quadratic  nonlinearifies  are  added, 

additional  resonances  may  occur  if  or  +  to*.  These  autoparametric  resonances  have 

been  successfully  treated  with  perturbation  methods  [1-27J.  There  also  exists  a  large  body  of 
experimental  results  which  are  in  good  general  agreement  with  the  perturbation  results 
[1,2,5,11,12,19,22,28-37].  Autoparametric  resonam  ps  may  provide  a  coupling  or  an  energy  exchange 
between  a  system's  modes.  Consequently,  excitation  of  a  high-frequency  mode  may  produce  a 
large-amplitude  response  in  a  low-frequency  mode  involved  with  it  in  an  autoparametric  resonance. 

In  externally  excited  multi-degree-of-freedom  systems,  combination  resonances  may  occur  in 
response  to  a  single-harmonic  external  excitation  of  frequency  £i.  The  type  of  combination  resonance 
that  can  be  excited  depends  on  the  degree  of  the  nonlinearity,  the  number  of  modes  involved,  and 
Q..  For  a  cubic  nonlinearity,  to  the  first  approximation,  combination  resonances  may  occur  if 
12  =  !  ±  a)„  ±  (x)»|  /2, 12«|  +  2a)„  +  w*| ,  or  12Jt;|  ±  ±  to*  +  a),| .  If  quadratic  nonlinearities  are  added, 

additional  combination  resonances  may  occur  if  12«|  ±  ±  a)J.  Thus,  a  high-frequency  excitation 

may  produce  large-amplitude  responses  in  low-frequency  modes  that  are  involved  in  the  combination 
resonance.  Dugundji  and  Mukhopadhyay  [30]  conducted  experiments  on  a  cantilever  beam  subjected 
to  external  base  excitation  at  a  frequency  close  to  the  sum  of  the  natural  frequencies  of  the  first 
torsional  and  first  bending  modes,  which  are  approximately  in  the  ratio  of  18  to  one.  They  found  that 
the  high-frequency  excitation  can  produce  a  large-amplitude  response  in  the  low-frequeiicy  (first 
bending)  mode. 

In  parametrically  excited  systems,  modal  interactions  can  occur  when  the  excitation  frequency 
is  near  the  sum  or  difference  of  two  or  more  linear  natural  frequencies.  These  so-called  combination 
resonances  have  been  studied  extensively  in  the  literature  [1,2,5,39].  Again,  these  combination 
resonances  can  lead  to  interactions  between  high-  and  low-frequency  modes. 

Often,  when  the  response  of  a  system  becomes  chaotic,  low-frequency  modes  can  be  excited. 
Haddow  and  Hasan  [40]  conductcxl  an  experiment  by  parametrically  exciting  a  cantilever  beam  near 
twice  the  natural  frequency  of  its  fourtti  mode.  They  found  that,  as  the  excitation  frequency  was 
decreased,  a  planar  periodic  response  consisting  essentially  of  the  fourth  mode  lost  stability,  giving 
way  to  a  nonplanar  chaotic  motion.  They  observed  that  as  a  result  the  energy  seemed  to  cascade 
down  througti  the  modes,  fesulting  eventually  in  a  low-frequency  steady-state  response.  Burton  and 
Kolowith  [41]  conducted  an  experiment  simil.ar  to  that  of  Haddow  and  Hasan.  In  certain  regions  of  the 
parameter  space,  they  obsc  .'ed  c;haotic.  motions  whore  thr^  firs!  seven  in-plane  bmuling  modes  as 
well  as  the  first  torsional  mod  '  were  present  in  the  response.  Cusumano  and  Moon  [42]  conducted 
an  experiment  with  an  exiernai'y  excited  cantilever  Iream.  They  observed  a  cascading  of  energy  to 
low-frequenc.y  components  in  the  response  associated  wilft  chaotic,  non-planar  motions. 

Two  recent  studirrs  suggest  that  anothrrr  lyfre  of  interaction  may  occur  tretwrorn  Itigh-fi er^uenry 
and  low-frequency  mode.s  In  Ifte  hrst  study,  we  [43]  cond  cted  experiments  on  a  p -jMinrdncally 
oxclied  cantilever.  We  found  that  inttvact ions  occur  betwerm  two  thgh-trecpjrmc y  modcis  and  the  firs! 
mode.  The  (jrr'semee  of  ttre  first  mociir  is  accompanied  try  slow  mociulatiori  of  ftm  amrilitmies  and 
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phases  of  the  higher-frequency  modes  with  the  frequency  of  the  modulation  being  equai  to  that  of  the 
first  mode.  Our  results  indicate  that  the  mechanism  for  *he  excitation  of  the  first  mode  is  neither  a 
ciassicai  internai  resonance  nor  an  external  or  parametric  combination  resonance  involving  the  first 
mode.  Rather,  it  seems  that  slow  modulation  of  the  high--requency  modes  allows  for  the  energy  to 
be  transferred  to  the  first  mode. 

In  the  second  study,  we  [44]  conducted  experiruerits  on  an  externally  excited,  circular 
cross-section,  cantif:?’  er  rod.  Because  of  the  axial  symmetry,  one-to-one  autoparametric  resonances 
occur  at  each  naf(fr?  frequency  of  the  rod  and  the  mode  in  the  plane  of  the  excitation  interacts  with 
the  out-of-plane  mode  at  the  same  natural  frequency,  resulting  in  non-pianar  whirling  motions.  In 
addition,  it  is  found  if' at  when  the  rod  is  excited  near  the  natural  frequency  of  its  third  or  any  higher 
mode,  a  large  first-mode  response  occurs.  Moreover,  the  degree  of  the  coupling  between  the  first 
mode  }ind  the  higher  nodes  is  qualitatively  observed  to  increase  as  we  drive  progressively  higher 
modes.  As  in  the  firs'  e.’rperiment,  the  appearance  of  the  hrst  mode  is  accompanied  by  modulation 
of  the  amplitudes  and  phases  of  the  high-frequency  mod^s. 

The  interaction  bei.vecn  high-  and  low-frequancy  modes  observed  experimentally  is  of  great 
practical  importance,  'n  many  engineering  sysf-jms,  high-frequency  excitations  can  be  caused  by 
rotating  machinery.  Through  (his  mechanism,  energy  from  high-frequency  sources  can  be 
transferred  lo  low-frequency  modes  of  supporting  structures  or  foundations,  resulting  in  harmful 
large  oscilialions.  Moreover,  some  preliminary  results  indicate  that  the  use  of  conventional  methods 
for  decreasing  modal  interactions,  such  as  increasing  the  dissipation  or  decreasing  the  forcing 
ampliiude,  may  liave  undesirable  effects.  In  the  next  section,  we  present  a  summary  of  our 
experimentr. 


2.  ^Kperimenis  on  a  Patamctrically  Excited  Cantilever  Beam 

A  schematic  of  the  experimental  setup  lor  a  base  excitation  along  the  axis  of  the  beam  is  shown 
in  Figure  1.  The  vesi  specimen  is  a  vertically  mounted  carbon  steel  cantilever  beam  of  dimensions 
33.56‘  X  0.75"  x  0.032".  The  beam  was  clamped  to  a  250  lb  modal  shaker  with  a  custom  table  and 
suspension  to  allow  base  excitr^tion  of  the  beam.  We  note  that  the  beam  is  slightly  bent  iri  the  static 
configuraticn.  The  first  four  natural  frequencies  of  the  beam  are  0.65  Hz,  5.65  Hz,  16.19  Hz,  and  31.91 
Hz,  respectively. 

The  base  motion  was  monitored  with  ar^  accelerometer.  A  digital  voltmeter  was  used  to  measure 
the  roof-mean-square  (rms)  value  of  the  acceleration.  A  measure  of  the  response  was  obtained  from 
two  strain  gages;  one  located  at  x/L  -  0.06  and  the  oiher  located  at  x/L  =  0.25,  where  x  is  the 
distance  along  the  undetormed  beam  measured  from  the  base  and  L  is  the  length  of  the  beam. 

The  accelerometer  and  strain-gage  spectra  were  monitored  as  the  excitation  frequency  was 
varied.  Also,  the  autocorrelation  function  R,.  and  the  oointwise  dimension  were  examined  for 
selected  motions.  For  the  spectral  analyses,  we  used  1280  lines  of  resolution  in  a  40  Hz  baseband. 
A  flat  top  window  was  used  efuring  periodic  excitations,  and  a  Hanning  window  with  thirty  overlap 
averages  was  used  during  random  excitations.  The  two  strain-gage  sig.ials  were  plotted  against 
each  other  on  the  digital  oscilloccope,  thereby  producing  a  pseudo  phase  plane.  To  obtain  a 
Poincar6  section  [45]  we  used  the  excitation  frequency  as  the  clock  frequency  for  the  oscilloscope. 
Due  to  the  manner  in  which  the  points  are  stored  .n  the  digital  scope,  the  final  Poincar6  section 
effectively  corresponds  tc  one  obtained  at  one-half  of  the  clock  frequency.  We  used  Fourier  spectra, 
pseudo-phase  planes,  autocorrelation  functions,  and  dimension  calculations  to  analyze  the  different 
motions. 

The  exritation  frequency  was  chosen  to  be  the  control  paremeter,  and  the  base  acceleration  was 
held  constant  at  0.85  g  rms,  where  the  symbol  g  stands  for  the  acceleration  due  to  gravity.  Initially 
when  the  excitation  frequency  /,  was  at  33.5  Hz,  there  was  a  peak  in  the  response  spectrum  at  the 
excitation  trequeni  y.  This  peak  is  due  to  a  primary  resonance  of  the  fourth  mode.  As  the  excitation 
frequency  was  gradually  decreased  to  32.31  Hz,  the  third  mode  appeared  in  the  response.  It  was 
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excited  by  a  principal  parametric  resonance.  The  response  spectrum,  shown  in  Figure  2h,  has  peaks 
at  U  and  f,j2.  The  Poincare  section,  shown  in  Figure  2b,  is  characteristic  of  a  periodic.*  motion.  The 
scatter  in  the  points  is  due  to  noise.  When  the  excita'.ion  frequency  was  decreased  to  32.298  Hz,  the 
periodic  response  consisting  of  the  third  and  fouith  modes  lost  stability,  resulting  in  a  modulated 
motion.  During  this  modulated  motion,  the  amplitudes  and  phases  a.ssociated  w'th  the  third  and 
fourth  modes  varied  with  time.  The  spectrum  of  this  response  is  shown  in  Figure  3a,  with  the 
sidebands  around  the  carrier  frequency  at  /,/2  indicating  a  modulated  mot'on.  The  sideband  spacing 
f„  is  0.58  Hz,  which  is  close  to  the  first  natural  frequency  of  the  beam. 

Once  the  modulated  motions  set  in,  the  contribution  of  the  fi'-st  mode  to  the  response  became 
large.  The  modulated  response  is  indicative  of  aii  energy  iraM-sfer  from  the  third  and  fourth  modes 
to  the  first  mode.  During  the  experiments,  the  presence  of  the  first  mode  was  very  apparent  visually. 
The  presence  of  the  first  mode  in  the  response  leads  tc  a  scattering  of  points  along  a  curve  in  the 
corresponding  Poincar6  section,  as  shown  in  Figure  3t.  This  observatio.T  indicates  that  the  response 
is  not  periodic.  When  the  excitation  frequency  was  I'urtner  reduced  to  32.289  Hz,  the  motion  appeared 
to  become  chaotic  with  a  large  out-of-plane  component.  The  associated  spectrum,  shov.m  in  Figure 
4a,  has  a  continuous  character  in  many  frequency  bnndwidths.  This  cha.  acteristic  is  a  signature  of 
chaotic  motion  [45].  The  Poincare  section,  displayed  in  Figure  4b,  is  typical  of  nonperiodic  motions; 
it  does  not  have  any  obviously  discernible  structure. 

In  Figure  5,  we  show  a  time  record  obtained  during  the  transient  phase  of  the  motion  after  U  was 
changed  form  32.298  H  to  32.289  Hz.  During  (he  initial  phase,  the  third  and  fourth  modes  are 
dominant  in  the  response.  Subsequently,  there  is  a  transition  from  the  response  composed  mainly 
of  modulated  high-frequency  (fast-time  scale)  motion  to  one  dominated  by  the  low-frequency 
(slow-time  scale)  first  mode.  In  Figure  5,  the  strain  is  plotted  versus  time.  The  displacements 
observed  during  the  low-frequency  dominated  phase  of  the  motion  are  much  larger  than  those 
observed  during  the  high-frequency  dominated  phase.  The  change  in  the  time  history  is  striking. 


3.  Experiments  on  an  Externally  Excited  Rod 

In  the  second  study,  we  conducted  experiments  on  a  slender,  circular  cross-section,  steel, 
cantilever  rod.  The  length  of  the  cantilever  is  34.5"  and  the  diameter  of  its  cross-section  is  0.0625". 
The  first  five  linear  natural  frequencies  of  the  rod,  as  determined  by  examination  of  the  frequency 
spectra  of  decaying  free  oscillations,  are  shown  in  Table  1. 

Figure  6  is  a  schematic  diagram  cf  the  experimental  setup.  A  vertical  beam  is  clamped  to  a  100-lb 
shaker  that  supplies  a  simple-harmonic  motion  at  the  base  so  that  an  external  (i.e.,  transverse  to  the 
axis  of  (he  beam)  excitation  is  applied.  "^Iie  excitation  is  monitored  by  means  of  an  accelerometer 
mounted  to  the  shaker  head.  The  mot’on  of  the  tip  of  the  beam  is  measured  by  two  linear-array 
cameras,  one  oriented  to  measure  the  motion  in  the  plane  of  the  excitation  (camera  0)  and  the  other 
oriented  to  measure  the  motion  out  cf  the  plane  of  the  excitation  (camera  1). 

The  linear-array  camera  system  employs  a  hardware  implemented  peak  detector  to  determine 
the  location  of  the  target  in  reni-tiiTm.  At  a  specified  sampling  frequency,  it  returns  two  eleven-bit 
numbers  representing  the  dispiarement  of  the  tip  of  the  beam  in  the  in-plane  and  out-of-plario 
directions.  This  data  is  acquired  in  real-time  by  ?  persona!  computer  where  it  is  displayed, 
processed,  and  stored. 

We  present  frequency  response  curves  for  the  filth  in-plane  and  out-of-plane  modes  of  the 
cantilever  beam.  Tha  excitation  level  was  held  constant  at  2.00  g  rms  and  the  excitation  frequency 
was  varied  in  the  neighborhood  of  thn  fifth  natural  frequency.  Cfianges  in  the  excitation  irequeiicy 
were  made  very  gradually  and  tranciants  \  are  allowed  to  die  out  before  the  amplitude  of  the 
response  wr  s  recorded  The  data  in  the  plots  is  a  composite  of  the  responses  obtained  by  performing 
both  forwarc"  and  backward  frequency  sweeps  In  addition,  to  ensure  that  even  isolated  branche,s  of 
the  frequency  response  curves  were  located,  wc  performed  a  tfu'd  sweep  where  at  increments  in  the 
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excitation  frequency,  wa  applied  several  disturbances  to  the  beam  in  an  effort  to  find  all  possible 
long-time  responses. 

The  results  of  this  procedure  are  shown  in  Figure  7.  Well  away  from  the  fifth  natural  frequency 
of  83.105  Hz,  the  only  possible  ,'esponse  is  planar  and  periodic.  The  response  of  the  bearr,  is  strictly 
in  the  plane  of  the  excitation  and  a  visual  inspection  of  the  motion  indicates  that  the  response  is 
composed  almost  entirely  of  the  fifth  mode.  This  is  confirmed  by  exatnination  of  the  response 
spectrum  which  shows  only  a  single  peak  at  the  excitation  frequency. 

As  the  frequenc^'  of  excitation  is  swept  upward  from  well  below  the  fifth  natural  frequency,  a  jump 
occurs  from  a  planar-periodic  to  a  ncn-planar  strongly-modulated  motion.  Hare,  visual  inspection  of 
the  response  clearly  detects  the  modulation  of  the  response  of  the  fifth  mode  as  well  as  the  presence 
of  a  low  trequency  component  in  the  response. 

Increasing  the  excitation  frequency  further,  we  observe  a  jump  io  a  non-planar  weakly-modulated 
whirling  motion.  Again,  visual  inspection  of  the  motion  clearly  reveals  a  large  low-frequency 
component  in  the  response.  In  this  case,  however,  visual  inspection  does  not  detect  any  modulation 
of  the  fifth  mode.  A  more  detailed  discussion  of  both  the  weakly-  and  strongly-modulated  motions 
follows 

The  observed  weakly-modulated  responses  contain  a  large  low-frequency  component 
superimposed  on  a  nearly  constant  amplitude  fifth-mode  whirling  motit.>n.  Typical  time  traces  of 
in-plane  and  out-of-plane  responses  of  this  type  are  shown  in  Figure  Oa.  Visual  inspection  of  these 
plots  does  not  readily  reveal  any  modulation  of  either  f!ie  high-  or  low-frequency  components  of  the 
response. 

A  typical  FFT  of  this  type  of  response  is  shown  it'  Figure  9.  The  FFT  shows  two  main  peaks,  one 
at  the  frequency  of  the  excitation  (near  the  fifth  natural  frequency)  and  the  other  at  the  natural 
frequency  of  the  first  mode.  Sidebands  around  the  peak  corresponding  to  the  fifih  mode  indicate  that 
the  response  of  the  fifth  mode  is  modulated.  Moreover,  the  frequency  spacing  between  the  fifth-mode 
peak  and  its  cidebands  is  equal  to  the  first  natural  frequency,  confirming  that  the  frequency  of 
modulation  of  the  fifth-mode  response  is  equal  to  the  natural  frequency  of  the  first  mode. 

A.s  indicated  by  the  dense  set  of  sidebands  clustered  around  the  peak  at  the  first  natural 
frequency,  the  tesponse  of  the  first  mode  is  also  modulated.  Examination  of  the  time-domain  data 
from  which  this  FFT  was  computed,  shown  in  Figure  8b,  confirms  that  the  ampi  mde  of  fhe  first-mode 
response  is  not  constant.  The  time  traces  in  Figuie  8b  contain  170  seconds  of  data,  illustrating  the 
extremely  slow  variation  of  the  amplitude  of  the  first  mode. 

The  most  obvious  feature  of  the  strongly-modulated  motions  is  the  modulation  of  the  fifth  mode. 
A  typical  time  trace  of  this  type  of  motion  is  shown  in  Figure  10a.  in  contrast  to  the  case  of  the 
v/eakly~modulated  motions  of  Figure  8,  the  modulation  of  the  fifth  mode  is  clearly  distinguishable 
without  the  aid  of  FFT's.  It  Is  also  apparent  from  the  asymmetry  in  the  envelope  of  the  traces  shown 
in  Figure  10a  that  there  is  a  significant  low-frequency  component  present  in  the  response. 

in  Figure  10b  a  lo  iger  time  trace  of  this  motion  is  presented.  Here,  the  scaling  of  the  time  axis 
is  such  that  both  the  .ow-frequency  component  present  in  tfie  response  and  the  envelope  of  the 
fifth-mode  response  ar  i  clearly  discernible.  The  erratic  character  of  the  evolution  of  the  fifth-mode 
response  suggests  that  the  fifth  mode  is  chaotically  ov'-fulated.  This  assertion  can  be  further 
sustained  by  examination  of  the  FFT  of  this  signal  shown  in  Figure  11  where  fhe  narrow-band  of 
response  present  in  the  neighborhood  of  the  fifth  natural  frequency  is  characteristic  of 
chaotically-modulated  n'iOtions, 

Turning  our  atfeniion  to  tne  low-frequency  component  presen*  in  the  response,  we  find  that  there 
is  a  peak  at  the  firs!  natural  fiequency  of  the  system  and  conclude  that  the  low-frequency  component 
in  the  response  is  due  to  fhe  first  mode.  As  in  the  case  f  the  weakly-modulated  motions,  there 
appears  a  dense  set  of  sidebands  clustered  about  the  tirst-natura!  frequency  peak,  indicating  that  the 
first-mode  respoi.se  is  .also  modulated. 
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4.  A  Paradigm  for  the  Transfer  of  Energy  from  High-Frequency  to 
Low-Frequency  Modes 

The  results  presented  in  Section?  2  and  3  show  modal  interactions  occurring  between  high-  and 
low-frequency  modes  in  a  flexible  structure.  The  mechanism  for  the  interaction  appears  to  be  neither 
a  classical  internal  resonance  nor  nn  external  or  parametric  resonance  involving  the  low-frequency 
modes.  Rather,  it  seems  that  these  interactions  can  occur  whenever  there  exist  modes  v/hose 
natural  frequencies  are  much  lower  Ilian  the  natural  frequencies  of  the  modes  being  directly  driven. 

To  investigate  possible  mechanisms  for  the  transfer  of  energy  from  high-  to  low-frequency 
modes,  we  f46]  studied  a  representative  system  made  up  of  two  coupled  oscillators.  Tiiese 
equations  are  in  a  form  that  may  be  obtained  by  a  two-mode  discretization  of  a  continuous  system 
with  cubic  nonlinearities  or,  alternatively,  they  could  model  a  discrete  two-deyree-of-freedom  system. 
The  equations  are  given  by 

-f  f  e  Ui  =  —  £  (4a.,u,  +  a^u^u^)  (1) 

U2  -h  2Lfi2U2  +  Up  =  e(a3u|  -F  a^u^U2  +  f  cos  ill)  (2) 

where  e,  the  ratio  of  the  linear  natural  frequencies  of  the  system,  is  positive  and  small.  The 
high-frequency  mode,  whose  undamped  linear  natural  frequency  is  nondimensionaiized  to  unity,  has 
coordinate  Ui,  and  the  low-frequency  mode,  whose  normalized  undamped  linear  natural  frequency  is 
£,  has  coordinate  Ui.  The  system  has  linear  viscous  damping  given  by  the  coefficients  and  ni,  cubic 
nonlinearities  with  the  coefficients  «/,  and  an  external  forcing  function  f  con  Qt  which  is  applied  only 
to  the  high-frequency  mode  of  the  system.  Of  principal  interest  is  whether  an  excitation  applied  to 
the  high-frequency  mode  near  its  linear  natural  frequency  can,  as  observed  in  the  experiments, 
generate  a  large  response  in  the  low-frequency  mode.  To  answe.'  this  question,  we  used  the  method 
of  averaging  to  construct  an  approximation  of  the  solutions  of  Eqs.  (1)  and  (2). 

The  method  of  averaging  is  based  on  tne  assumption  that  smal!  perturbations,  such  as  weak 
nonlinearitieb  or  light  damiping,  cause  slow  (low-frequency)  variations  in  the  response  of  a  system 
[47],  The  fast  (high-frequency)  variations  due  to  (he  perturbations  are  assumed  to  be  insignificant. 
Essentially,  the  averaging  approximation  yields  a  simplified  mathematical  representation  of  the 
dynamics  of  the  system  by  smoothing  away  these  fast  variations.  Thus,  if  is  of  basic  importance  tliat 
the  components  which  make  up  the  response  be  correctly  classified  ax'  either  fast  or  slow. 

Neglecting  the  damping  and  nonlinearities,  one  can  write  the  solution  to  Eq.  (1)  as 
u,  =  A)  cos(Ef -F  </>(,).  In  this  solution,  it  is  apparent  that  whereas  u,  is  an  0(1)  quantity,  u,  is  0(e)  and 
Ui  is  order  0(rJ).  This  leads  us  to  assume  that  Ui  itself  is  slowiy  varying.  Because  the  natural 
frequency  of  u?  is  not  small,  its  motion  can  be  treated  in  the  usual  way  by  assuming  thal  its  amplitude 
and  phase  are  slowly  varying  as  described  below. 


To  explicitly  show  that  u,  is  driven  near  its  linear  natuiai  frequency,  vve  set  —  1  1  ca,  where  <r 
is  a  measure  of  the  closeness  of  the  excitation  frequency  fo  the  unperturbed  natural  frequency  of  u,. 
Next,  we  apply  the  variation  of  parameters  transformation 


Uj  —  a(t)  cos(Qt  +  /?{f)) 

(3) 

U2  =  -  a(f)i2  sin(i2f  -F  /J(f)) 

(4) 

to  Eqs.  (1)  and  (2)  and  obtain 

i/f  -t  -F  -F  c.os^(Lit  F  /?)) 

(5) 

aU  =  -  r.g  sin(i2f  +  /?) 

(6) 

4.>6 
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a^£l  =■  -  Eg  cos(£2/  +  0}  ,  (7) 

Vvhv-,TG 

g  ~(Tii  cos{Ut  4-  ,0)  +  cos'^(Q7  +  /?)  -+  a^is^a  cos(Q(  -)-  /?) 

+  i- jfi} -h  f  cos  Qt  '  ^ 

Keepifig  only  the  slowly-varying  terms  on  the  right-hand  sides  of  Eqs.  (5)-(7J,  we  obtain  the 


averaged  or  modulation  equations 

til  Y  2c;no,  -t-  —  --  £‘(4a,i/i  +  “  ffiit/ia  )  (9) 

and 

a  =  --  e(M2a  H-  y  ^ 

^  =  -c(Y(7-fY  a4U®  -(  -|  +  -j- cos  /?)  (11) 

where  we  have  set  £2“s1.  Equation  (9)  can  be  rewritten  as  a  pair  of  first-order  equations  as 

(12) 

V.,  -•  ~  t{Uy  -f  2^l^v^  4  4aiuf  4-  ~  a^u^a^)  (13) 


The  fixed-point  solutions  ot  the  averaged  equations  represent  constant  amplitude  and  phase 
rrtotions  of  the  high-frequency  meda  accompanied  by  static  (DC)  responses  of  the  low-frequency 
mode.  Setting  the  time  dertvatives  in  Eqs.  (10)-(13;  equal  to  zero  and  solving  for  a  and  u^  in  terms 
of  a,  we  obtain 

0  ;  -  0  (14) 


or 


The  stability  of  a  fixed-point  solution  i.s  studied  by  exandnation  of  the  eigenvalues  of  the 
Jacobian  matrix  cf  Eqs.  (10)-(13)  evaluated  at  the  fix  3d  point  of  interest.  If  ell  of  the  eigenvalues  have 
negative  real  parts,  the  fixed  point  is  asymptotically  stable  and  any  motion  in  the  neighborhood  of  this 
fixed  point  is  expected  to  be  ath  acted  to  it.  These  solutions  are  called  stable  nodes  and  are  denoted 
by  solid  linos  in  the  frequecicy  responsv^  curves  ot  Figure  12.  If  a  real  eigenvalue  becomes  positi'  o, 
the  fixed  point  loses  stability  and  the  motion  is  expected  to  diverge  from  it.  These  unstable  solutions 
sre  calleo  saddles  and  are  denoted  by  dotted  lines  in  Figure  12. 

If  instead  a  Hop?  bifurcation  occurs  (a  complex  conjugate  pair  of  eigenvalues  crosses 
transversely  from  the  left-half  of  ‘he  complex  pone  into  the  right-half  of  the  complex  plane),  the  fixed 
point  loses  stability,  but  in  this  case  the  motion  is  expectod  to  oscillate  about  the  fixed  point.  These 
unstable  fixed  points  (called  unstable  foci  and  denoted  by  dashed  lines  in  Figure  12)  are  of  great 
intere.st  because,  in  their  neighborhood,  we  expect  to  find  motions  where  Ui  oscillates  and  u?  is 
modulated  at  the  frequency  of  oscillation  of  u^  as  observed  in  the  experiments 
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In  Figure  12,  we  present  frequency-response  curves  for  a  case  in  which  nontriviai  solutions  for 
Uy  occur.  It  should  be  noted  that,  although  we  show  only  the  fixed-point  solutions  coi responding  to 
positive  values  of  u,  in  Figure  12,  there  exists  a  second  set  of  solutions  corresponding  to  negative 
values  of  Uy.  The  trivial  solutions  are  unstable  with  a  positive  real  eigenvalue  in  the  central  region 
of  the  plot,  in  this  region,  a  nontrivial  solution  for  Uy  exists.  The  upper  branch  of  this  solution 
consists  of  two  reyior*s  of  stable  nodes  joined  by  a  region  of  unstable  foci.  Where  the  stable  nodes 
exist,  the  motion  will  consist  of  periodic  oscillations  in  Uj  and  either  a  positive  or  negative  nonzero 
static  deflection  in  Uy.  Where  the  unstable  foci  exist,  oscillatory  Uy  motions  accompanied  by  modulated 
Ut  responses  will  occur. 

In  Figure  13,  we  present  Hopf  bifurcation  sets  for  the  values  of  the  a/  used  in  Figure  12  and 
various  values  of  the  damping  coefficients.  Below  these  curves,  oscillations  in  Uy  decay  to  a  constant 
value  and  above  them  oscillations  in  Uy  are  sustained.  From  the  curves  in  Figure  13a,  it  is  apparent 
that  at  any  particular  excitation  frequency,  increasing  the  damping  coefficient  /ijof  the  high-frequency 
mode  increases  the  critical  forcing  amplitude  required  to  generate  oscillations  in  Uy.  From  Figure  13b 
however,  we  see  that  increasing  the  damping  coefficient  ^^y  of  the  low-frequency  mode  does  not 
always  increase  the  valua  of  the  critical  forcing  amplitude.  At  some  excitation  amplitudes  and 
frequencies,  increasing  /x,  actually  destabilizes  the  system. 

To  study  the  dynamics  of  the  system  in  the  neighborhood  of  unstable  foci,  we  employed  a 
fourth-order  Rurige-Kutta-Fehiberg  algorithm  and  integrated  the  averaged  equations  using  the  same 
parameter  values  as  used  in  Figure  12.  As  predicted  by  the  stability  analysis,  oscillatory  responses 
of  Uy  arc  found  to  occur  here.  The  dynamics  of  the  system  are  very  complicated  in  these  regimes 
and  various  nonlinear  phenomena,  such  as  period-doubling  bifurcations  culminating  in  chaos, 
symmetry-breaking  bifurcations,  the  existence  of  multiple  attractors,  and  the  merging  of  attractors 
are  found. 

In  Figure  14,  we  present  a  sequence  of  responses  obtained  for  the  parameter  values  used  in 
Figure  12,  f  =  2.5,  and  various  values  of  a.  As  shown  in  Figure  12,  as  a  is  decrei  5ed  through 
a  ~  0.349,  a  Hopf  bifurcation  occurs.  In  Figure  !4a,  we  plot  the  motion  in  the  a  —  Uy  plane  just  before 
the  supercritical  Hopf  bifurcation  occurs.  As  expected,  the  long-time  .'esponse  consists  of  only  the 
stable  fixed  point.  It  should  be  noted  that  there  exists  a  second  fixed-point  solution  corresponding 
to  negative  values  of  u,  which  is  not  plotted  here. 

In  Figure  14b,  we  show  the  motion  just  after  the  bifurcation.  As  predicted,  the  response  changes 
from  the  point  in  the  plane  shown  in  Figure  14a  to  the  limit  cycle  shown  in  Figure  14b.  As  a  is  further 
decreased,  the  size  of  the  limit  cycie  increases  as  shown  in  Figures  14b-e.  Decreasing  a  further,  we 
obtain  the  period-doubling  bifurcation  sequence  of  Figures  14f-g  which  culminates  in  the  creation  of 
he  chaotic  attractor  shown  in  Figure  14h.  It  should  be  noted  that  only  a  short  sample  of  the  chaotic 
attractor  is  shown.  As  the  motion  continues,  the  trajectory  would  fill  the  area  outlined  roughly  by  the 
portion  of  the  trajectory  shown. 

For  all  of  the  responses  shown  in  Figure  14,  there  exists  a  mirror  image  with  opposite  signs  of 
Uy  and  Vy  in  the  left  half  of  the  plane.  Decreasing  o  further,  the  chaotic  attractors  in  the  left  and  right 
halves  of  the  a  ~  Uy  plane  merge  into  a  single  attractor.  That  is,  the  motion  does  not  remain  in  either 
the  left  or  right  haif  of  the  plane  but  rather  jumps  erratically  from  one  to  the  other.  This  response  is 
shown  in  Figure  15a.  As  a  is  further  decreased  through  roughly  -0.41,  this  attractor  loses  stability. 
The  motion  is  no  longer  attracted  to  it  but  rather  diverges  from  it  after  some  time  and  jumps  to 
another  attractor  (depicted  in  Figure  16a)  which,  for  values  of  n  less  than  roughly  -0.2,  coexists  with 
the  attractors  discussed  thus  far. 

As  shown  in  Figure  16a  this  attractor  is  periodic  and  symmetric  at  a  =  -  0.41.  As  a  is  decreased, 
a  symmetry-breaking  bifurcation  occurs;  c  ne  of  the  two  resulting  nonsymmetric  attractors  is  shown 
in  Figure  16b.  As  n  is  further  decreased,  these  attractors  undergo  a  period-doubling  bifurcation 
sequence  leading  to  chaos  as  shown  in  Figure  16c-e.  The  chaotic  attractor  in  Figure  16e  is 
nonsymmetric  and  an  attractor  with  its  mirror  image  also  exists.  Another  decrease  in  a  causes  these 
attractors  to  merge,  resulting  in  the  symmetric  attractor  shown  in  Figure  16f.  As  o  is  further 


4,18 


NAYFEH.  NAYFEH.  ANDERSON.  BALACHANDRAN 


decreased,  a  great  variety  of  noniinear  dynamical  phenomena  are  observed  until  a  reverse  Hopf 
bifurcation  occurs  at  the  end  of  the  unstable  branch  leading  to  stable  fixed-point  solutions. 

The  analysis  of  this  two-degree-of-freedom  system  shows  interactions  between  high-  and 
low-frequency  modes  through  which  an  excitation  applied  to  the  high-frequency  mode  results  in 
large-amplitude  responses  in  the  low-frequency  mode.  The  response  of  the  system  is  similar  to  that 
reported  in  the  two  experiments. 


5.  Concluding  Remarks 

The  interaction  between  high-  and  low-frequency  modes  observed  experimentally  and 
demonstrated  theoretically  is  of  great  practical  importance.  In  many  engineering  systems, 
high-frequency  excitations  can  be  caused  by  rotating  machinery.  Through  the  mechanism 
discovered  at  VPI&SU,  energy  from  high-frequency  sources  can  be  transferred  to  low-frequency 
modes  of  supporting  structures  or  foundations,  resulting  in  harmful  large  oscillations.  Moreover,  the 
results  obtained  in  this  research  indicate  that  the  use  of  conventional  methods  for  decreasing  modal 
interactions,  such  as  increasing  the  dissipation  or  decreasing  the  forcing  amplitude,  may  have 
undesirable  effects. 
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Tabitt  1.  Th^  first  five  natural  frequencies  of  the  test  specimen. 


Mode 

1 

3 

4 

5 


NatursI  Frequency  (Hz) 
1.3031:0.005 
9.049±0.005 
25.564±0.005 
50.213±0.007 
83.J.0St0.011 


Table  2.  Experimental'y  and  theoretically  determined  natural  frequencies  of  the  aiu.minum 
cantilever  plate. 


Mode  No. 

fixperiment  (Hz) 

Finite  elsment  (Hz) 

1 

9.67 

9.23 

‘i 

32.34 

30.62 

3 

'  58.93 

57.22 

4 

108.1 

103.61 

■i 

147.9 

142.25 

6 

166.1 

164.94 

7 

221.1 

212.15 

8 

237.4 

225.76 

FHfure  1.  Experimental  setup  for  the  parametrically  excited  cantil;:*ver  beam. 
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F^|ure  2.  Response  at  —  32.31  Hz:  a)  Fourier  spectrum  and  b)  Polncar^  section. 
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Figure  3.  Response  at  (,  =  32.298  Hz;  a]  Fourier  spectrum  and  b)  Poincare  section. 
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Figure  4.  Response  at  f.  -  32.289  Hz:  a)  Fourier  spectrum,  b)  Poincar6  section,  end 
autocorrelation  function. 
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Figure  5.  A  time  trace  of  a  transient  motion. 
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Figure  6.  Experimental  setup  for  the  externally  excited  cantilever  rod. 
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FlBure  7.  Frequency'response  curves  cf  the  fifth  mode  (or  an  excitation  arnplitfjde  of  2.00  g.s  rms. 
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FIgura  8.  Time  traces  of  a  typical  weakly  modulated  motion. 


Figure  9.  Magnitude  of  the  FFT  of  a  typical  weakly  modulation  motion. 
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Figure  10.  Time  traces  of  a  typical  strongly  modulated  motion. 
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Figure  11.  M.  gnitude  of  the  FFT  of  a  typical  strongly  modulated  motion. 
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Figure  12.  Frequency-response  curves  for  ai  =  a,  *=  1,  Of  ®  ~  2,  04  =  3,  =  0-25.  jUt  =  0-5,  and  f  = 

Solid  lines  denote  stable  solutions,  dotted  lines  denote  unstable  solutions  with  a  positive 
real  eigenvalue,  and  dashed  lines  denote  unstable  solutions  with  a  complex-conjugate  pair 
of  eigenvalues  in  the  right  half-plane. 
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Figure  13.  Br  ondariesi  between  constant  and  osciliatory  motior^s  of  u,  for  a,  =  a,  =  1,  a,  =  -  2.  a,  =  3. 
and  various  damping  values. 
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FIgur*  14.  Numerical  simulation  of  the  averaged  equations  for  ai »»  o,  —  1,  at  =  —  2,  au  ■■  3, 
;x,  =  0.25,  =  0.5.  2.5.  and  a  =  (a)  0.350,  (b)  0.348,  (c)  0.300.  (d)  0.200,  (e)  0.000,  (f) 

•0.170.  (Q)  -0.243.  and  (h)  -0.260. 


Figure  15.  Numerical  simulation  of  (a)  the  averaged  equations  and  (b)-(d)  the  exact  equations  for 
at  =  a,  “  1,  «}  =  —  2.  04  =“  3,  /i,  =  0.25,  nt  «=  0.5,  (  ^  2.5,  and  <»=-=-  0.27,  and  t  =  (b)  0.01,  (c) 
0.03,  and  (d)  0.05. 
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Figure  16.  Numerical  simulation  of  the  averaged  equations  for  ai  ==  o,  =  1,  ai  ==  -  2,  04  =  3, 
=  0.25,//, -0.5,  f-- 2.5,  and  a=  (a)  -0.41,  (b)  -1.10,  (c)  -1.28,  (d)  -1.31,  (e)  -1.32,  and  (f) 
-1.36. 
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ABSTRACT: 

A  system  of  weakly  coupled,  georaetrically  nonlinear  beams  is  examined,  A  Galerkin 
procedure  is  used  to  express  the  motions  of  the  two  beams  in  terms  of  their  linearized 
flexural  modes.  Transient,  impulsive  excitations  are  considered,  and  the  response  of  the 
system  Ls  analytically  and  numerically  computed.  For  small  values  of  a  coupling  nonlinear 
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passive  motion  confinement  is  possible. 
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Passive  Motion  Confinement  of  Impulses  in  a  System  of  Coupled  Nonlinear  Beams 


Alexander  F.  Vakakis  (*),  and  Joseph  Bentsman 
University  of  Dlinois  at  Urbana  -  Champaign 
Urbana,  Illinois 


1.  INTRODUCTION 

Repetitive  structures  are  common  in  engineering  practise.  They  consist  of  a  number 
of  identical  substructures  coupled  by  means  of  resilient  elements.  Such  systems  are 
commonly  used  in  aerospace  and  turbomachinery  applications:  an  assembly  of  helicopter 
blades  can  be  regarded  as  a  cyclic  system  of  highly  flexible  (and  hence  geometrically 
nonlinear)  coupled  beams;  periodically  stiffened  plates  and  shells  are  used  for  a  long  time 
as  parts  of  aeroplane  fuselages;  and  continuously  shrouded  bladed  disc  assemblies  are 
essential  parts  of  all  turbomachines.  In  this  work,  a  system  consisting  of  two  linearly 
coupled  isotropic  beams  will  be  considered  to  model  a  two-helicopter  blade  assembly.  Due 
to  the  flexibility  of  the  beams,  geometric  and  inertial  nonlinearities  occur,  giving  rise  to  a 
variety  of  nonlinear  phenomena,  having  no  counterpart  in  existing  linear  or  linearized 
theories.  In  particular,  for  weak  interblade  coupling  and/or  strong  blade  nonlinearities,  the 
assembly  will  be  shown  to  possess  nonlinear  localized  modes  of  vibration.  The 
implementation  of  the  mode  localization  properties  of  this  system  in  the  design  for  passive 
motion  confinement  of  external  disturbances,  is  the  main  objective  of  this  work. 

In  a  number  of  recent  works,  the  phenomenon  of  mode  localization  in  "perturbed" 
linear  periodic  systems  was  investigated  (1“5].  In  these  references  it  was  shown  fJhat  the 
(extended)  normal  modes  of  weakly  coupled,  symmetric  linear  systems  become  localized 
when  weak  perturbations  of  the  periodicity  are  introduced.  Linear  mode  localization  was 
detected  when  the  coupling  between  subsystems  was  of  the  order  or  smaller  than  the  spread 
in  natural  frequencies  of  the  component  systems.  The  phenomenon  of  mode  localization  in 
discrete  periodic  oscillators  with  nonlinear  stiffnesses  was  analytically  and  numerically 
studied  in  [6-8].  This  was  accomplished  using  the  notion  of  "nonlinear  normal  mode,"  [9], 
i.e.,  of  a  free  motion  during  which  all  coordinates  of  the  system  os<  illate  equiperiodicaJly, 
reaching  their  extremum  values  at  the  same  instant  of  time.  As  pointed  out  in  other  works 
[10-12],  although  superposition  of  modal  responses  is  not  valid  in  nonlinear  systems, 
forced  nonlinear  steady  state  motions  occur  in  the  neighborhoods  of  the  nonlinear  normal 
modes  (as  in  linear  systems);  thus,  the  examination  of  nonlinear  normal  modes  provides 
valuable  insight  into  the  dynamic  response  of  discrete  nonlinear  oscillators.  Recently,  the 
notion  of  "nonlinear  norm^  mode"  was  extended  to  one-dimensional  nonlinear  continuous 
systems  [13,14]. 

In  [8],  a  discrete  cyclic  system  composed  of  n  identical  substructures  posses.sing 
grounding  nonlinearities  of  the  third  degree,  and  linear  coupling  stiff..^..scs  was  studted.  In 
all  numerical  examples,  it  was  found  that,  for  sufficiently  weak  coupling  between 

substructures  (of  0(e),  l£l«l),  the  ['>eriodic  system  contained  a  "strongly"  IcKalized  mode 
during  only  one  coordinate  vibrated  with  0(1)  amplitude,  the  remaining  coordinates 
oscillating  with  amplitudes  of  at  least  0(e).  Moreover,  this  "strongly  localized'  mode  was 
found  to  be  orbitally  stable  and  thus,  physically  realizable.  Some  additional  results  on 
nonlinear  normal  modes  were  recently  reported  in  [15],  were  a  new  methodology  for 
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detecting  nonlincfir  normal  modes  was;  descril>ed;  this  metliod  is  based  on  the  computation 
of  invariant  manifolds  for  the  motion,  msd  is  valid  even  for  systems  with  damping. 

Localized  modes  in  lin-sar  cyclic  assemblies  of  beams  modeling  large  space 
reflectors  were  investigated  in  [4,5,16],  Linear  mode  loctilization  in  such  flexible  structures 
occurred  only  in  die  presence  of  structural  disorders,  and  the  1;  :alized  linear  modes  were 
investigated  both  analytically  and  numerically.  It  was  shown  Kc't  higher  flexible  modes 
were  more  susceptible  to  localization  than  lower  ones.  More  .or,  the  strength  of  the 
localization  phenomenon  was  found  to  depend  on  die  position  of  ;  c  'oupling  stiffness.  A 
recent  experiment  [17]  proved  the  existence  of  certain  lirR  ar  local  •  *0  nodes  in  a  circular 
antenna  with  twelve  flexible  ribs  and  a  gimballcd  central -hub.  In  ar  :  o  la  ice  to  existing 
dieories,  the  "second  bending  group"  of  th<i  antenna  (ribs  oscillating  in  the  “  second  flexible 
mode)  was  more  effectively  localized  than  the  first  group.  Moieover,  ,st)  o  sc'  localization 
was  observed  with  increasing  modal  band.  Mode  localization  in  sysk  mr-  of  flexible 
nonlinear  beams  was  fii'St  extunined  in  [18].  In  that  work,  a  configuration  of  two  coupled, 
geometrically  nonlinear  beams  w'as  investigated.  A  variety  of  localized  modes  was 
determined.  The  topology  of  the  localized  branches  of  modes  was  found  to  be  greatly 
influenced  by  an  "inteni'il  resonance"  existing  fietw'een  the  second  and  ti.iird  linearized 
cantilever  modes,  and  by  tlie  position  of  the  coupling  stiffne.s.s. 

A  number  of  existing  worlcs  investigates  the  spatial  confinement  oi  propagating 
disturbances  in  structures  with  localized  modes.  In  [19],  localization  of  propagating 
disturbances  in  one-dimensional  disordered  coupled  oscillators  and  in  beams  with 
irregul^ly  spaced  constraints  is  studied  using  ensemble  averaging  procedures.  Attalytic  and 
numerical  logarithmic  averages  for  the  tran.smission  of  disturbances  along  such  systems 
were  given.  In  [20],  a  wave  propagation  formulation  for  studying  transmission  in 
disordered  periodic  systems  is  adopted.  Multiplication  of  random  transmission  matrices  is 
carried  out  in  order  to  compute  the  "localization  factors"  inside  the  passbands  of  the 
unpeilurbed  system.  An  extension  of  these  statistical  analyzes  was  given  in  [21],  were 
theoretical  results  on  the  UKalization  factors  were  confirmed  by  Monte  Carlo  simulations. 
Localization  of  flexural  propagating  waves  along  a  fluid- loaded  plakt  with  an  irregular  array 
of  line  attachraenLs  is  presented  in  [22].  A  sUuctural  acoustics  formulation  is  adopted  in  that 
woiic,  and  Iocaliz.alion  is  studied  by  means  of  numerica!  simulations.  Additional  numerical 
computations  of  motion  confinement  of  external  disturbances  due  to  mode  localiz.;ition  were 
carried  out  for  models  of  linear  [4,5,23]  and  nonlinear  [H]  sinictures.  These  work.s 
demonstrated  the  beneficial  effects  of  die  mode  local  Mt ion  phenomenon  on  the  passive 
and/or  active  vibration  isolation  of  periodic  systems.  Ibis  is  brjcaure  in  a  structure  with 
localized  modes  the  energy  induced  from  an  impulse  tr>  any  of  its  substructures  remains 
confined  to  that  substructure  and  does  not  "spre'iJ"  throughout  the  remaining  system. 
Motion  confinement  due  to  nonlinear  mode  kjcaiizaiion  in  impulsively  loaded  cyclic 
systems  was  demonstrated  in  [8j,  where  the  impulsive  respon.se  of  a  nonlinear  cyclic 
system  with  50  DOF  wiis  nunicricaliy  eomputed  u.sing  a  finite-eicmcnl  techrfirjue.  For 
sufficiently  weak  coupling  and  no  disorder,  the  energy  of  th  impulse  was  confined  to  the 
point  of  its  application,  in  contrast  to  the  corrosponding  iiii  ir  system  where  the  energy 
"leaked"  to  the  other  components  of  the  sy.stem.  Thi';  motion  onfincfnem  in  the  nonlinear 
system  was  attributed  to  the  nonlinear  localized  modes,  vhich  did  iu>!  exist  m  the 
corresponding  linear  structure. 

The  pre.ser!l  work  investigates  the  passive  iiioiion  c(.'ntmeviier!!  pri>pefocs  of  a 
system  of  tWi.;  coupled,  geometrically  nonlinear  beams.  In  seeti*  n  2,  the  math  matical 
model  is  described  and  the  nonlinear  locahzed  modes  of  the  .s  steni  are  disei  .sed  It; 
section  3,  both  iKtants  are  forced  to  vibrate  in  their  first  caruiicver  mode,  and  motion 
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coiifinemeRt  of  a  generii  class  of  induced  impulses  is  proved  analytically  and  numerically. 
A  discussion  of  the  implications  of  the  main  findings  of  tliis  work  is  giveu  in  section  4. 


2.  NONLINEAR  LOCALIZED  MOOES  OF  THE  UNFORCED  SYSTEM 

The  flexible  system  under  consideration  is  shown  in  figure  1 .  The  sfneture  consists 
of  two  isotropic,  linearly  elastic  loams  of  identical  material  properties  and  dimensions, 
which  aie  coupled  by  means  of  a  linear  stiffness.  Assuming  no  out-of-plane  components  of 
motion,  and  increa.sed  beam  flexibility,  the  nonlinear  relation  between  curvature  and 
transverse  displacement  and  the  longitudinal  inertia  of  the  beams  give  rise  to  geometric 
nonlinearities  which  can  greatly  influence  the  dynamic  response  [24-27].  Assuming  that  the 

beams  are  rigidly  fixed  to  a  non-moving  rigid  base,  and  that  wealt  coupling  stiffness  K=ek 

exists,  where  l<-:l«l,  a  rescaling  of  the  transverse  displacemenis,  .  vp  — >  leads  to 

the  following  governing  equations  of  motion: 


Figure  1 .  The  flexible  nonlinear  assembly  under  considerauns!. 


’'pit 


+  V 


pT.\XX 


~  ^  {  ''pit  f  ''pKx  lx  +  (1/2)  Vpx  Ji  !  J*q  Vpx*"  du  ][(  ds  }  X 
-  E  (kL‘^/Ei)  {  Vp(!/L.t)  -  Vni(l/l  ,l)  }  6(x~l/L)  +  Fp{x,i) 


Up(x,t)  -  0(e)  ,  p,  m- 1 ,2  ,  p?im  ( 1 ) 

where  Vp  and  Up  denote  the  transverse  and  longifjijinal  displaceincnis  of  beam  p,  and  x  the 
arclengui  per  unit  length  of  the  two  bcanus,  in  (1),  l  is  the  scaled  time,  defined  by 

t--t(  El/pL'^ )  where  x  repre.scnis  physical  time,  E  the  modulus  of  elasticity  of  the 
materiai  of  the  beam.s,  I  the  moment  of  inertia  of  the  cross  section  of  the  beams  about  axes 
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orthogonal  to  the  plane  of  their  motion,  and  p  the  material  density  par  unit  length.  In  (1), 
no  sheai-  a  '‘ormations  of  the  cross- section,  nor  any  rotar>'  inertia  effects  are  taken  into 
account.  T  r<rsv  nonlinear  term  in  the  iight-hand-side  of  (1)  is  due  to  the  nonlinear 
reiati'  1  betvi/e<  a  the  curvature  and  the  transverse  displacement,  and  the  second  nonlinear 
term  o  i*asenLs  tic-  nonlinear  coupling  effects  due  to  the  nonlinear  longitudinal  inertia  of  the 
beam.  >  te  that,  expressions  (1)  indicate  that  the  longitudinal  displacement  u(x,t)  is  of 
higher  ,  rder  than  the  transverse  displacement  v(x,t),  and  therefore  of  much  smaller 
'nagnitmie  and  importance.  In  the  following  analysis,  longitudinal  motions  are  neglected. 


For  small  values  of  e,  equations  (1)  form  a  set  of  weakly  nonlinear,  and  weakly 
coupled  partial  differential  equations.  This  set  can  be  discietized  by  expressing  the 
trans  verse  displacements  ''p(x,t)  in  the  following  series  form: 

n 

Vp(x,t)=  X  <!>m(x)  qpm(t)  .  P-1.2  (2) 

rn^l 

where  the  functions  <t)ni(x)  are  the  normali/cid  cantilever  eigenfunctions  of  the  inear  parts  of 
(1;  .  orrisponding  lo  e=0),  and  qpm(0  new  generalized  co  rdinates.  Substituting  (2)  into 

(1),  iien  ultipl}  ing  by  the  i-th  normalized  eigenfunction  4)i(x),  integrating  from  x  =  0  to  x  = 
1  wiu  -  H;ot  to  the  spatial  variable,  and  using  the  orthogonality  properties  of  the  linearized 
eigeni  s  th  ■  following  set  of  ordinary  differentia)  equations  for  qpi(t)  is  obtained: 

n  n  n 

'  Ips  f  ^  [‘tibik  ^pb  Qpk  4pl  +  4pb  l^pk  flplitt 

b=l  k-l  1=1 

n 

+  X7ki(qpk-q(p+l)k))}  +  Fpi{’)  (3) 

where  the  li  st  i  txscript  of  qpj  represents  the  beam  number,  p  =  1,  I  p  -  =  1,  and  the 

.sittond  subsi  dpt  .k  notes  die  order  of  the  litieaiizcd  mode-shape,  i  =  l,2...n.  The  various 
terms  in  (3)  a  *  deli  ed  as  tollovvs; 

athkl  '  kb'(‘j>k''-l>i")’l' dx,  bjbkl  =  I  '))i[4>b'j  I  <}>k’4)l' dXdC  j  dx, 

J*'  Jn  1  0 

s  U  Fpj(0  Fp(x,t)  (})i  dx  t4) 

whet  pniiiC  deuo'i  s  difleientiaiion  with  >x:.s  -ect  to  the  argument.  Tiie  numerteal  values  lor 
.some  of  evH.'!r>ci-’niN  (4)  am  provided  in  ( i  Sj 


The.  I  •etiv!.  ol  tlic  pre.seiil  v.i)rk  is  o  .study  ihe  re.spon.sc  of  systems  ( 1 )  and  (3) 
due  to  gent^ra  >put.\.  -  e  ex!.'itation.s  !  pills  Bdore  analy/.itig  the  forced  respon.ses,  it  is  of 
interest  o  hm  o,v  ih'.  nonloiear  mode  lt^cali.'’.auun  properties  of  the  unforced  system, 
coiTcspondin  lo  1  pjd )  4)  in  (3).  A  dcia  led  dynamic  analysis  of  the  unforced  system  was 
carried  out  in  i  ’8J  liy  etntiloying  the  mctiioi!  of  multiple  scales.  To  this  end,  the  responses 
qp,  in  i  i)  an'  cxpres.sed  m  tire  form: 

q,,,  (t  -  qp  fTo,Ti)  ^  t,,(Ti)  0^*^'*'* 


e 


(0),  I 


4.s^ 


+  ()(t) 


(3) 
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where  To  =  t  and  Ti  =  et  are  "fast"  and  "slow"  time-scales  [24],  AjpCTj)  are  complex 

amplitudes,  (•)  denotes  the  complex  conjugate,  and  tOj  is  the  natural  frequency  of  the  i-tli 
linearized  cantilever  mode.  The  complex  amplitudes  in  (5)  are  computed  by  substituting  (5) 

into  (4)  and  eliminating  "secular  tenns"  of  the  0(e)  equations,  i.e.,  terms  which  lead  to 
unbounded  and,  thus,  non-uniformly  valid  solutions  in  lime  [18].  At  this  point,  it  is  noted 
that  a  low-order  "internal  resonance"  exists  between  the  second  and  third  flexural  cantilever 

modes  <t>2(x)  and  <)3(x),  since  their  corresponding  linearized  itatural  frequencies  are  nearly 

integrably  related:  (1)3  ~  3(02-  Such  a  low-order  "internal  resonance"  is  well  known  [24-27] 
to  lead  to  nonlinear  transfer  of  energy  between  the  associated  linearized  modes  and  hence, 
is  expected  to  influence  the  nonlinear  mode  localization  in  the  flexible  system  under 
consideration.  To  study  the  effects  of  this  low-order  "internal  resonance"  one  introduces  a 

"detuning"  parameter,  cr,  defined  as: 

0)3  =  30)2  +  ect.  (6) 

Parameter  ct  quantifies  the  closeness  of  the  multiples  of  the  natural  frequencies  of  the 
modes  participating  in  the  "internal  resonance."  Tnmcating  expression  (2)  to  three  mo*  es 

per  blade  (n=3),  expressing  tfie  complex  amplitudes  as,  Api(Ti)=  (l/2)api(Ti)ejV''l\ 

where  apt  and  6pi  are  real  amplitudes  and  phases,  stibstituting  (5)  into  (3),  and  eliminating 
"secular  terms,'  the  following  set  of  differential  equations  governing  the  amplitude-  arid 
phase-modulafions  is  derived: 

(Mode  1)  0)1  an'  =  (1/2)  yn  a2i  sm(92i-0n) 

0)1  a2i'  =  -  (1/2)  Yi  1  ai  1  sin(02r0i  n 

3 

0)1  an  0n'  =  (1/2)  Yii  (an  -  a2i  cos(e2i-0n))  -  (an/8)  S  Tiic  a^. 

k=l 

3 

0)1  a2i  021' =  (1/2)  Yn  (a2i  -  an  c*os(0n-02i))  -  (  «2i/8)  Xqik  ai  (7i) 

k=:l 

(Mode  2)  0)2  ai2'  =  (1''2)  ;  >2  a22  sin(022-0i2)  +  (^8)  a]3  .sin(0i3-30i2+OiTi) 

0)2  a22'  =  (1/2)  Y23  ai2  sin(0i2-022)  +  (^8)  323  222^  sin(02:<-3022+criTi) 

3 

0)2  ai2  012'  =  (1/2)  Y22  (ai2  -  a22  cos(022-9i2O  -  (ai2/8)  tl2k  ai  - 

-(^8)  ai3  ai2^ cos(0i3-30i2+OiTi) 

3 

ti>2  a22  022'  =  (1/2)  Y22  ia22  '  ai2  cos(0i2-022))  -  (a22/8)  X  il2k  a^,.  - 

k=l 


-  (4  /  8  )  32  3  a2  2  ^  0  .s  (  0  2  3  -  3  0  2  2  "t"  Cf  1  T  1  ) 


(7ii) 
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(Mode  3)  0)3  an'  =  (1/2)  ”^3  323  sin(623-0i3)  -  (5/8)  ai2^  £in(9i3-39i2+<^iTi) 

W3  a23'  =  (1/2)  Y33  ai3  sin(9i3-e23)  -  (6/8)  322^  sin(923-3922+criTl) 

3 


03  ai3  9i3'  =  (1/2)  Y33  (ai3  -  a23  cos(e23-9i3))  -  (ai3/8)  S  3l3k  - 

k=l 


-  (6/8)  ai2^  cos(9i3-30i2+CfiTi) 

3 

®3  a23  023’  =  (1/2)  Y33  (a23  '  ai3  cos(9i3-023))  -  (a23/8)  X  T)3k  ai  - 

k=l 


-  (6/8)  a22^cof:(923-3022+OiTi)  (7iii) 

In  (7),  primes  denote  differentiation  with  respect  to  the  "slow  time"  Ti.  Th^  various 
parameters  appearing  in  (7)  are  defined  as; 

2  2  2 
Tiii  =  2o),  btiii  -  3aiiii,  Tipi  =  2bpipi  taip  +  cOj )  -  2(uppii  +  a^np  +  apjpi) 

C  =  ^2232  (ti<3  -  <«>2)^  +  20)2  ^2322  -  a2223  *  a2232  -  a2322-  5  s  -  a3222  (8) 

The  free  nonlinear  periodic  solutions  of  the  system  are  investigated  by  replacing  the  angle- 
variai  ’es  Gp,  witli  the  new  phase- variables  <l>i  =  02i  -  Bn.  ‘I>2  =  022  -  012.  ^3  =  023  ■ 

913,  anc  Ti  =  013  3012  +  crTi,  and  reducing  equations  (7)  to  a  set  of  ten  autonomous 
ordinary  differential  equations  of  first  order  [  >  8].  The  periodic  solutions  of  the  system  are 
then  obtained  by  imposing  stationarity  conditions  on  tlie  amplitude-  and  phase-variables, 

i.e.,  by  setting  api'  =  0,  <I>i'  =  0,  and  'Pf  =  0  in  the  reduced  set  of  equations,  and  solving 
the  resulting  set  of  stationary  algeb'^ic  equtUions.  This  calculation  was  performed  in  (18), 
where  it  was  found  that,  certain  of  t’ne  periodic  solutions  of  the  system  are  localized. 
During  juch  motions  (localized  normal  oscillations),  the  modal  amplitudes  of  one  beam  are 
much  larger  in  magnitude  than  the  corresponding  amplitudes  of  the  other  beam,  and  thus, 
the  vibrational  energy  is  spatially  confined  and  nearly  restricted  to  only  one  of  the  two 
subsystems.  In  a  localized  normal  oscillation,  the  motions  of  the  two  beams  are 
approximately  given  by: 

3 

vp(x,t)  -  api*  cos(o>ii  -r  0pi*{Et))f  ()(e)  )  ,  p  =  {, :»  (9) 

where  apj*  and  0pi*(£t)  denote  the  localized  modal  amplitudes  and  ao.gle.«.  obuiined  bv 
solving  the  stationary  equations.  The  stability  of  the  periodic  .solution.s  (9)  can  be  studied 
by  Fhx^uet  analysis,  i.e.,  by  forming  the  appropriate  system  of  linear  variational  equations 
in  terms  of  tiie  amplitude  and  pha.se  modulations  and  computing  the  eigenvalues  of  the 
ass(x;iated  FiiXiuet  matrix  [24). 

It  turns  out  that  there  exist  two  basic  cla.s.se.s  of  hKalized  nonlinear  modes  in  the 
.system.  The  first  category  involves  participation  of  only  the  first  cantilever  mode  of  the  two 
blades,  i.e.,  an*  ^  0,  a2i*  *  0,  api*=  0,  p=1.2,  i-2,.3,  and  the  localized  n'odes  arc- 
depicted  in  figure  2a  Note  that  nonlinear  localizaiion  depends  on  .he  ratio  r=^ii/lqi;| 
From  definitions  (4)  and  (8)  it  can  be  .seen  that  vn  is  a  parameter  related  to  the  strxmgth  and 


VAKAKIS,  BENTSMAN 


position  of  the  coupling  stiffness,  whereas  n  1 1  relates  to  the  geometric  nonlinearities  of  the 
beam.  As  r-40,  the  bifurcating  modes  become  localized,  limj._^Q{aj  j  /a2j  }=0  or  «>,  and 
the  energy  of  the  corresponding  free  motion  is  mainly  confined  to  only  one  of  the  two 
beams  (figure  2a).  When  r  increases,  the  localized  branches  become  non-localized  and 
eventually  coalesce  with  the  antisymmetric  mode  in  a  hamiltonian  pitchfork  bifurcation. 
This  bifurcation  point  can  be  regarded  as  the  point  of  generation  of  the  nonlinear  mode 
localization  phenomenon.  In  physical  terms,  pi  rameter  r  represents  the  ratio  of  coupling 
over  nonlinear  forces,  and  thus,  figure  2a  shows  that  when  both  beams  oscillate  in  their 
first  bending  mode,  nonlinear  mode  localization  occurs  only  when  the  coupling  forces  are 
weak,  and/or  the  beam  nonlinearities  are  strong. 


O.CO  o.ot  OO.'I  0.04  0.03 

t1  t/ln*  >j 


(0) 

Figure  2.  Nonlinear  mode  localization  for  bcam.s  osr  ilialing  in  (,a)  their  first  cantilever 
rnfxle,  and  (b)  in  their  se';ond  and  third  cantilever  modes 
- -  Stable  modes, - Unstable  modes 
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The  second  class  of  nonlinear  localized  modes  involves  participation  of  only  the 
second  and  third  cantilever  modes,  i.e.,  an’  -  a2i*  =0,  ap,i*5>t  0,  p=l,2,  i=2,3.  In  this 
case,  the  "internal  resonance"  between  modes  2  and  3  greatly  affects  the  topology  of  the 
localized  branches.  For  c  =  1  /  L  =  0.7650  (where  1  is  the  coupling  position),  the  branches 
of  localized  modes  are  depicted  in  figure  2b  In  each  of  the  tw'o  diagrams  the  ratio  of  the 

modal  amplitudes  (aiiVa2i'^),  i=2,3  is  plotted  versus  the  parameter  X=  (kL'^/EI)/a3223. 
Again,  it  is  observed  that  lim5^^_^Q{ajj*/a2j*}=0  or  «»,  i=2,3,  i.e.,  that  as  the  coupling 

decreases  and/or  the  nonlinearity  increases  nonlinear  mode  localization  occurs.  As  X 
increases,  the  localized  modes  become  non-localized,  until  they  coalesce  with  the 
symmetric  mode  in  a  pitchfork  bifurcation.  An  interesting  feature  of  mode  localization  in 
the  presence  of  internal  resonance  is  its  essential  dependence  on  the  position  of  the  coupling 
stiffness.  Indeed,  when  c=l/L  is  close  to  0.783,  the  value  corresponding  to  the  node  of  the 
second  (lower)  cantilever  mode,  a  complicated  sequence  of  bifurcations  of  certain  solution 
branches  takes  place  [18].  Additionally,  it  can  be  shown  that  high  modes  are  more 
susceptible  to  nonlinear  mode  localization  than  lower  ones.  In  figure  3,  the  values  of  the 
coupling  stiffness  at  the  points  of  generation  of  the  localized  mode  branches  are  plotted  as 
functions  of  the  position  of  the  coupling  stiffness.  Both  categoric;:  of  localized  solutions  are 
depicted,  and  it  can  be  seen  that  localization  for  modes  2  and  3  is  generated  at  much  higher 
values  of  tlie  coupling  stiffness  than  for  mode  1.  Similar  results  hold  for  higher  modes.  It 
is  concluded  that,  if  the  coupling  stiffness  is  low  enough  to  localize  the  first  cantilever 
mode,  then  it  is  sufficient  to  localize  all  higher  modes;  this  result  is  in  full  agreement  with 


0  OU  O  2’>  0  f>i)  0  /*•  1  t'O 


Figure  3.  Coupling  strength  at  the  point  of  generation  of  nonlinea'  mode  locali/alioii, 
versu.s  coupling  position. 
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TTie  results  pre‘;ented  in  this  section  establish  the  existence  of  stable  nonlinear 
loca'ized  modes  in  the  unforced  flexible  assembly  of  figure  1.  These  modes  were  found  to 
exist  only  for  sufficiently  small  coupling  stiffnesses  and/or  large  nonlinear  forces. 
Moreover,  the  nonlinear  localization  phenomenon  becomes  much  more  profound  for  high¬ 
mode  vibrations.  In  the  next  sections  it  will  be  shown  that,  due  in  nonlinear  mode 
localization,  a  spatial  confinement  of  a  general  class  of  externally  induced  transient 
impulses  results.  Thus,  it  will  be  proven  that  the  symmetric  two-beam  nonlinear  system 
possesses  pa.ssive  motion  confinement  characteristics,  a  result  with  no  counterpart  in 
existing  linear  theories. 


3.  IMPULSIVE  MOTION  CONFTNEMENT 

Passive  confmement  of  externally  induced  impulses  in  a  discrete  nonlinear  cyclic 
system  was  studied  in  [8],  by  employing  purely  numerical  techniques.  To  initiate  the  study 
of  the  motion  confinement  properties  of  the  nonlinear  flexible  system  of  figure  1, 
excitations  of  the  following  form  are  assumed  to  be  applied  to  the  tv'o  beams; 

Fi(x,t)  =  (1/e)  fi(t)  4»i(x)  ^'or  ()<t<eD,  and  Fi(x,t)  =  0  for  t>eD 

F2(x,t)=0,  0<t<oc  (10) 

Thus,  a  general  impulsive  excitation  of  duration  eD  is  assumed  to  act  on  beam  1,  with  a 
spatial  disuibution  identical  to  that  of  the  first  linearizea  cantilever  mode.  Beam  2  is  not 
directly  excited  at  this  stage.  Forcing  functions  with  more  general  spatial  distributions  will 
be  considered  in  the  next  session.  Expressing  the  displacements  Vp(x,t),  p=l,2.  in  terms  of 
the  linearized  caniilever  modes,  the  discretized  set  of  forced  ordinary  differential  equations 
(3)  is  obtained.  Taking  into  account  definitions  (4)  and  (10),  the  forcing  terms  in  equations 
(3)  assume  the  form, 

(1/e)  Fpi(t)  =  (1/E)  fi(t)  ()>i^(x)  dx  5pi  6ii  for  0  <  i  <  eD  ,  Fpi(t)  =  0  for  t  >  eD  (1 D 

where  Sjj  is  Knxmecker’s  symbol.  It  is  therefore  concluded  that  by  using  the  impulse 
distributions  (10),  it  is  ensured  that  only  the  first  cantilever  mode  of  beam  1  is  directly 
excited  by  the  forcing  distributions  \ !()).  It  is  of  interest  to  study  ihe  transfer  of  the  energy 
of  the  impulse  from  the  directly  excited  mode  to  the  other  mode.,  of  the  system;  clearly, 
spatial  motion  confinement  of  the  external  impulse  is  achieved  if  and  only  if  mininml 
amounts  of  vibrational  energy  eventually  "leak"  to  the  modes  of  the  unforced  beam  2. 

In  the  previous  section,  it  was  found  that  a  low  order  "internal  resonance "  exists 
Ixitween  the  .second  and  third  cantilever  modes;  moreover,  the  fir.st  caniilever  mode  was 
found  not  to  po.sse.s.s  any  nonlinear  coupling  with  any  higher  modes  lienee,  no  energy 
transfer  is  expected  to  tKcur  from  the  directly  excited  first  mode  of  bt^am  1,  to  any  other 
higher  modes  of  the  two  beams,  and  ihu.v,  the  only  po.vsihle  energy  exchange  is  anticipated 
to  lake  place  only  between  the  firsi  cantilever  modes  of  the  two  beams.  This  theoretical 
pmdiclion  will  be  verified  m  die  following  unaly.sis.  The  dynamics  of  the  forced  sysicm  (^) 
will  now  be  analyzed,  by  examining  ihe  modal  re.sponses  in  two  distinct  phase,'*.  FDr  the 
.sake  of  simplicity,  the  analysi.s  is  limned  to  n=.^  canulc  er  modes  per  beam. 


Pha.st'  1.  0  <  t  <  eP.  During  this  phase,  the  applied  force  is  non -/.ere.,  and  the 

response  is  asymptotically  approximated  by  introducing  toe  new  time  T,  defined  by 
llie  range  of  values  of  the  new  lime  variable  during  this  phase  of  the  motion  is,  0  <  T  <  D 
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Expressing  the  time  derivatives  in  (3)  in  terms  of  the  new  variable  T,  the  governing 
equations  for  the  modal  amplitudes  are  written  as; 

(Mode  1) 

3  3  3 

d2(qpi )  /  dT2  =  r.  { -  X  X  Z  qpb  Ulpk  qpll jy  +  P  l  (T)8p  i  }  - 

h=--!  k=l  1^1 

3  3  3  3 

-  E2a)i2  qpi -e^  I  X  XX  aiblkqpbqpkqpi+ X7ik(qpk-q(p+l)k))  j.P=l>2  (12) 
b=l  k=l  1=1  k=l 

with  similar  expressions  holding  for  the  modal  displacements  qp2,  and  qp3,  p=l,2,  of  the 
higher  modes.  Complementing  (12),  is  the  set  of  initial  conditions  qpi(0)=0, 

d(qpi(0))/dT=0,  p=1.2,  i=l,2,3,  since  at  t=T=0  the  system  is  assumed  to  be  at  rest.  In 

equations  (12),  all  depended  variables  are  functions  of  T,  and  the  new  forcing  function  is 
defined  a.s, 

pi(T)  =  Fn(eT)  (13) 

The  response  of  .system  (12)  is  approximated  using  regi  ^ar  perturbation  expansions,  i.c., 

oo 

by  expressing  the  responses  in  the  form,  qpi(T)  =  X  e'"  qpi^'^HT)  ,  and  substituting  in 

m=l 

(12).  By  matching  the  coefficients  of  respective  powers  of  e,  one  determines  the  various 
orders  of  approximation.  Omitting  the  calculations,  and  transfoiming  in  terms  of  the 
original  time  variable,  the  response  of  the  system  during  this  phase  is  computed  as: 
f(i/e)  pTi  ..  .  /.(!/£)  .. 

qil(t)  =  e  I  pi(s)  dsdri +  0(e3),  qii(i)=  pi(s)  ds  +  0(e2) 

JO  JO  JO 

qij(t)  =  Ofe"*),  qij(t)  =  0(e3)  ,  otherwise  (14) 

Hence,  the  analysis  predicts  that  for  0<t<ED  (ihe  duration  of  the  impulse),  the  response  of 
the  system  is  mainly  detennined  by  the  impulse  itself  and  not  by  any  structural  parameters 
(the  system  "does  not  have  time  to  o.scillate").  Note  that,  the  velocity  of  the  directly  excited 
mode  is  of  0(1),  whereas  the  response  of  all  unforced  modes  are  orders  of  magnitudes 
smaller  than  that  of  the  directly  forced  mode.  The  resulting  physical  motions  of  the  two 
beams  are  given  by: 

vi(x,t)  “({iifx)  qn(i)  +  0(e3).  V2(x,t)  ■=  O(E^) ,  for  0<t<eD  (15) 

Phase  2.  t  >  eD.  During  this  phase  of  the  motion,  the  impulse  ceases  to  apply,  and, 
thus,  the  system  performs  free  oscillations,  with  initial  conditions  determined  from  (14). 
Introducing  the  time  translation  t=t-ED,  the  governing  equation.s  (3)  are  cxpres.sed  as: 

3  3  3 

tipi  +  wf  qpi  =  -  E  {  X  ^  qpk  4pl  +  qpb  d2(qpjc  qp|)/di2  ]+ 

3 

■t-  X  Yik  (qpk  -  q(p+l)k))}  .  P=1.2,  i  =  l,2,3  (16) 

k=l 
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where  differentiation  is  carried  out  with  respect  to  t,  and  qpj  -■  qpi(t).  From  (14),  the  set  of 
initial  conditions  complementing  (16)  is,  qii(0)-Ejg  Pl(s)  ds  dt)  +0(e3),  qii(O)- 

pi(s)  ds  +0(e2),  qpi(O)  =  0(e'*),  and  qpi(O)  =  0(e3),  otherwise.  Since  equations  (16) 

represent  free  oscillations  of  the  system,  Uieir  solutions  can  be  analytically  approximated 
by  the  multiple-scales  singular  perturbation  analysis  outlined  in  section  2.  To  this  end,  the 

A  A 

modal  responses  are  expressed  according  to  (5),  with  time  scales  Tq  =  t  and  Tj  =  et. 

Introducing  the  transformations  Api(Ti)  =  (1/2)  api(Ti)  p=l,2,  i=1.2,3,  the 

modulation  equations  (7)  governing  the  real  amplitudes  api(Ti)  and  angles  9pi(Ti)  are 
obtained.  In  order  to  compute  the  amplitude  and  phase  modulations  of  the  response,  one 

fD  . 

should  solve  equations  (7),  with  initial  conditions,  aii(0)=-(l/coi)  L  pi(s)  ds,  a2i(0)=0, 

9ll(0)=d3t/2,  62i(0)=0,  api(0)=0,  otherwise.  The  resulting  physical  motions  of  the  beams 
are  then  approximated  by: 

3 

Vp(x,t)  [api(e(t-eD))  cos(coi(t-eD)  +  epi(e(t-£D)))+0(e)]  ()Ji(x),  t  >  eD.  p  =  1,  2  (17) 
isl 

Considering  the  structure  of  equations  (7ii)  and  (7iii),  it  can  be  mathematically  proven  that, 

if  ai2(0)  =  ai3(0)  =  a22(0)  =  a23(0)  =  0,  then  ai2(Ti)  =  ai3(Ti)  =  a22(Ti)  =  a23(Ti)  =  0,  V 
Ti.  Therefore,  in  this  case,  the  modulation  equations  (7),  can  be  reduced  into  the  set: 

aii'  =  (y/2q))  a2i  sin(92i-6ii) 

a2l'  =  -  (Y/2ci))  ail  sin(02i-0ii) 

aii0n'  =  [(3ot/8(Di)  -  (fki)i/4)]  an^  +  {y/2(o)  an  -  (y/Ia)  azi  cos(02i-0ii) 

a2102i'  =  [(3a/8ci)i)  -  (pa)i/4)]  321^  +  (y/2o))  a2i  -  (Y/2ti))  an  cos(02i-0n)  (18a) 
where  primes  denote  differentiation  with  res|>ect  to  the  "slow  time"  T \ ,  and  the  .simplified 

notation,  ct  =  aim.  P  =  hull,  and  Y  =  Yll.  adopted  from  now  on.  Hence,  it 's  proven 
that  the  only  possible  energy  transfer  is  between  the  first  nu)des  of  the  two  beams,  and  that 
no  other  energy  exchange  involving  higher  modes  occurs.  In  order  to  investigate  tlie  energy 
transfer  between  the  modes  of  beams  1  and  2,  one  needs  to  integrate  equatiorcs  (18a). 

Define  at  this  point  the  quantity  J-y/([(3(x/2)-(Pu)i‘^)]p),  where  p=(2(0i)’lJ^j  Pl(s)  ds; 

Parameter  J  is  recognized  as  the  ratio  of  the  coupling  over  the  nonlinear  forces.  It  will  be 
now  shown  tliat,  for  J<<1,  the  response  of  the  system  can  be  analytically  approximated. 

00 

This  is  achieved  by  expressing  the  amplitudes  and  angles  a.s,  apKl'O^  X  J"’api^*"HTi), 

ni=<) 


0pl(Ti)  =  X  f"*  0pl^'"HTi)  p=l,  2.  and  substituting  into  (18a).  Matching  terms 
nii={) 

proportional  to  the  same  power  of  J,  leads  to  the  following  analytical  expressions  for  the 
amplitude  modulatioiis; 
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aiia’i)=--±  {  2p  *  (j2/p)  sin2([(3ot/4oJi)  -  (pO)i/2)]p2Ti)+  0(j3)  } 

a2}(Ti)=±  {-2Jsin([(3a/4a)i)-(Peoi/2)]p2Ti)+0(j2)}  (j«l)  (I8b) 

Similar  analytical  expressions  hold  for  the  angles  6pi(Ti).  Solutions  (18b)  predict  that, 
when  J<<1,  (he  transient  impulsive  response  of  the  system  is  mainly  corifined  to  the 
directly  excited  blade,  since  au(Ti)  »  a2i(T]).  Now,  based  on  the  results  of  section  2, 
the  condition  J«1  (weak  coupling  and/or  strong  nonlincaritics)  is  also  rexognized  as  the 
condition  for  the  existence  of  localized  nonlinear  modes  in  the  system.  It  is  therefore 
concluded  that,  when  the  system  possesses  nonlinear  localized  modes,  it  also  possesses 
passive  motion  confinement  properties:  when  an  external  impulse  acts  at  one  beam  of  the 
system,  the  disturbance  remains  spatially  confined  to  its  point  of  application,  and  only  a 
small  portion  of  the  injected  energy  "leaks"  to  the  unforced  beam.  Moreover,  from  (18b),  it 
is  predicted  that  the  responses  of  the  forced  and  unforced  beams  contain  0(J2)  and  0(J)- 
amplitude  modulations  respectively.  This  is  consistent  with  energy  conservation 

considerations.  Indeed,  from  (i8b),  a  direct  computation  gives,  aii2(Ti)  +  a2i2(Ti)  =  4p2 

+  0(j3).  Correct  to  0(e),  this  relation  can  be  shown  to  represent  conservation  of  energy  of 
the  free,  undamped  system  under  consideration  [28].  It  must  be  stated  that  the  analytic 
approximations  (  1 8b)  hold  only  for  small  values  of  the  quantity  J. 


0  50  100  150  200  250  300  350  400 

Slow  Time 


Figure  4.  .Single-mode  oscillations,  amplitude  modulations  computed  by  numerically 
integrating  the  reduced  set  of  modulation  equations  (IHa):  (1)  1=0.0142,  I2)  J=<).0426.  (3) 
J=<J.{)924, - - -  -  J:.Tcr=0.07ll. 
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As  J  increases  to  finite  values,  i.e.,  when  the  coupling  increases  and/or  the 
nonlinear  forces  decrease,  one  needs  to  resort  to  numerical  integrations  in  order  to  compute 
the  solutions  of  system  (18a).  The  numerical  integrations  verify  die  theoretical  predicdons. 

The  numerically  computed  amplitude  modulations  for  a=40.44,  p=4.59,  e=0.5, 

0)1^=12.38  (rad/sec )2,  and  p=0. 1421  are  depicted  in  figure  4.  For  the  sake  of  clarity,  only 
the  "lower"  pair  of  modulations  is  shown.  The  parameter  J  was  varied  by  changing  the 

coupling  variable  y.  For  J«l,  the  modal  amplitude  of  the  unforced  beam  2  is  small, 
whereas  the  directly  excited  beam  undergoes  a  modulated  oscillation  close  to  its  initial 

fD 

amplitude  value,  aii(O)  =  -(l/o)i)L  pi(s)  ds  =  -2p.  Hence,  for  J<<1,  passive  motion 

confinement  of  the  impulse  to  the  directly  excited  beam  is  observed.  As  J  increases,  the 
amplitude  a2i  of  the  unforced  beam  grows,  indicating  an  increased  transfer  of  energy  out  of 
the  direcdy  excited  beam,  or  equivalently,  a  diminishing  of  the  motion  confinement  capacity 

of  the  system.  At  a  critical  value,  J=Jcr=p/2,  all  vibrational  energy  of  the  directly  excited 
beam  is  eventually  transferred  to  the  unforced  one.  For  values  of  J  above  the  critical  value, 
energy  is  continuously  transferred  between  the  two  beams,  and  the  system  does  not 
possess  passive  motion  confinement  properties  anymore.  To  verify  the  results  of  the 


multiple  scales  analysis,  an  impulsive  distributed  excitation  of  magnitude  Fi(x,t)  =  5  (})i(x) 
=>  (1/e)  Fii(t)  =  10  (jij  dx,  and  duration  eD=0.1sec  was  applied  to  beam  1,  and  the 


structural  parameters  were  assigned  the  values,  e=0.5,  aiiii=40.44.  biii]=4.59, 


Yn=0.02,  0)1=3.51  (rr  ii/sec),  J=0.0367«l;  the  response  was  numerically  computed  by 
directly  integrating  the  differential  equations  of  motion  (12)  with  qi7.=qi3=q22=<l23=(l.  ^nd 
assuming  zero  initial  conditions  at  t=0.  In  figure  5a  the  responses  of  the  two  beams  are 
shown  as  functions  of  time,  and  in  figure  5b,  a  projection  of  the  phase  space  of  the  motion 
is  depicted.  Note  that  the  energy  of  the  injected  impulse  is  mainly  confined  to  the  directly 
forced  beam,  according  to  theoretical  predictions.  The  amplitude  of  the  unforced  beam  can 
be  further  diminished  by  decreasing  the  coupling  stiffness  and/or  increasing  the  nonlinear 
coefficients.  For  comparison  puiposes,  the  theoretically  predicted  amplitude  modulations 
(18b)  are  also  presented  in  figure  5c.  Clearly,  the  asymptotic  theory  agrees  well  with  the 
numerical  compulations  for  this  low  value  of  J.  Note,  that  in  the  absence  of  nonlinearities, 
all  injected  energy  is  continuously  transferred  between  the  forced  and  unforced  beams,  in 
the  well-known  "beat  phenomenon.”  Hence,  the  detected  passive  motion  confinement 
pheru)menon  is  solely  attributed  to  the  geometric  nonlinearities  of  the  .system. 


Summarizing,  the  results  of  this  section  prove  that,  for  small  values  of  the 
parameter  J  (i.e.,  for  small  coupling  stiffness  and/or  large  nonlinear  forces),  impulsive 
forces  with  spatial  distributions  identical  to  the  first  cantilever  mode  become  spatially 
confined  to  the  directly  excited  beam.  The  only  possible  energy  exchange  in  this  case  is 
between  the  first  modes  of  the  two  beams,  and  no  higher  modes  are  indirectly  excited.  As  J 
increases,  the  amount  of  energy  "leaking"  to  the  unforced  beam  also  increa.scs,  and  the 
passive  motion  confinement  of  the  induced  disturbance  becomes  less  profound,  lor  J 
greater  than  a  critical  value  no  motion  confinement  becomes  possible  anymore. 
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Figure  5.  Single-mode  oseillalions,  amplitude  modulations  computed  by,  (a)  direct 
integrations  of  the  equatioi.s  of  motion,  time  responses,  (b)  direct  integrations  of  the 
et^uations  of  motion,  responses  in  a  projection  of  the  phase  space,  (c)  theoretical  results. 
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4.  DISCUSSION 


In  this  work  it  was  proved  that  a  geometrically  nonlinear  and  weakly  coupled 
system  of  beams  can  possess  passive  spatial  motion  confinement  properties.  The  presented 
analysis  employed  regular  and  singular  perturbation  techniques,  combined  with  numerical 
integrations  of  the  corresponding  modulation  equations.  For  motions  of  the  l>earns  in  their 
first  cantilever  mode,  it  was  found  that  .spatial  motion  confinement  of  the  induced 
disturbance  tKxrurs  only  when  the  coupling  is  sufficiently  small  and/or  the  nonlinear  effects 
large. 


Although  the  analysis  presented  herein  dealt  with  a  configuration  of  only  two 
beams,  the  obtained  results  can  be  extended  to  a  more  general  class  of  multiple  connected 
flexible  systems  with  or  without  symmetry.  By  designing  such  systems  so  that  their 
coupling  stiffnesses  are  small  or/and  their  geometric  nonlinearities  large,  applied  impulses 
are  ensured  not  to  "spread"  through  the  entire  structure,  but  to  remain  confined  to  the 
subsystem  where  they  are  originally  applied.  Note  that  this  confinement  of  vibrational 
energy  is  purely  passive,  and  is  solely  due  to  orbitally  stable  localized  nonlinear  modes  of 
the  system.  The  implications  of  such  a  dynamical  feature  are  profound.  Indeed,  a  system 
whose  inherent  dynamics  lead  to  motion  confinement  of  external  disturbances  is  much 
more  amenable  to  active  or  passive  isolation  than  a  structure  possessing  "extended" 
dynamic  modal  responses  (i.e.,  motions  during  which  all  of  its  substructures  vibrate  with 
finite  amplitudes).  Therefore,  the  class  of  nonlinear  systems  under  consideration  in  this 
work  are  expected  to  possess  enhanced  controllability  features,  since  in  the  planning  of 
passive  or  active  control  algorithms  one  needs  only  consider  the  dynamic  response  of  only 
a  limited  number  of  substructures  instead  of  the  whoie  system;  however,  issues  of 
performance,  "spill-over"  and  robustness  must  be  addressed  in  such  active  designs. 
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APPENDIX:  Numerical  values  of  the  coefficients  of  equations  (7). 

Using  the  definitions  (8)  and  (4),  and  taking  into  account  that  the  linearized  cantilever 
eigenfunctions  are  given  by: 

<j>i(x)  =  coshij/jx  -  cosvix  +  N(\|ri)  isinhtiijx  -  sinyix]  (A- 1 ) 

where  N(Vi)  =  (sin^i  -  sinhVi) !  (cosyi  +  coshVi),  and  co.syj  coshVi  =-l,  the  various 
coefficients  in  equations  (7)  assume  the  following  numerical  values: 

riil=-7.69,  Tii2=^21“l  1 14.79,  qi3=r|3j=15916.42,  ri22"  10^^27 1.7 1, 
^123=^32=75688.97,  ^33=68 16895.85,  ^=-13715.76,  5=-7566.34  (A  2) 
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ABSTRACT: 

Nonlinear  flexural  vibrations  of  rectangular  plates  with  uniform  stretching  and  transverse  harmonic 
excitations  are  studied.  The  analysis  results  for  the  case  when  two  distinct  plate  modes  have  nearly 
coincident  natural  frequencies,  are  based  on  the  multi-mode  approximation  of  von  Karman  plate 
equations.  Local  bifurcation  analysis  of  the  averaged  equations,  governing  the  time  evolution  of  the 
response  amplitudes  of  modes  in  internal  resonance,  shows  that  the  plate  motion  can  be  citlier  in  the 
directly  excited  mode,  or  in  a  mixed-mode  where  both  the  interacting  modes  participate.  The  presence 
of  Hopf  bifurcation  in  the  coupled-mode  responses  leads  to  amplitude  modulated  traveling  waves  as  well 
as  period  doubling  bifurcations  to  chaos.  A  global  bifurcation  analysis  is  also  initiated  which  shows  the 
existence  of  heteroclinic  loops  for  an  integrable  limit  of  transformed  and  properly  scaled  averaged 
equations.  Perturbation  of  these  heteroclinic  loops  can  lead  to  Smale  horseshoes  and  chaotic  behavior 
for  the  plates. 
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INTRODUCTION  AND  MODELING  THE  PLATE  DYNAMICS 


The  nonlinear  response  of  thin,  as  well  as  thick,  plates  has  been  the  subject  of  extensive  studies  and 
many  recent  reviews  exist  on  the  subject  [1].  Sridhar,  Mook  and  Nayfeh  [2,3]  used  the  dynamic 
analogue  of  von  Kannan  equations  to  study  the  feneed  response  of  thin  plates.  They  analyzed  symmetric 
as  well  as  asymmetric  vibrations,  and  traveling  waves  in  a  clamped  circular  plate  subjected  to  harmonic 
excitations,  when  the  frequency  of  excitation  is  near  one  of  the  natural  frequencies.  Their  analysis 
showed  that  for  the  symmetric  responses  in  the  presence  of  an  internal  resonance  among  the  first  three 
modes,  when  more  than  one  mode  is  directly  excited,  the  lower  nuxles  can  dominate  the  response  even 
when  the  frequency  of  the  excitation  is  near  that  of  the  highest  mode.  When  the  response  is  asymmetric, 
they  found  that  in  the  absence  of  internal  resonance,  or  when  the  frequency  of  excitation  is  near  one  of 
the  lower  frequencies  involved  in  internal  resonance,  the  steady-state  response  can  only  have  the  form  of 
a  standing  wave.  However,  when  the  frequency  of  excitation  is  near  the  highest  frequency  involved  in 
the  internal  resonance  it  is  possible  for  a  traveling  wave  component  of  the  highest  mode  to  appear  in  the 
steady-state  response.  In  a  more  recent  study  Hadian  and  Nayfeh  [4]  showed  that  in  the  case  of  a 
symmetric  response,  a  multi-mode  motion  loses  its  stability  through  a  Hopf  bifurcation,  resulting  in 
periodically-  or  chaotically-modulated  motions  of  the  plate. 

Yang  and  Sethna  [3]  studied  nonlinear  flexural  vibrations  of  nearly  square  plates  subjected  to 
parametric  in-plane  excitations.  The  spatial  symmetry  of  the  plate  resulted  in  1:1  resonance  in  the 
various  m:n  and  n:m  plate  modes.  For  dynamically  unstable  motions  in  the  region  of  principal 
parametric  instability,  the  asymptotic  method  of  averaging  was  used  to  obtain  a  set  of  four  amplitude 
equations  governing  the  evolution  of  interacting  modes.  Local  bifurcation  analysis  of  the  amplitude 
equations  showed  that  the  system  is  capable  of  extremely  complex  standing  as  well  as  traveling  wave 
motions  including  periodic,  almost- periodic  and  chaotic  oscillations.  These  motions  were  physically 
interpreted  in  terms  of  rotations  of  the  nodal  patterns.  A  global  bifurcation  analysis,  based  on  a 
Melnikov  type  theory  for  two  dcgixc-of-frcedom  Hamiltonian  systems  [6],  was  also  undertaken.  It 
showed  the  existence  of  hcteroclinic  loops  which,  when  they  break,  lead  to  Smale  horseshoes  and 
chaotic  behavior  on  an  extremely  long  time  scale.  Yang  and  Sethna  [7]  did  a  similar  analysis  of  plate 
motions  subjected  to  antisymmetric  harmonic  excitations  normal  to  the  midplanc  of  the  plates. 

Earlier,  Yasuda  and  Torii  [8]  had  also  studied  the  resptonse  of  square  membranes  to  transverse 
harmonic  excitations  which  can  lead  to  a  coupled-mode  response  arising  from  1:1  internal  resonance. 
Following  the  analytical  and  experimental  work  of  Yasuda  and  Asano  [9],  in  which  they  analytically 
predicted,  as  well  as  experimentally  observed  amplitude-modulated  motions,  Chang  et  al.  [10] 
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investigated  nonlinear  flexural  vibrations  of  rectangular  plates  with  unifonr,  stretching  subject  to 
excitations  normal  to  the  midplanc.  They  showed  that,  when  two  plate  modes  are  in  1;I  internal 
resonance,  depending  on  the  spatial  distribution  of  the  external  forces,  the  plate  can  undergo  iiarmonic 
motions  either  in  one  of  the  two  individual  modes  or  in  a  combination  of  the  two  modes.  For  low 
damping  levels,  the  presence  of  a  Hopf  bifurcation  in  the  multi-mode  response  leads  to  complicated 
amplitude-modulated  dynamics  including  period-doubling  bifurcations,  chaos,  coexistence  of  multiple 
chaotic  motions,  and  crisis,  whereby  the  chaotic  attractor  suddenly  disappears  and  the  plate  resumes 
small  amplitude  harmonic  motions  in  a  single-mode. 

The  work  presented  here  is  part  of  an  ongoing  research  project  undertaken  by  the  authors  on  the 
nonlineai  dynamical  behavior  of  thin  elastic  plates.  In  [10],  the  authors  studied  the  case  of  primary 
external  resonance  with  1 : 1  internal  resonance,  by  using  a  two-inode  appro  dmation  to  the  response  of  a 
rectangular  plate.  The  von  Karman  plate  equations  for  a  pinned-pinned  rectangular  plate  that  also 
account  for  membrane  forces,  were  reduced  via  the  Galcrkin  procedure,  to  two  coupled  second-onler 
nonlinear  modal  equauons.  The  method  of  averaging  (11,12]  was  then  utilized  to  obtain  amplitude 
equations,  and  these  amplitude  equations  were  studied  both  analytically  and  numericaily  to  determine 
steady-state  harmonic,  almost-pcriodic  and  amplitude-modulated  chaotic  responses. 

In  the  present  study,  the  plate  deflection  is  assumed  to  be  a  superposition  of  MxN  distinct  linear 
modes  of  the  thin  plate  as  follows: 


MN  M  N 

=  2^  X  )V/iU’)  ~  ^  ^ sin  mTix  sin  rnty  , 

^  n  m  n 


where  W^{t)  is  the  time  dependent  modal  amplitude  of  the  (m,n)  spatial  mode  of  oscillation  of  the 
plate.  Employing  the  Galcrkin  method  with  equation  (1)  as  the  solurion.  the  von  Karman  equations  are 
transformed  into  a  set  of  MxN  nonUncar  ordinary  differential  equations  governing  the  modal  amplitudes 
of  rcspon.se  as  follows: 


^  O) 


w  ,v 


r.i.k  s.i,l 


(2) 


where  to;;„ 


plate  mode.  s 


-t-  f  is  the  nondimcnsion?!  natural  frequency  for  the  (m,n) 


Fnn(i)  -  cos  is  the 


(m 

^'mnrsijk.1  ^  the  Coefficients  for  nonlinear  terms, 
contnbution  of  the  transverse  excitation,  F,  to  the  (m.n)  iikhIc. 

Tlie  physical  phenomena  of  interest  arise  when  two  or  more  spatial  nuxfcs  participate  in  various 
kinds  of  internal  and  combination  rrstinances.  and  ii  can  Ixr  shown  [13]  that  the  resfxsnse,  at  the  lowest 
order,  is  a  combination  of  only  the  rmxles  in  resonance.  The  particular  modes  in  internal  or  combination 
resojiancc  are  determined  by  the  appropriate  frequency  conditions,  the  mixie  numbers  (rn.n).  and  the 
asfwct  ratio  x.  As  an  example  we  chixisc  to  investigate  1:1  internal  resonance  of  two  mtxies  specified 
by  rncxle  numbers  (rn,n)  and  (r.s) 

Wc  now  wish  to  study  these  equations  to  tuid  out  parameter  regions  where  interesting  iyfxrs  of 
fxrhavior  are  fxissiblc.  I-he  approach  in  the  kxal  and  glohal  bifurcation  analysis  is  to  derive  a  set  of,  so 
called,  averaged  equauons  |ll,i:]  .uid  examine  the  slowly  varying  amplitude  and  phase  charactenrtics 
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of  the  response.  In  the  local  bifurcation  analysis  the  conditions  for  steady  state  (constant  amplitude) 
solutions  are  examined  and  parameter  region  boundaries  are  defined  when  the  nature  of  the  steady  state 
solutions  change.  In  the  global  bifurcation  analysis  tlie  characteristics  of  the  averaged  equations  are 
examined  directly  to  determine  nature  and  interaction  of  possible  solutions.  The  critical  elements  to  be 
identified  are  the  parameter  values  for  which  trajectories  joining  different  saddle  points  exist.  These 
parameter  regions  are  the  regions  for  which  chaotic  solutions  are  certainly  possible. 

In  order  to  analyze  the  averaged  equations  analytically  and  to  perform  global  analysis  [6],  several 
transformations  must  be  performed  The  aim  of  these  transformations  is  to  produce  a  set  of  equations 
tiiat  are  solvable.  To  this  end  the  approach  in  the  global  bifurcation  is  slightly  different  to  that  adopted  in 
the  local  bifurcation  analysis,  where  equations  in  the  slowly  varying  amplitude  and  phase  [11,12]  are 
derived.  In  the  global  analysis  the  final  averaged  equations  are  equations  in  variables  that  are  related  to 
the  system  energy,  and  hence  while  the  transformati  may  seem  a  little  obscure  they  do  result  in  a 
direct  examination  of  the  behavior  of  quantities  that  aiv.  physically  meaningful. 


LOCAL  BIFURCATION  ANALYSIS 


Let  ^^=7?,  cos  (cor -Yi).  IVrr  =/?2  cos  (cor -Tfe).  Then,  by  using  a  variation  of  constants 
procedure  .and  the  method  of  averaging  [11,12],  and  noting  that  the  excitation  frequency  to  is  near  the 
two  close  natural  frequencies  to,„„  and  a)„,  equations  (2)  result  in  the  following  averaged  equations  for 
the  amplitudes  /?,  and  die  phases  Yi  [13]: 


/?!  +-^“SinYi  sin2(Yi  -Y2). 
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R2=-—R2  +  ^  sinY?,  +  -5— sin2(Y2  -Yi) , 
2  2(0  8(0 
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These  equations  were  studied  in  [10]  for  the  case  when  only  one  mode  (the  (1,2)  mode)  is  directly 
excited,  that  is,  F12  ^  0  and  F^r  =  0.  It  was  shown  tliat  the  plate  can  undergo  harmonic  motions  either  in 
the  directly  excited  individual  rrKtde  or  in  a  coupled-mode,  and  »hat  stable  single-mode  and  coupled¬ 
mode  solutions  can  coexist  over  a  wide  range  in  parameters  (the  amplitudes  and  frequency  of  excitation). 
It  was  further  shown  'hat  for  low  damping  levels,  the  presence  of  Hopf  bifurcations  in  the  coupled  mcxle 
response  leads  to  complicated  amplitude-mtxiulated  dynamics  including  period-doubling  bifurcations, 
chaos,  coexistence  of  multiple  chaotic  motions,  and  crisis.  These  equations  were  also  derived  and  studied 
by  Yasuda  and  Asano  in  [9]  for  the  case  of  a  rectangular  membrane. 
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Given  a  specific  value  of  the  aspect  ratio  k,  and  the  degeneracy  of  two  specific  modes,  the  plate  and 
the  membrane  have  the  same  averaged  or  amplitude  equations.  The  nonlinear  coefficients  ,4 ; ,  /4  2  and 
A  2  depend  only  on  the  mode  combinations,  the  Poisson’s  ratio,  and  the  form  of  the  nonlinearity  assumed 
(  von  Karman-type  nonlincarities).  The  values  of  the  natural  frequencies  co^  and  to„  for  the  degeneracy 
of  two  specific  plate  modes,  are,  howc\'er,  different  from  those  for  the  membrane. 

We  should  note  that  the  procedure  used  here  in  deriving  the  averaged  equations  is  tlie  method  of 
harmonic  balance  along  the  lines  of  [9],  although  it  can  be  easily  formalized  by  introducing  a  small 
parameter  and  by  appropriately  scaling  the  modal  amplitudes  W^n  and  the  damping  c,  and  the 
external  force  amplitudes  and  F„.  The  resulting  amplitude  equations  will  be  identical  to  equations 
(3),  except  for  the  small  parameter  multiplying  the  right  hand  side.  Thus,  the  amplitude  equations  should 
be  treated  in  the  sense  of  a  slow  time  scale.  We  will  use  the  formal  scaling  approach  in  the  second  part 
of  this  study  dealing  with  global  bifurcation  analysis. 

In  a  general  external  loading  case,  the  force  amplitudes  F^  and  are  not  zero.  We  are  here 
interested  in  the  situation  when  only  one  mode  is  externally  excited  and  the  second  mode  is  driven  due  to 
its  no’' linear  coupling  to  the  excited  mode.  Two  such  specific  cases  arise,  that  is,  F^  ^  0  and  F.j  =  0,  or 
F^  =  0  and  0.  For  these  cases,  due  to  the  similar  nature  of  the  equations  for  (/?  1 ,  Yi )  and  for  (/?  2, 
Y2),  the  analytical  expressions  for  various  steady-state  constant  solutions  of  equations  (3)  turn  out  to  be 
identical  except  for  the  role  of  the  nonlinear  coefficients  A  \  and  A3.  In  view  of  the  possible  bifurcations 
and  stability  considerations,  however,  considerable  qualitative  as  well  as  quantitative  differences  in  the 
overall  response  can  arise  in  the  two  cases.  We  describe  tltese  below,  where  a  local  bifurcation  analysis 
of  equations  (3)  is  carried  out.  In  fact,  it  is  shown  in  [10]  that  the  qualitative  behavior  is  strongly 
dependent  on  the  nonlinear  coefficients,  and  hence  on  the  mode  combinations  (m,n)  and  (r,s),  and 
rectangular  plates  with  two  interacting  modes  in  1:1  resonance  can  be  classified  based  on  the  nonlinear 
coefficients. 


Steady-State  Constant  Solutions 


As  already  discussed,  we  emphasize  the  cases  when  only  one  of  the  two  modes  is  externally  excited. 
First,  consider  the  case  when  F,.,  =  0  and  F^  ^  0.  Thus,  the  (m,n)  mode  is  directly  excited  by  an 
external  harmonic  force.  There  are  two  types  of  steady-state  constant  solutions.  One  set  of  solutions  is 
characterized  by  the  fact  that  F  2  =  0,  that  is,  the  indirectly  excited  mode  is  absent.  Then  the  only 
response  is  in  the  (m,n)  mode  with  Ri  ^0  and  this  is  called  the  single-mode  solution.  The  other  class  of 
solutions  coircsponds  to  both  Fj  and  R2  being  nonzero  and  such  motions  are  called  the  coupled-mode 
response.  A  similar  situation  exists  when  the  (r,s)  mode  is  directly  excited  and  F„y,  =  0. 


From  equations  (3),  the  steady-state  constant  solutions  for  single-mode  motions  (F  2  =  0)  are 
determined  by 
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where  an  overbar  indicates  the  single-mtxie  steady-state  solutions.  Combining  the  equations  for  F  1  and 
Yi  results  in  the  following  polynomial  in  F  1 : 
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Real  roots  of  equation  (5),  which  is  identical  to  those  arising  in  the  primary  resonant  response  of  the 
harmonically  excited  Duffing  equation  [11],  determine  the  single-mode  steady-state  constant  solutions. 

Differentiating  equation  (5)  with  respect  to  /?i  and  setting  dco/9l?i  =  0  gives,  the  saddle-node 
bifurcation  points  [14]  or.  the  points  of  vertical  tangency  for  single-mode  steady-state  solutions: 

9^  -2(0)^  -  ©L)  ±  -  3c  ^0)2  .  (6) 

Here  the  subscript  SNS  implies  the  saddle-node  bifurcation  for  single-mode  solutions. 

The  problem  of  finding  steady- state  constant  solutions  for  the  coupled-mode  response 
(Ry  7^0,  R2  ^0)  can  also  be  formulated  as  that  of  finding  the  real  roots  of  a  polynomial  of  the  8th  order 
in  /?2.  where  a  hat  indicates  the  coupled-mode  steady-state  solution.  Due  to  its  complexity,  the 
polynomial  expression  in  i?2  has  been  determined  by  using  symbolic  algebra  programs  (e.g.  SMP, 
MACSYMA),  and  is  not  presented  here.  The  corresponding  expression  for  the  coupled-mode  steady- 
state  solution  R 1  is  given  in  terms  of  R  2  by 


When  damping  is  absent,  the  equation  governing  the  amplitude  /?  2  is  of  the  fomi 

C1R2  +C2‘^2  ■^^3^2  C ^R2  +C5  =0,  (8) 

where  the  coefficients  of  the  polynomial  aic  functions  of  the  parameters  A  ] ,  A2,  A3,  co,  to„,  e  and 
F^.  These  expressions  for  coefficients  Q,  i=  1,2,3, 4,5,  arc  given  in  the  work  of  Chang  et  al.  [10]. 

A 

Setting  R2-O  in  equation  (7),  we  can  obtain  the  critical  points  for  the  onset  of  roupicd-mode 
steady-state  harmonic  respionsc.  The  condition  for  the  occurrence  of  pitchfock  bifurcation  from  the 
single-mode  response  is 

[/?!  [-2(cD2-a)?,)  ±  -  3c^a)^  ]  .  (9) 

where  PF  refers  to  a  pitchfork  bifurcation  [14]. 

It  is  clear  from  die  polynomials  (5)  and  (8)  that,  given  the  mode  numbers  (m.n)  and  (r,s),  and  the 
aspect  ratio  K,  the  number  of  real  solutions  of  the  single-mode  and  the  coupled-mode  type  dejjends  on 
the  physical  pao-ameters  co,^,  c,  w,  and  While  the  condition  of  ic=  1.633  fixes  the  two  natural 
frequencies  =  o)„,  any  small  deviations  from  the  precise  value  of  the  aspect  ratio  lead  to  small 
mistuning  in  the  imemally  resonant  modes  and  thus  (to^y,  -  co^,)  is  an  important  "internal"  mistuning 
parameter.  The  other  frequency  parameter  is  (ro^  -  or  (&)^  -  which  represents  the  "external' 
mistuning.  Numerical  values  of  the  natural  frequencies  to^y,  and  to..,,  as  indicated  earlier,  depend  also  on 
the  bending  stiffness  D  and  the  Poisson’s  ratio  v.  The  nonlinear  coefficients  A  >,  A2,  and  A3,  however, 
depend  only  on  the  Poisson’s  ratio. 

In  Figures  1(a)  and  1(b)  are  shown  the  various  single-mode  and  coupled-mode  steady-state  constant 
solutions  R 1  and  /?2  as  a  function  of  the  excitation  frequency  to.  These  response  curves  are  for  (1,2)  and 
(3,1)  interacting  modes  with  the  damping  c=0.C,  and  force  amplitudes  Fy2-  JOO  and  F-^y  -0.0.  This 
situation  arises  when  the  loading  is  symmetric  about  x  =  0.5  and  is  antisymmetric  about  y  =  0.5. 
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Figure  1;  (a)  Constant-ampliiude  response  /c,,  for  the  (1,2)  plate  mode,  and  (b)  constant -amplitude 

response  R2,  for  the  (3,1)  plate  mode  F21  ~  100,  =0.0,  c  =  0.0.  (c)  Saddle-node  and  pitchfork 

bifurcation  sets  for  .single-mode  solutions;  F31  =0.0,  c  =  0.195.  (d)  Saddle-node  and  Hopf  bifurcation 
sets  for  coupled-mode  solution.s,  F3)  =  0.0,  c  =  0. 195. 
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Figure  2:  (a)  Constant  amplitude  response  for  the  (1,2)  plate  mode,  and  (b)constant  amplitude 

response  /?2.  for  the  (3,1)  plate  mode  F n  =0.0,  =  10.0,  c  =  00.  (c)  Saddle-node  and  pitchfork 

bifurcation  sets  for  single-mode  solutions;  F  u  =0.0,  c  =  0,195.  (d)  Saddle-node  and  Hopf  bifurcation 
sets  for  coupled-m(xle  solutions;  f  lo  =  0.0,  c  =  0.195. 
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For  all  the  numerical  results  presented  in  this  work  e  =  6  x  10"^,  v  =  0.3,  0)12  =  <031  =  35/3,  and  D  =  0.0. 
The  nonlinear  coefficients  for  the  (1,2)  and  (3,1)  modes  are  Ax  =-326.21,  i4 2  =-274.79  and 
/i  3  =  -268.32.  The  frequency  axis  is  divided  into  4  intervals,  I,  H,  HI,  and  IV,  according  to  the  nature  of 
solutions.  Over  the  interval  I,  there  exists  only  one  single-mode  solution.  Over  the  interval  O,  we  have  a 
stable  coupled-mode  solution  and  an  unstable  single-mode  solution.  Therefore,  in  the  intervals  I  and  II, 
the  initial  conditions  are  not  critical  to  determining  the  final  steady-state  response.  In  frequency  intervals 
in  and  rv,  there  exists  a  stable  single-mode  arid  a  stable  coupled-mode  solution.  In  frequency  interval 
IV,  two  stable  single-mode  solutions  and  a  stable  coupled-mode  solution  exist.  Thus,  in  intervals  III  and 
IV,  the  initial  conditions  are  very  important  in  determining  the  final  steady-state  response  reached  in  any 
experiment  or  numerical  simulation.  Note  also,  that  for  every  mixed-mode  solution  with  some  72.  there 
is  another  solution  with  phase  angle  72  +  7t  for  the  same  amplitude  /?2.  Thus,  the  response  curves  really 
represent  two  coupled-mode  solutions  which  are  phase  shifted  by  7t  radians.  The  points  A  and  C  in 
Figure  1  are  associated  with  equation  (9),  tliat  is,  the  pitchfork  bifurcation  points,  and  the  point  B  iS 
associated  with  equation  (6),  that  is,  a  saddle-node  bifurcation  point  for  single-mode  solution.  The 
corresponding  frequencies  at  the  points  A,  B,  and  C  coincide  with  the  boundaries  of  the  intervals. 

The  single-mode  and  the  coupled-mode  harmonic  motions  of  the  plate  can  also  be  interpreted  in 
terms  of  standing  and  rotating  nodal  patterns.  Clearly,  for  the  single-mode  response,  the  nodal  lines  are 
stationary  and  the  plate  vibrates  harmonically  in  the  (1,2)  mode.  When  both  (1,2)  and  (3,1)  modes  are 
present  in  the  response,  the  nodal  pattern  depends  on  the  phases  71  and  72.  Orly  in  the  case  of  7i  =  72  or 
Yi  =  Y2  i  ^  ^  nodal  patterns  stationary.  Otherwi.se,  the  nodal  pattern  changes  continuously  in  a 
periodic  manner,  resulting  in  a  traveling  wave  motion  of  the  plate. 

A  similar  analysis  can  be  performed  for  the  case  when  =  0  and  *  0.  This  simation  arises 
when  the  transverse  forcing  is  symmetric  about  both  x  =  0.5  and  y  =  0.5.  In  Figures  2(a)  and  (b)  are 
shown  tlie  response  curves  for  this  case  with  F12  =  0  and  ^3]  ==  10.0.  From  the  figure,  it  is  seen  that 
over  the  intervals  I,  II,  and  III,  we  have  qualitatively  the  same  results  Over  the  interval  FV,  however, 
there  exist  two  solutions:  one  stable  single-mode  and  one  stable  coupled-mode,  whereas,  there  arc  two 
stable  single-mode  solutions  and  one  stable  coupled-mode  solution  for  the  case  with  F 12  =  10.0  and 
F31  =0.  This  qualitative  difference  arises  because  here  one  of  the  pitchfork  bifurcations  from  the 
single-mode  solutions  occurs  in  the  lower  branch  (point  C),  while  in  the  earlier  case  both  the  pitchfork 
bifturations  occur  only  in  the  upper  branch  of  the  single-mode  solutions.  This  is  a  consequence  of  the 
relative  magnitude  of  the  nonlinear  coefficients  A,-,  i=l,2,3,  and  can  be  used  to  classify  the  various 
nonlinear  responses  of  rectangular  plates  [10].  Further  discussion  about  other  qualitative  differences 
between  the  responses  in  the  two  cases  arc  given  below. 

Periodic  and  Chaotic  Soiutions  of  Averaged  Equations 

A  numerical  study  of  periodic  solutions  of  the  averaged  equations  has  been  perfomied  by  using  direct 
time  integration  as  well  as  using  AUTO  [15].  We  present  the  results  for  two  cases  of  (i)  ^0, 

Frs  =  0,  and  (ii)  =  0,  F„  ^  0.  Both  cases  exhibit  qualitativ''’y  different  behavior  as  desaibed  beiow. 
For  case  of  computation  of  some  of  the  resul.s,  a  different  set  of  averaged  equations,  called  the  Cartesian 
form,  are  used.  ITiese  are  derived  from  equations  (3)  by  using:  u,  =  F,cos  7,  and  v,  =  /?,sin  7,  .  This  results 
in  the  following  set  of  equations. 
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(i)  Finn  ^  0,  Ffs  =  0,  mn=12,  rs=31; 

The  bifurcations  sets  for  the  single-m(xie  and  coupled^nuxie  solutions  are,  for  this  case,  shown  in  Figures 
1(c)  and  (d).  These  arc  values  of  the  parameters  where  a  steady-state  constant  solution  loses  its  stability 
or  undergoes  a  change  in  it.  Here  SNS  and  PF  refer  to  saddle-node  ai<d  pitchforic  bifurcation  sets  (zero 
eigenvalue)  for  the  single-mode  solutions.  The  notation  SNC  and  HB  is  used  to  signify  saddle-node  and 
Hopf  sets  for  the  coupled-mode  solutions. 


Figure  3:  Response  amplitude  for  the  limit  cycle  solution  for  as  a  function  of  the  excitation 
frequency;  F 12  =  10  0.  Fsi  =  0.0,  c  =  0.20. 


For  sufficiently  low  F12,  the  response  of  the  averaged  equations  is  limited  to  equilibrium  points  in 
the  directly  excited  (1,2)  mode.  For  higher  level  of  F 12,  however,  the  (3,1)  mode  also  contributes  to  the 
response.  As  the  excitation  increases  further,  some  of  the  coupled-mode  steady-state  constant 
solutions  lose  stability  due  to  a  Kopf  bifurcation  (14]  and  the  averaged  system  develops  periodic 
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solutions  from  the  Hopf  bifurcation  points.  These  p)eriodic  solutions,  denoted  as  Px  solutions, 
correspond  to  amplitude-  and  phase-modulated  motions  of  the  rectangular  plate  and  result  in  a  slow 
oscillation  of  the  nodal  pattern.  In  Figure  3,  the  solutions  of  the  averaged  equations  (10)  for  c  =  0.20  arc 
shown.  'Fhe  P\  solutions  arc  stable  (denoted  by  solid  circles)  over  the  whole  frequency  interval 
connecting  the  two  Hopf  points.  With  a  further  increase  in  F x2,  these  P\  solutions  become  unstable  via 
period-doubling  bifurcations  and  develop  P2  solutions.  At  some  value  of  F \2,  there  arises  a  cascade  of 
period-doublings  leading  to  chaotic  solutions. 


U) 


Figure  4;  Qualitative  relationship  between  the  Hopf  and  the  isolated  solution  branches;  F12  —  10.0, 
F31  =  0.0,  c  =  0.19. 


While  numerically  investigating  the  Hopf  solution  branch,  a  new  i>criodic  solution  branch  was 
discovered.  This  branch  of  periodic  solutions  arises  due  to  a  saddle-node  bifurcation  with  periodic 
solutions  as  the  primary  solution.  Tliat  is,  a  stable  and  an  unstable  limit  cycle  arise  due  to  a  saddle-no<ie 
bifurcation  [14]  at  some  low  enough  damping  and  the  branch  exists  over  a  small  frequency  interval.  As 
the  damping  c  is  reduced,  the  stable  periodic  solution  branch  undergoes  a  sequence  of  period-doubling 
bifurcations  which  ultimately  lead  to  chaotic  attractors.  For  c  =  0.19,  F 12  =  10.0,  the  isolated  branch 
arises  at  0  =  4.238,  goes  through  bifurcations  and  ultimately  terminates  at  0  =  4.291.  In  Figure  4  is 
presented  the  qualitative  relationship  between  the  isolated  branch  and  the  branch  originating  at  Hopf 
points,  0  =  4.195  and  0  =  4.313.  Over  die  frequency  intervals  (4.2375,  4.248)  and  (4.289,  4.2907), 
stable  steady-state  solutions  are  found  to  exist  in  both  the  branches  The  chaotic  solutions  in  the  isolated 
branch  are  found  to  undergo  ‘boundary  crisis’  [16,17],  at  o  =  4.263  and  4.268.  Phase  plane  plots  of  tliis 
beha\'ior  are  shown  in  Figure  5.  ’Boundary  crisis’  occurs  when  the  chaotic  attractor  touches  the  stable 
manifold  of  the  saddle-tyjx:  coupled-mode  equilibrium  point  (denoted  by  CM)  and  ceases  to  exist.  Near 
the  above  listed  frequencies,  the  averaged  equations  exhibit  transient  chaos  where  the  solution,  when 
initiated  in  the  neighborhood  of  the  chaotic  solution,  traces  the  ghost  of  the  previous  attractor  for  some 
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time  and  is  then  quickly  attracted  by  the  single-mode  constant  solution  (SM). 


Figure  5:  ‘Crisis’  in  the  averaged  equations;  F12-  10.0,  F31  -=0.0,  c  »  0.19.  (a)  chaotic  attractor, 
to  =  4.262,  (b)  transient  chaos,  to  =  4.264. 


The  fact  tliat  an  isolated  solutions  branch  exists  can  also  be  verified  using  tools  of  numerical 
bifurcation  analysis.  AUTO  [IS]  is  one  of  the  powerful  packages  available  for  bifurcation  analysis  and 
continuation  of  solutions  for  ordinary  differential  equations.  It  can  also  compute  periodic  solution 
branches,  given  approximate  starting  points,  and  can  help  construct  ‘saddle-node’  bifurcation  sets  in  two 
parameter  space.  Numerical  results  for  the  continuation  of  periodic  solutions  starting  at  the  two  Hopf 
points  are  shown,  for  c  -  0.1 8735,  in  Figure  6.  Four  turning  points  are  found  in  each  of  the  curves 
started  from  the  left  and  the  right  Hopf  points.  These  points  arc  identified  by  numbers  1-4  and  5-8, 
respectively.  As  the  frequency  co  is  varied  the  turning  points  2,4,6  and  8  correspond  to  locations  where 
the  isolated  branches  are  created,  whereas,  the  points  1,3,5  and  7  correspond  to  frequencies  where  they 
merge  with  other  periodic  solution  branches,  llius,  as  damping  is  increased  the  turning  points  1  and  5, 
and  3  and  7  collide  to  form  isolated  branches.  This  bubble  structure  is  typical  of  the  transition  to  chaotic 
behavior  observed  in  various  dynamical  systems  [16]. 

In  Figure  7  arc  shown  the  saddle-node  bifurcation  sets  for  the  isolated  periodic  solution  branches 
corresponding  to  the  points  1-8  in  Figure  6.  For  damping  c  >  0.193,  no  isolated  branch  exists  and 
numerical  simulations  show  that  there  arc  chaotic  solutions  in  the  Hopf  branch.  The  set  now  confirms 
that  at  c  =  0.19  (corresponding  to  the  qualitative  diagram  shown  in  Figure  4),  the  isolated  branch  has  not 
yet  merged  with  the  Hopf  branch.  In  fact,  the  bifurcation  sets  indicate  tliat  on  lowering  the  damping 
further,  anothei  isolated  branch  is  created  which  merges  with  the  first  isolated  branch  before  the  merging 
with  the  Hopf  branch  takes  place.  Thus,  the  cascade  of  isolated  branch  creations  and  mergers  is  quite 
complex. 
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Figtire  6:  Periodic  solution  branches  continued  from  the  two  Hopf  points  on  the  coupled-iTKxle  branch* 
Fi2  :=  10.0, /'3i  ^0.0.  c  =  0.18755, 


1®'  merger 


2"“  merger 


2"^  creation 
“■•4::rr —  1*‘  creation 


Figure  7.  Saddte-node  bifurcation  sets  for  the  first  and  second  isolated  periodic  solution  branches 
(c-to)  plane;  F  o  =  10.0,  F3,  =  -0.0. 


CHANG,  BAJAJ  &  DAVIES 


Before  Closing  this  discussion  let  us  point  out  that,  because  of  the  symmetry  inherent  in  tlie  system  svhen 
F„  =  0,  tliere  is  another  image  branch  of  coupled-mode  solutions  in  which  the  solutions  undergo  an 
identical  evolution  as  the  system  parameters  aie  varied.  As  is  shown  in  the  next  section,  the  response 
exhibited  by  the  averaged  equation  in  the  case  of  =  0  is  quite  different  from  the  one  presented  here, 
and  these  differences  arc  intimately  associated  with  the  existence  of  this  twin. 

•')  Fmn  =  0,  Frg  ft  0,  mn=12,  rs=31r 

The  bifurcation  sets  for  the  single-mode  and  coupled-mode  solutions  are,  for  this  case,  shown  in  Figures 
2(c)  and  (d).  For  a  fixed  damping  (c  =  0.195),  the  Hopf  unstable  region  in  the  coupled-rnode  branch 
arises  only  when  F31  ^  4.5.  For  values  of  F31  slightly  above  F31  =  4.5,  there  are  two  Hopf  points  in  the 
solution  branch,  the  bifurcating  limit  cycles  (Fj  solutions)  are  found  to  be  supercritical  and  the  Fj 
solutions  join  the  two  Hopf  points.  This  behavior  is  very  similar  to  the  one  observed  in  case  (i)  above. 
Note  now  that  the  averaged  equations  (10)  with  =0  enjoy  symmetry  under  the  transformation  (u|, 
vi>  “2.  vz)  (~wi,  -Vi,  U2,  V2)  and  thus  the  coupled-mode  solutions  exist  in  pairs  or  are  themselves 
syrnnictric  about  tlsc  invariant  (uz,  V2)  plane.  Tlterc  arc  two  identical  Hopf  branche.s. 


Figure  8:  Response  amplitude  uz  as  a  function  of  the  excitation  frequency;  F12  =0.0,  F31  =5.5,  c  = 


For  higher  force  (F3J),  the  F,  solution  branch,  instead  of  undergoing  a  period-doubling  bifurcation, 
as  is  the  behavior  in  case  (i),  develops  homoclinic  orbits  and  AUTO  is  unable  to  continue  periodic 
solutions  beyond  those  points.  In  Figure  8  are  shown  the  response  curves  for  F31  =5.5.  In  the 
frequency  interval  (3.946  -  4.106),  no  results  for  periodic  solutions  arc  found.  A  careful  direct  time 
integration  study  in  this  region  shows  very  interesting  behavior,  as  exemplified  by  the  sequence  of  phase 
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plots  shown  in  Figure  9.  The  Hopf  bifurcating  periodic  solution  at  (a  =  3  93  (Figure  9(a))  deforms 
(to  =  3.94,  Figure  9(b))  and  then  merges  with  its  symmetric  twin  to  give  the  periodic  solution  shown  in 
Figure  9(c)  (a>=  3.95).  In  between  the  frequencies  with  phase  plots  shown  in  Figure  9(b)  and  9(c),  there 
is  a  frequency  for  which  the  upper  and  the  lower  limit  cycles  just  touch  each  other  at  the  origin  in  (m  i , 
V 1 )  plane.  Tliis  is  the  homoclinic  orbit,  which  is  bi-asymptotic  to  the  saddle-type  single-mode  solution. 
This  phenomenon  of  merging  of  the  two  limit  cycles  via  a  homoclinic  orbit  is  called  a  glueing 
bifurcation  [18],  Funher  increase.s  in  M  ro.sult  in  the  phase  plots  of  Figures  9(d)  -  9(0,  where  the  single 
limit  cycle  again  undergoes  a  glueing  bifurcation  and  this  time  unglues  (detaches)  back  to  the  pair  of 
limit  cycles  (Figure  9(0,  only  one  show'n). 

At  much  higher  excitation  amplitudes,  each  of  the  two  Hopf  branches  terminating  in  a  homoclinic 
orbit,  already  shown  in  Figure  8,  deform  to  develop  turning  points  and  period-doubling  instabilities.  A 
representative  periodic  solution  response  curve  is  shown  in  Figure  10  for  /^3i  =  10.0.  In  the  frequency 
intervals  ever  which  the  P  i  solutions  are  unstable,  period-doubling  cascades  arise  leading  to  chaotic 
solutions,  '^he  accompanying  graph  shows  the  variation  of  the  period  of  the  limit  cycle  solution,  and  it  is 
clear  that  tb.  period  approaches  that  of  a  homoclinic  orbit  about  some  excitation  frequency. 


« 
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Figure  10:  The  periodic  solution  branch  continued  from  the  left  Hopf  point;  -  0.0,  F31  =  10.0,  c  = 
0.19.  (a)  amplitude  of  respon.se,  (b)  the  variation  of  the  period. 
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GLOBAL  BIFURCATION  ANALYSIS 


Most  results  for  equations  (3),  as  reported  above,  arc  based  on  local  analysis  of  them  near  equilibria 
and  on  tlicir  direct  numerical  integration.  A  completely  general  nonlinear  analysis  is  at  present  not 
possible  and  therefore  we  investigate  the  possibility  of  identifying  conditions  on  the  system  parameters 
under  which  chaotic  dynamics  can  occur.  This  analysis  is  based  on  the  identification  of  homoclinic 
and/or  hetcroclinic  orbits  in  some  limiting,  as  well  as  intcrgrablc,  Hamiltonian  case  of  equations  (3),  and 
then  using  a  generalized  Melnikov  method  on  equations  (3)  treated  as  a  perturbation  of  the  intcgrablc 
Hamiltonian  system.  Through  this  global  analysis  [6],  the  existence  of  Smale  horseshoes,  and  hence 
chaotic  motions,  can  be  shown  for  the  plate  system.  The  following  development  closely  follows  the 
work  of  Feng  and  Sethna  [19]. 

Consider  first  a  two-mode  approximation  to  the  pl&tc  equations  fl3]  where  the  modal  amplitudes  are 
governed  by: 


=  e 
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TTiese  can  be  rewritten  in  state  space  form  as: 
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4 

We  will  now  introduce  some  scalings  that  arc  consistent  with  the  assumption  of  small  motions: 
Pf  =  i=l,2,  and  c  =  dc,  and  F^j  =  .  0  <  5  «  1.  The  natural 

frequencies  arc  written  in  a  form  that  suggests  a  detuning  around  the  excitation  frequency  v, 
co^  =  v^  -  5oi  ,  a  =  -  So;  .  This  yields  the  following  set  of  equations. 
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=  '  (14) 

Pi  ^  -  ^Pi  =  -  S  e[Ai^?  +  A2^2]^i  +  ai^i  -  cpi  +  F^cosvt 

^Qi  L  ^ 
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where  H  =  +  S//i,  Ho(p,q)  =  y[pi^+P2^]  +  [<7i^ +^2^]  (15) 

«• 

and  H^{q,t)~-  jE  [^>1  +  2A2^i^<72^ +^3^2"*  ] 

^  ** 

+  y[<yi<?l  +02^2  ]  +  [^mn^  1  +^^^2]  Vf  . 

Transforming  the  equations  (14)  by  using  tiV  canonical  transformation: 

s:  v~‘'^  |^2/ij  sin  |^0,- +  vr  j  ,  =  v'^  |^2// j  cos  0,  +vrj  ,  (16a) 

introducing  the  scalings;  x  =  6^,  Ai-tAi,  F^=)i/i,  and  Frs^pfi,  time  averaging  the  resulting 
equations  [11,12]  and  finally  transforming  from  (/i,9,)  to  new-  variables  {Pi,  Qi)  by  using, 


02  =  (22«  f  1  -  Fly  01  -  <2i  ~  Qiy  ^2  -  F2  -  Fi. 


(16b) 


yields,  for  the  case  of  no  damping  (c=C), 
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^'2  =  ^-^[fyylp7co&(Qi+Q2)  +  fi^P2-P\  cose2] 

Q'2  =  -~[-A2Pi(2  +  cos2Qi)  +  M2(Fi -P2)  -  2VO2]  ■ 

Note  that  the  '  notation  stands  for  a  derivative  with  respect  to  T,  whereas  the  ‘  indicates  a  derivative  with 
respect  to  t. 

Consider  now  the  special  case  of  no  forcing,  p.  =  0.  This  results  in  P2  =  0,  that  is  P  2  is  a  constant, 
and  the  removal  of  Q 2  from  the  equadons  for  Fj  and  Q\.  Setting  P 2  equal  to  a  constant  P20  gives  the 
following  reduced  set  of  equations  in  P 1  and  Q  j . 
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4-  4v  (O2  “  Cf, )F  1  —  4v<J2^20  2^1  cos  2(2 1  ~  2A 2F  jF2oCos  2Q ,  j . 

It  can  also  be  shown,  by  reversing  the  transformations,  that: 


F,  = 


[v^  [<7i  +^2]  +  [pi  +F2]  =  v"*  ^o(p>Q) 


where  Ho(p,q),  first  defined  in  equation  (15),  is  the  total  energy  for  a  linear  conservative  system. 

* 

Consider  now  uie  equilbrium  points  of  equations  (18),  that  arc  defined  by  the  solutions  of  F,  =0  and 
Q\  =  0.  To  also  examine  the  nature  of  these  equilibrium  points,  the  determinant  of  the  Jacobian  of 
equations  (IS)  was  evaluated  at  the  equilibrium  points  (note  that  tr  J  =  0  as  equations  (18)  define  a 
consen^ative  system). 
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The  four  equilibrium  points  of  equations  (18)  are; 
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A  3  2v 
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From  these  equations  we  can  see  that  in  (i)  and  (ii)  the  equilibrium  points  only  exist  if  cos  2Q  i  has 
values  between  ±1.  The  determinant  is  always  negative  in  these  cases  and  so  if  there  are  equilibrium 
points  they  will  be  saddle  points.  Note  that  since  Pi,  and  /*2  positive  by  definition,  then 

P2  >  P\.  In  cases  (iii)  and  (iv)  both  saddle  points  and  centers  arc  possible,  which  is  determined  by  the 
sign  of  the  determinant.  Using  these  results  it  is  possible  to  define  regions  for  (02  “  Oi)//^20  where  only 
certain  types  of  equilibrium  points  arc  possible,  llicse  regions  arc  shown  graphically  in  Figure  11. 


^1/^20 


Figure  11:  Regions  of  i.O2-<S\)IP20  that  contain  the  same  equilibrium  point  characteristics,  see  table  1 
for  the  types  of  equilibrium  points  present  in  each  region. 

For  the  first  equilbrium  point  (i),  we  have  saddle  points  if: 
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-4 2  “3-^ 3  ^  ®2~Oi  ^  3{/42-A3) 

2v  /*2o  2v 

This  defines,  respectively,  the  lines  labelled  4  and  3  in  Figure  11.  For  the  second  equilibrium  points  (ii), 
we  have  saddle  points  if: 

.42  — 3Ai  O2  -  Oj  3(^2“  A 1) 

2v  ^  f*20  ^  2v 

This  defines^  respectively,  lines  1  and  3  in  Figure  1 1.  From  (iii),  we  have  saddle  points  if: 

3(^2  -  A3)  02-^1  3(Ai  -  A 2) 

2v  ^  i®20  ^  2v 

and  centers  if  this  inequality  is  not  satisfied.  This  tlso  defines,  respectively,  lines  3  and  2  in  Figare  11. 
Finally  from  (iv),  we  have  saddle  points  if: 

02  —  tJi  2  ~  3A  3  G2  ~  —A  2  +  3A 1 

P20  2v  ’  P20  2v 

Otherwise  the  equilibrium  points  will  be  centers.  These  inequalities  also  define  lint?s  4  and  1, 
respectively,  in  Figure  11.  From  Figure  11  we  can  sec  five  clear  regions.  Within  these  regions  the 
number  and  type  of  equilibrium  points  are  constant.  In  table  1  are  summarized  the  results. 


(i) 

^i) 

(iii) 

tiv) 

I 

X 

X 

center 

saddle 

n 

X 

saddle 

center 

center 

m 

X 

X 

saddle 

center 

IV 

saddle 

X 

center 

center 

V 

X 

X 

center 

saddle 

Table  1:  Tyjics  of  equilibrium  points  possible  in  regions  defined  in  Figure  II. 


Using  the  same  values  for  A 1 ,  A2  and  A3  that  were  used  in  the  local  bifurcation  analysis  examples,  and 
recalling  that  A,  =  eA,,  the  solution  orbits  for  O1IP20  =  006,  and  02/^20  =  -.072  (region  I),  =  -.03 
(region  n),  =  -.0012  (region  III),  =  .03  (region  IV),  =  .072  (region  V),  were  calculated.  These  are  shown 
in  Figure  12.  Note  that  chaotic  behavior  is  not  possible  in  parameter  regions  I  and  V  since  the 
heteroclinic  cycles  or  trajectories  joining  saddle  points  occur  in  regions  of  the  phase  plane  that  arc  not 
physically  meaningful  (recall  that  0  iSFj  </*2o). 

The  next  step  in  the  analysis  is  to  u.se  the  Melnikov  technique  for  two-dcgrcc-of-ffecdom 
autonomous  systems  [6,19]  and  to  study  the  way  in  which  the  hctcroclinic  connections,  in  cases  II,  III 
and  IV  above,  are  destroyed  by  the  introduction  of  perturbations  to  the  system,  that  is,  when  )i  0.  For 
the  case  in  fl9|,  it  was  shown  that  in  each  of  the  cases  II,  III,  and  IV,  chaotic  behavior  results  when 
p  =  0.  We  arc  pursuing  this  analysis  approach  and  results  will  be  reported  shortly. 


CHANG.  BAJAJ  &  DAVIES 


I  U  III  IV  V 


Figure  12:  Solution  orbits  in  P \  and  Q i  phase  space  for  OxIP^q  -  006,  and  02//* 20  -  *  072  (I),  =  -.03 
(D),  -.0012  (ID).  =  .03  (IV).  =  .072  (V). 


SUMMARY 


This  work  considered  the  nonlinear  vibratory  response  of  a  uniformly  stretched  rectangular  plate 
pinned  to  immovable  supports  at  its  edges.  The  plate  is  harmonically  excited  near  *'rimary  resonance 
when  two  distinct  spatial  modes  arc  in  1:1  internal  resonance.  The  method  of  averaging  is  used  to 
investigate  the  response  representing  tl;c  dynamics  of  the  two  modes  in  resonance. 

Steady-state  solutions  of  the  averaged  equations  are  studied  in  considerable  detail.  Emphasis  is  on 
determining  the  conditions  which  lead  tr  a  coupled-mode  response  wl  en  only  one  of  the  modes  in 
resonance  is  externally  excited.  It  is  shown  that,  depending  on  the  mode  combinations  in  resonance,  as 
well  as  the  mode  that  is  excited,  qualitatively  distinct  response  diagrams  can  be  obtained.  Stable  single¬ 
mode  and  coupled-mode  responses  are  found  to  coexist  over  a  wide  frequency  inteival.  At  low  damping 
levels,  the  mixed-mode  periodic  response  undergoes  Hopf  bifurcation  to  amplitude-  and  phase- 
modulated  motions.  In  one  case,  these  limit  cycles  in  the  averaged  equations  are  found  to  lead  to 
period-doubling  bifurcations  which  in  turn  lead  to  chaotic  motions  which  represent  a  chaotic  amplitude 
and  phase  modulated  response  of  the  plate.  At  lower  levels  of  damping,  a  "crisis"  can  interrupt  the 
chaotic  behavior  and  the  plate  can  unexpectedly  jump  to  small  amplitude  single-mode  haimonic  motions 
as  the  frequency  of  excitation  is  varied.  In  the  second  case,  the  phenomenon  of  glueing  bifurcation  is 
found  to  occur. 

The  averaged  equations  are  then  formulated  in  a  way  that  facilitates  their  global  analysis.  In  the  limit 
of  zero  forcing  these  new  equations  arc  shown  to  be  integrable  and  hetcroclinic  loops  arc  found  for 
different  combinations  of  system  parameters.  These  loops  can  be  destroyed  by  the  presence  of  external 
excitation  leading  to  chaotic  behavior. 
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West  Point,  New  York  10996-1792 


INTRODUCTION 

During  Operation  Desert  Storm  it  became  necessary  to  Screen  the  MlAl 
tanks  prior  to  entering  combat.  This  paper  describes  the  screening  process 
followed  by  one  battalion  and  the  efforts  taken  to  correct  for  the  unacceptable 
accuracy  obtained  from  the  fleet  Computer  Correction  Factor  (CCF)  for  the  M829 
round  for  this  occasion. 

During  the  screening  in  Saudi  Arabia  about  20  tanks  in  the  battalion 
failed  to  hit  the  screening  panel.  There  were  10  other  tanks  who  hit  the 
screening  panel  but  failed  to  satisfy  the  screening  criterion  [l:A-20].  This  was  a 
drastic  change  from  past  gunnery  experiences  where  this  battalion  had  to  proof 
fire  four  out  of  58  tanks  at  worst.  Now  there  were  30  out  of  58  tanks  that  failed 
to  screen.  The  screening  failures  were  analyzed  by  the  battalion  master  gunner, 
the  brigade  master  gunner,  the  company  commander,  the  brigade  operations 
officer,  and  the  battalion  commander.  Most  of  the  shots  were  observed  to  be  low. 
The  mean  point  of  impact  of  the  battalion  across  the  board  was  likewise 
observed  to  be  low. 


BACKGROUND 
Wet  Ammunition 

There  is  some  history  of  poor  performance  of  120mm  training  ammunition 
used  in  Germany.  This  same  battalion,  while  at  annual  tank  gunnery 
qualification  in  Grafem  jehr  in  March  1988  was  issued  training  ammunition 
that  had  been  exposed  to  the  weather  for  a  prolonged  period.  The  soldiers  in  the 
battalion  had  to  chip  ice  off  the  casing  of  their  M831  and  M865  training  rounds 
with  screwdrivers  in  order  to  get  them  to  fit  inside  the  ammunition  ready  racks. 
This  all  occurred  despite  published  guidance  on  how  to  store  the  120mm 
ammunition.  During  this  gunnery  rotation  the  battalion  consistently  fired  low 
on  targets  beyond  1700  meters  range.  At  the  time  it  was  theorized  by  the 
battalion  master  gunner  the  water  content  of  the  ammunition  was  to  blame  for 
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the  low  shots  at  long  range.  The  battalion  also  drew  water  damaged 
ammunition  in  1989  and  some  rounds  could  not  be  chambered  due  to  excessive 
swelling  of  the  cartridge  case.  The  rotation  in  March  1990  saw  mostly  new 
ammunition  issued  and  no  problems  were  encountered  with  water  soakc:d 
ammunition. 

The  battalion  had  finished  off  cycle  gunnery  two  months  prior  to 
notification  of  deployment  to  SWA  and  had  not  encountered  any  mechanical 
difficulties  with  the  their  fire  control  systems  nor  were  any  problems  reported 
with  the  M865  and  M831  ammunition.  The  battalion  had  just  received  its  MlAl 
(Heavy)  tanks  in  July  1990  and  all  were  in  excellent  mechanical  condition.  The 
battalion  had  been  uploaded  since  February  of  1987  until  the  fall  of  1988  when 
the  ammunition  was  placed  in  subterranean  bunkers.  During  the  time  the 
battalion  was  up-loaded,  the  ammunition  was  subjected  to  the  constant  rain  and 
high  humidity  of  the  north  German  weather.  To  exacerbate  this  problem,  the 
environmental  cover  at  the  rear  of  the  turret  bustle  allowed  water  to  leak  into 
the  ammunition  compartment.  This,  along  with  any  scratches  or  gouges  on  the 
cartridge  case,  created  a  condition  allowing  the  ammunition  to  absorb  water. 

This  was  known  by  PM,  TMAS  and  the  ammunition  units  in  Germany[7,8].  In 
November  1989,  one  ammunition  surveillance  team  from  PM,  TMAS  found 
ammunition  that  had  been  submerged  in  water,  had  soft  casings,  rusty  primers 
and  rusty  stub  cases.  Some  turret  bustle  ammunition  compartments  had 
standing  water  along  with  condensation  droplets  forming  on  the  inside  walls  [7]. 
One  quality  control  inspection  by  an  ammunition  unit  to  the  battalion  studied  in 
this  report  showed  such  findings  as:  soft  cartridge  cases,  63%  of  the  ammunition 
inspected  had  corrosion  on  the  base  and  primer,  and  100%  with  scrapes  and 
scratches  on  the  combustible  cartridge  case  [8]. 


The  current  doctrine,  as  put  forth  by  the  Armor  School,  states  that  tanks 
will  not  be  zeroed  but  rather  calil^rated  by  boresight,  then  screened  using  a  fleet 
CCF  for  each  type  of  main  gun  ammunition  [1:A-17].  There  has  been  debate  in 
the  armor  community  for  several  years  on  the  necessity  of  zeroing.  The  Armor 
School  maintains  that  zeroing  is  good  for  only  a  specific  occasion  and  despite  the 
increase  in  accuracy  for  this  occasion,  the  costs  [of  the  ammuniiion]  for  zeroing 
make  this  practice  "irresponsible"  [Gj.  This  argument  unfortunately  does  not 
quantify  the  costs  of  destroyed  tanks  and  incinerated  solders  as  a  result  of  not 
zeroing.  The  rank  manufacturer,  however,  states  that  to  get  the  maximum 
accuracy  from  the  tank  it  must  be  zeroed  [2:2-276].  The  manufacturer  also 
states  that  zeroing  will  only  need  to  be  done  once  and  unless  the  gun  tube, 
mount,  or  recoil  spring  are  removed  there  is  no  need  to  re-zero  the  tank  [2:2-76]. 
To  further  complicate  the  issue,  FM  17-12-1  does  not  give  any  instructions  for 
screening  prior  to  combat.  The  only  references  to  screening  are  made  when 
referring  to  a  training  situation  and  not  combat. 
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As  the  last  of  the  old  M60  tankers  leave  the  army  so  does  the  institutional 
memory  on  zeroing.  Since  the  Ml  and  MlAl  tankers  have  only  screened  during 
gunnery  and  few  have  proof  fired  their  tanks,  there  is  little  experience  save  for 
the  master  gunner  in  zeroing.  When  a  tank  does  not  pass  screen  and  has  to  be 
proofed,  the  master  gunner  usually  supercdses  the  crew. 


GENERAL  APPROACH 

A  literature  search  of  the  Defense  Technical  Information  Center 
discovered  some  problems  with  accuracy  during  tests  of  early  production  MlAl 
tanks  [3:1].  However,  there  was  no  consistent  pattern  of  low  hits  mentioned  in 
the  literature. 

Reduction  of  Raw  Firing  Data 

All  the  tanks  in  the  battalion  fired  M829  at  screening  panels  placed  at 
1500  meters.  Figure  1  shows  the  1500  meter  screening  panel.  Initially,  each 
tank  was  boresighted  and  applied  the  fleet  CCF  for  the  M829  round  and 
attempted  to  fire  for  confirmation.  Each  hit  was  measured  and  the  distance 
from  the  center  of  the  panel  to  the  hit  was  recorded.  Figure  2  shows  the  mean 
point  of  impact  (MPI)  of  the  shots  fired  fi-orn  the  fleet  CCF.  N«5t  shown  on  the 
figure  are  the  locations  of  all  the  hits  nor  the  17  shots  that  missed  the  target 
short,  one  that  missed  to  the  right  and  three  that  flew  over  the  target. 

At  this  point  we  decided  to  correct  for  the  poor  hit  distribution  observed  in 
the  M829  rounds  brought  from  Germany.  We  computed  a  modified  CCF  for 
those  tanks  missing  the  panel  or  hitting  low.  Based  on  the  distribution  of  hits 
the  modified  CCF  was  L0.13,  U0.30.  This  is  in  comparison  to  the  published  CCF 
for  the  M829  of  L0.13,  U0.65.  Figure  2  shows  the  MPI  of  those  shots  fired  from 
tanks  using  the  modified  CCF.  As  a  result  of  this  correction,  the  MPI  was 
brought  closer  to  the  aim  point. 

After  a  closer  look  at  the  strike  of  all  the  rounds  a  more  precise 
computation  of  the  MPI  was  computed.  From  these  data  a  corrected  CCF  was 
found  t('  be  L6D.01,  U0.34.  This  would  be  the  CCF  for  these  rounds  fired  for  this 
screening  occasion.  Compared  to  our  field  estimate  CCF  of  1^).13,  U0.30  we 
came  close  to  the  true  mean  point  of  impact  for  the  vertical  jump  he  since  we 
ignored  horizontal  jump  we  were  off  roughly  one  tenth  of  o  mil.  3'able  1 
compa  '  35  the  fleet  CCF  with  the  modified  CCF  computed  at  the  range  and  the 
corrected  CCF  computed  m  this  report.  The  MPI  based  on  the  corrected  CCF  is 
also  shown  on  figure  two  and  the  proximity  of  the  MPI  with  the  aim  point  is 
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evident.  As  an  added  comment,  the  crews  whose  shot  hit  close  to  the  center 
were  very  comfortable  with  the  screening  process.  However,  those  crews  whose 
shot  hit  80  cm  from  their  aim  point  had  considerably  less  confidence  in  their 
ability  to  hit  a  hostile  target  even  though  reference  1  said  they  were  "properly 
screened". 


Table  1  Comparison  of  Fleet  with  Modifled  CCFs 


CCF 

Fleet 

Modified  at  Range 
(Dillon) 

Modified  in  Report 
(Dillon) 


Horizontal  (mils) 

Left  0.13 
Left  0.13 

Left  0.01 


Vertical  (mils) 

Up  0.65 
Up  0.30 

Up  0.34 


Discussion 

At  the  firing  range,  figure  3,  our  immediate  concern  was  to  find  the  cause 
of  the  poor  accuracy  of  some  of  the  M829  rounds.  One  source  of  error  we 
considered  was  optical  path  bending  The  high  temperatures  in  the  desert  and 
the  convex  cui-vature  of  the  range  from  the  firing  line  to  the  target  area  caused 
considerable  heat  striations  distorting  the  image  of  the  targets.  If  the  gunners 
were  aiming  at  the  apparent  center  of  the  target,  this  could  explain  the  poor 
accuracy.  We  tested  this  hypothesis  by  firing  some  available  M&65  rounds  from 
tanks  that  failed  the  M829  screening.  All  these  tanks  hit  very  close  to  the  aim 
point  with  M865.  This  narrowed  our  alternatives  to  two  possible  causes:  1)  the 
M829  CCF  was  not  correct,  2)  the  M829  ammunition  was  faulty.  To  narrow  our 
alternatives  down  we  reasoned  that  the  CCF  was  for  the  M829  was  correct  and 
our  history  of  wet  rounds  gave  us  some  insight  into  the  cause  of  the  low  hits. 
Based  on  this  experience  and  after  some  lengthy  discussion  at  the  range  we 
assumed  one  or  t'vo  things  were  happening.  One  was  some  of  the  M829 
ammunition  had  absorbed  enough  water  to  slow  the  round  down  to  the  point 
that  the  lost  muzzle  velocity  would  cause  the  round  to  hit  low.  The  other  was 
the  lower  muzzle  velocity  would  cause  the  slow'er  round  to  arrive  at  the  muzzle 
late  which  would  cause  the  projectile  to  exit  the  tube  with  different  horizontal 
and  vertical  velocities  and  displacements  due  to  gun  dynamics.  We  thought  this 
could  have  a  very  large  and  random  efTect  on  dispersion.  We  were  not  in  a 
position  to  do  anything  about  narrowing  down  the  source  of  en'oids)  but  we  did 
have  to  come  up  with  a  solution  and  .%st.  The  time  and  ammunition  constraints 
we  faced  prohibited  us  from  zeroing  SO  tanks.  Our  modified  CCF  was  our 
interim  solution.  Our  modified  CCF  allowed  all  tanks  in  the  battalion  to  pass 
screen  except  two  which  had  to  be  zeroed. 
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In  order  to  present  a  possible  cause  of  the  low  hits  by  some  of  the  M829 
rounds  an  exterior  ballistic  analysis  was  conducted  to  determine  how  much 
muzzle  velocity  would  have  to  be  lost  to  cause  an  M829  round  fired  from  the 
fleet  CCF  to  miss  a  screening  panel  1500  meters  away.  Following  the  exterior 
ballistic  analysis  an  initial  interior  ballistic  analysis  was  conducted  to  attempt 
to  quantify  how  much  muzzle  velocity  could  be  lost  from  a  wet  casing. 

Exterior  Ballistic  Analysis 

An  exterior  ballistic  analysis  was  conducted  on  the  M829  ammunition  in 
an  effort  to  determine  how  much  muzzle  velocity  would  have  to  be  lost  to  miss  a 
screening  panel  1500  meters  away.  From  the  size  of  our  panel,  the  round  would 
have  to  pass  0.67  mils  below  the  aim  point  to  miss  the  panel. 

A  solution  to  this  can  be  calculated  by  modeling  the  trajectory  of  the  M829 
round  in  two  dimensions.  The  differential  equations  of  motion  in  the  x  and  y 
directions  are: 


x"  =  -{\l  m)K,d-x'  (1) 

y’'  =  -i\l  n)K,d-y’-g  (2) 

where  m  is  the  projectile  mass,  Kj  is  the  ballistic  drag  coefficient,  d  is  the 
projectile  body  diameter,  and  g  is  the  acceleration  due  tn  gravity.  The  values  for 
the  drag  coefficient  were  obtained  from  reference  9  and  are  a  function  of  the 
flight  Mach  number. 

These  equations  were  integrated  for  several  initial  conditions  of  muzzle 
velocity  to  determine  how  much  loss  would  cause  the  round  to  fall  0.67  mils  at 
1500  meters.  Table  2  shows  the  results  of  this.  In  order  for  a  round  to  miss  the 
panel  the  muzzle  velocity  M'ould  have  to  be  below  about  1500  m/s  which  is  a  loss 
of  about  170  m^s  at  the  muzzle.  A  cursory  interior  ballistic  analysis  was  done  to 
explore  the  feasibility  of  the  wet  ammo  theory. 
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Table  2  Projectile  Strike  vs  Muzzle  Velocity 
Muzzle  Velocity  (m/s)  Strike  at  1500  m  Change  in  Vmuz 


(cm  below  (m/s) 

baseline) 

1670  0.0  0.0 

1570  -40.5  -100 

1500  -100.5  -170 


This  analysis  was  done  assuming  the  low  hits  were  a  result  of  low  muzzle 
velocity  only.  In  actuality,  it  is  presumed  the  gun  dynamics  would  be  different 
with  a  loss  of  170  m/s  of  muzzle  velocity.  With  this  lower  velocity  and  time  of 
arrival  at  the  muzzle,  we  theorize  the  projectile  would  experience  a  different 
jump  due  to  the  lateral  and  vertical  displacement  and  velocity  of  the  muzzle  at 
the  time  of  shot  ejection.  So,  in  addition  to  the  greater  fall  from  low  muzzle 
velocity,  the  projectile  would  have  a  different  jump  due  to  different  g\  n 
dynamics  during  launch. 

In^eriojiBalliiatic  Analysis 

In  order  to  study  the  possibility  of  wet  ammc  causing  a  loss  of  muzzle 
velocity  sufficient  to  cause  a  round  to  miss  the  panel,  a  simple  interior  ballistic 
parametric  study  was  done  using  IBCODE  [4:-].  To  establish  a  baseline  from 
which  to  compare,  the  interior  ballistic  solution  for  the  M829  was  calculated. 

Since  there  was  no  way  of  determining  how  much  water  permeation 
existed  in  the  rounds  already  fired  we  decided  to  remove  the  combustible 
cartridge  case  from  the  initial  conditions  of  the  calculation.  Although  very  crude 
this  allowed  us  to  see  how  much  the  cartridge  case  contributed  to  the  interior 
ballistic  solution  [5:--].  By  removing  the  cartndge  case  from  the  input  deck  an 
8.3%  loss  of  muzzle  velocity  resulted.  This  corre.sponds  to  137  m/s  in  the  M829. 
If  the  cartridge  case  was  water  soaked,  the  v/ater  would  act  as  an  energy  sink 
and  presumably  reduce  the  muzzle  velocity  even  further.  As  a  result  of  the 
interior  ballistic  analysis^ wet  ammo  theofy  could  cause  the  low  shots  seen  in  the 
screening. 
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CONCLUSIONS 

The  M829  fleet  CCF  was  not  acceptable  for  all  tanks  during  Operation 
Desert  Storm. 

The  field  modified  CCF  provided  an  interim  solution  for  the  M829  rounds 
during  the  ground  campaign  in  Operation  Desert  Storm. 

Wet  ammunition  is  suspected  as  the  major  cause  of  poor  accuracy  with  the 
fleet  CCF. 


RECONfMENDATIONS 

A  more  pr  ecise  analysis  of  the  interior  ballistics  of  the  M829  ammunition 
be  conducted  to  determine  the  effect  of  moisture  in  the  propellant  on  the 
performance  of  this  ammunition. 

A  full  scale  firing  test  be  conducted  using  water  soaked  ammunition  to 
provide  an  insight  on  the  applicability  of  the  fleet  CCF  for  water  soaked 
ammunition. 

A  study  is  recommended  to  investigate  the  effect  of  gun  dynamics  on  the 
accuracy  of  the  M829  round  with  lower  than  nominal  muzzle  velocities. 
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Figure  2.  Mean  Points  of  Impact. 
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ABSITIACT; 

The  purpose  of  this  study  was  to  explore  the  effect  of  dynamic  strain  waves  on  tube  strength, 
specifically  to  determine  whether  they  arc  capable  of  causing  permanent  radial  expansion  of  the  bore.  To 
accomplish  this,  previous  test  firings  of  three  tubes  were  studied.  The  first  two  (the  120-mm  1T2  and  the 
105-nun  CT2)  were  experimental  tubes  fired  in  the  mid-1980s,  and  the  third  (the  120-mm  M256)  is  the 
standard  main  gun  for  !he  MlAl  Abrams  Tank.  Inspection  reports  after  test  firings  indicated  that  the  first 
two  tubes  had  undergone  permanent  radial  expansion,  despite  having  static  factors  of  safety  of  2.5  and  2.0 
respectively.  There  are  no  known  reports  that  the  third  tube  experiences  permanent  bore  deformations 
due  to  firing  ammunition  in  current  production. 

A  ncn-linear,  elastic-plastic,  dynamic  finite  element  analysis  was  performed  that  emulates  firing 
tests  of  each  of  the  above  lubes.  The  analysis  successfully  reproduced  the  permanent  bore  dilations 
actually  experienced  by  the  first  two  tubes,  and  it  also  correctly  predicted  that  the  third  tube  would  not  fail 
in  this  manner. 

Based  on  this  study,  the  following  conclusions  are  reached; 

•  Dynamic  strain  waves  can  cause  permanent  radial  expansion  of  a  lube’s  bore  if  the  combined 
von  Mises’  (dynamic)  stress  exceeds  the  sialic  yield  strength  of  the  lube  material. 

•  Tliis  permanent  bore  deformation  can  be  predicted  using  the  above  analytical  techniques. 

•  Static  elastic  strength  pressure  curves  alone  are  not  a  sufficient  indicator  of  a  tube’s  ability  to 
withstand  the  effects  of  firing  a  given  projectile.  An  analysis  such  as  that  described  above  must 
also  be  performed  to  confirm  that  stresses  arc  not  dynamically  amplified  beyond  the  yield 
strength  of  the  material,  thereby  causing  permanent  bore  enlargement. 
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INTRODUCTION 

A  discussion  of  dynamic  strain  waves  in  large  caliber  cannon  tubes,  an  extensive  analytical 
treatment  of  this  phenomenon,  and  experimental  results  using  a  sub-scale  firing  fixture  have  previously 
been  presented  by  Simkins  at  the  Fifth  and  Sixth  U.S.  Army  Symposia  on  Gun  Dynamics  [1,2J.  At  the 
latter  symposium,  a  paper  by  the  author  (3)  documented  the  work  of  several  cannon  designers,  analysts, 
and  experimentalists,  exploring  the  implications  of  dynamic  strains  from  the  development  point  of  view. 
This  paper  speculated  that  dynamic  strain  waves  may  have  the  following  implications  for  cannon  tubes: 

•  effect  on  tube  strength  (permanent  ttore  deformation); 

•  effect  on  tube  fatigue  life  (high  strain  rate  bading,  multiple  cycles  per  round  fired); 

•  effect  on  projectile  behavior  due  to  local  clearances  or  constrictions  at  tube-projectile  interfaces; 

•  effect  on  adhesion/cohesion  of  bore  coatings  such  as  chromium  plating, 

•  creation  of  local  accelerations  in  the  tube  walls. 

As  of  that  date,  none  of  these  possible  implications  had  been  studied  in  any  detail  except  for  the  last  one 
(i.e.,  the  effect  of  dynamic  strain  waves  on  muzzle  reference  system  collimators). 

The  purpose  of  this  paper  is  to  further  expbre  the  first  item  on  the  above  list:  the  effect  of 
dynamic  strain  waves  on  tube  strength,  llie  specific  question  to  be  answered  is  this.  "Is  it  possible  for 
dynamic  strain  waves  to  cause  permanent  radial  expansion  of  a  tube’s  Ixrre?" 


BACKGROUND:  DYNAMIC  STRAINS 

Beginning  in  the  mid-1980s,  the  presence  of  dynamic  strain  waves  in  cannon  tubes  firing  high 
velocity  projectiles  was  first  observed  and  documented.  A  short  background  is  provided  here  in  order  to 
review  the  terminology  that  accompanies  this  phenomenon. 

Figure  1  is  an  artist’s  sketch  showing  a  prrijectile  moving  at  low  veltKity  down  the  bt>re  of  a 
cannon  IuItc.  Well  ahead  of  the  projectile  where  there  is  no  significant  pressure,  the  bore  has  hardly 
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dilated  at  all.  Behind  the  projectile,  the  bore  is  pressurized  by  the  propelling  charge  gases,  and  the 
resulting  bore  dilation  is  easily  calculated  by  classical  static  equations  (4|.  Note  that  slightly  ahead  of  the 
projectile  obturator  there  is  a  small  contraction  of  the  bore,  and  slightly  behind  it  there  is  a  minor  over- 
expansion  beyond  the  calculated  dilation;  both  arc  due  to  local  wall  flexures. 

Figure  2  shows  a  second  artist’s  sketch  depicting  a  projectile  mewing  at  a  much  higher  velocity.  In 
the  region  well  behind  the  projectile,  classical  equations  can  again  be  used  to  calculate  the  static 
component  of  the  bore  dilation,  and  of  course  there  is  still  no  significant  dilation  in  the  unpressurized 
zone  well  ahead  of  the  projectile.  The  major  difference  between  Figure  2  and  Figure  1  is  what  happens  in 
the  areas  just  behind  and  just  ahead  of  the  projectile  obturator.  The  moving  pressure  front  significantly 
amplifies  the  slight  bt)re  contraction  (fore)  and  over-expansion  (aft)  that  were  present  at  low  projectile 
velocities.  Note  that  in  this  area  the  strain  response  has  taken  on  a  wavelike  nature  that  (in  this  case) 
builds  up  as  the  projectile  approaches,  then  decays  after  it  passes  by.  This  dynamic  strain  wave  travels 
down  the  tiil>e  along  with  the  projectile.  Ilie  frequency  and  amplitude  achieved  by  this  wave  at  a  given 
axial  location  on  the  tube  are  the  subject  of  the  following  paragraph. 

Figure  3  shows  a  representative  tangential  strain  gage  trace  a  specific  downhore  location  on  a 
tank  cannon  tube.  In  this  figure,  the  "static  strain"  has  been  calculated  and  labeled;  its  value  at  a  gizen 
axial  position  depends  primarily  on  the  following  factors: 

•  material  properties  of  the  cannon  tube  (Young’s  modulus  and  Pois.son’s  ratio); 

•  inside  diameter  (I  D.)  of  the  cannon  tube  (i.e.,  its  caliber); 

•  wall  thickness  (or,  alternatively,  the  wall  ratio)  of  the  cannon  tube; 

•  pressure  applied  at  the  I.D.  (bore)  of  the  cannon  tube  at  the  (vsse  of  the  projectile 
by  the  propelling  charge  gases. 

A).so  labeled  in  this  figure  is  the  "peak  dynamic  strain  its  value  t  a  gtven  axial  position  depends  on  all  of 
the  above  factors  and,  in  addition,  the  velocity  of  the  projectile  ^  hich  is  als^i,  of  course,  the  velocity  of  the 
suddenly  applied  pressure  front  located  at  the  projectile  obturator)  and  tul)e  material  density.  Fhe  term 
"strain  amplification"  is  defined  simply  as  the  "peak  dynamic  strain”  divided  by  the  "static  strain"  at  any 
given  distance  from  the  rear  face  of  the  tube  (RFF).  The  frequency  of  these  dynamic  strain  waves  has 
previously  been  observed  to  be  on  the  order  of  15,000  Hertz  for  large  caliber  tank  guns. 

Note  that  the  "projectile  passage"  label  in  Figure  3  indicates  the  approximate  time  at  which  the 
projectile  passes  under  the  strain  gage,  and  "projectile  exit"  shows  when  it  has  left  the  muzzle. 

Dynamic  strain  amplifications  are  potentially  greatest  at  any  given  axial  location  when  the 
projectile  velocity  approaches  the  so-called  "critical  vekKity"  of  the  cannon  tube.  Lor  given  tube  material 
properties  (usually  those  of  A723  gun  steel)  and  caliber,  the  "critical  vckx:ity"  at  any  axial  position  is 
primarily  a  function  of  wall  thickness  (ref  1). 

•  If  the  projectile  velocity  and  tube  "critical  velocity"  are  about  equal,  a  resonant  condition  is 
established;  therefore,  the  projectile  veliKity  in  this  case  is  also  termed  "critical."  For  an  undamped 
system,  amplifications  can  theoretically  become  infinite;  however,  in  actual  firing  tests  in  which  projectile 
vekK'ities  have  been  at  or  near  "critical,"  dynamic  strain  amplifications  on  the  order  of  4  to  6  have  been 
measured. 
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•  If  the  projectile  velocity  is  less  than  "critical,"  amplifications  decrease.  If  it  remains  significantly 
below  "ci  itical"  (as  it  usually  does  for  a  slower  HEAT-T  round),  amplifications  may  be  on  the  order  of  1.1 
or  lower.  In  these  cases,  the  projectile  velocities  are  termed  "subcritical." 

•  If  the  projectile  velocity  incrca.ses  above  "critical,"  amplifications  also  begin  to  decrease, 
asymptoting  down  to  a  value  of  2.0  for  very  high  velocities.  These  projectile  velocities  are  termed 
"supercritical." 

Dynamic  strain  firing  tests  at  Aberdeen  Proving  Ground  have  indicated  that  local  longitudinal 
dynamic  strains  in  the  tube  walls  are  also  veiy  high.  In  fact,  it  is  not  uncommon  for  these  to  equal  or 
exceed  the  tangential  dynamic  strains  in  amplitude. 


BACKGROUND:  DYNAMIC  HNITE  ELEMENT  ANALYSIS 

Reference  3  describes  the  techniques  that  have  evolved  for  performing  dynamic  finite  element 
analyses  (FEA)  to  predict  the  dynamic  strain  response  of  cannon  tubes  when  fired.  These  are  summarized 
below: 


•  Performance  of  a  ballistic  analysis  that  emulates  the  ammunition  being  fired.  Outputs  of 
interest  include; 


•  projectile  in-bore  position  as  a  function  of  time,  and 

•  in-bore  pressure  at  the  base  of  the  projectile  as  a  function  of  time  (and,  therefore, 
projectile  location). 

•  Preparation  of  an  axisymmetric  gridwork  for  FEA  that  emulates  the  cannon  tube  in  reasonable 
detail.  Early  models  included  only  the  last  2000  mm  of  the  muzzle  end  of  the  tube  in  order  to  reduce 
computational  time  (which  was  still  considerable);  however,  the  current  technique  models  the  entire  tube 
in  order  to  minimize  artificial  "start-up"  oscillations. 

•  Execution  of  an  FEA  using  the  ABAQUS  non-linear  finite  element  code  running  in  dynamic 
mode.  Input  files  include: 

•  results  of  the  above  ballistic  analysis, 

•  the  tube  gridwork,  and 

•  elastic  properties  of  the  tube  material. 

Outputs  of  the  analysis  may  include  stresses,  strains,  and  displacements.  ITiese  are  tyjiically  presented  as  a 
function  of  time  (at  a  given  axial  location  on  the  tube)  or  as  a  function  of  distance  from  RFT'  (peak  values 
only).  Stress  and  strain  can  be  shown  either  in  their  orthogonal  components  (radial,  tangential, 
longitudinal),  or  they  can  be  tensorially  combined  (for  instance,  into  a  von  Miscs  stress). 

As  an  example,  to  demonstrate  the  accuracy  of  this  analytical  technique,  a  previous  I’EA  was 
performed  that  modelled  the  120-mm  XM25  tube  firing  the  TPC’SDS-'r  cartridge  conditioned  to 

2rC.  The  upper  curve  of  Figure  4  shows  the  tangential  strains  that  the  I’l^A  predicts  w  !l  be  experienced 
by  the  tube  on  its  outside  diameter  (O.D.)  as  a  function  of  distance  from  RIT.  Ibe  lowe  r  curve 
represents  strains  that  would  have  re.-iultcd  if  the  pressure  from  the  propelling  charge  gases  tad  been 
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applied  statically.  In  I’igure  5,  the  peak  dynamic  strain  was  divided  by  the  static  strain  at  each  axial 
location,  resulting  in  an  amplification  curve.  Since  the  FEA  of  this  particular  tube/aminunition 
combination  emulated  the  conditions  of  a  dynamic  strain  firing  test  conducted  at  Aberdeen  Proving 
Ground,  experimental  data  are  available  as  a  compari-son.  ITie  asterisks  (*)  shown  in  Figure  5  represent 
the  amplifications  actually  observed  in  that  test,  and  it  can  be  seen  that  these  compare  very  favorably  with 
the  results  of  the  FfiA. 


BACKGROUND:  TUBE  STRENGTH 

Prior  to  the  mid- 1980s,  the  single-shot  strength  of  a  cannon  tube  was  predicated  solely  on  its  static 
characteristics.  For  example,  ballistic  drawings  were  generated  showing  the  tube’s  "F.lastic  Strength 
Pressure"  (ESP)  as  a  function  of  distance  from  RFl .  These  drawings  stated  that  the  ESP  "is  that  pressure 
which  must  not  be  exceeded  at  the  indicated  section  without  risk  of  tube  failure"  by  permanent  bore 
deformation.  ESP  curves  were  calculated  based  on: 

•  the  minimum  yield  strength  allowable  for  the  tube’s  material; 

•  its  "least  material  condition"  geometry  (minimum  allowable  O.D..  maximum 
allowable  I.D.);  and 

•  the  smallest  elastic-plastic  radius  due  to  autofrettage  (if  applicable). 

The  drawing  advised  that  the  factor  of  safety  for  the  tube  firing  a  specific  type  of  ammunition  could  be 
calculated  by  dividing  the  ESP  by  the  internal  pressure  applied  by  the  propelling  charge  gases  at  any  given 
axial  location.  If  the  result  was  greater  than  1.0,  the  implication  was  that  no  permanent  bore  deformation 
should  be  expected. 

As  previously  stated,  in  the  mid-1980s  the  dynamic  strain  phenomenon  was  first  ob.sersed  and 
docuiiiented.  The  presence  of  high  strain  amplifications  created  an  intuitive  suspicion  that  static  factors  of 
safety  may  be  inadequate  in  cases  when  a  projectile  is  fired  at  high  velocity  (more  specifically,  when  it 
approaches  tube  critical  velocities).  As  a  result,  ESP  curves  were  still  generated  for  developmental 
cannons,  but  only  for  reference  and  not  as  part  of  a  ballistic  drawing  to  be  included  in  a  formal  Technical 
Data  Package.  Moreover,  great  care  was  exercised  when  distributing  any  F:SP  curve  to  be  sure  that  the 
recipient  understood  its  limitations.  The  following  caveat  was  included  on  most  ESP  curves  prepared  by 
Benet: 


"Pressure  and  dynamic  strains  influence  stresses  at  the  muzzle  end  of  the  tube.  Each 
ballistic  solution  will  have  to  be  reviewed  by  Benet  l.abs  to  determine  muzzle  end  stress 
implications." 

The  above  conservativism,  which  dynamic  strains  have  imposed  on  developers  when  considering 
the  strength  of  cannon  tubes,  seemed  to  be  qualitatively  logical  and  appropriate;  to  date,  however,  a 
quantitative  analysis  has  not  been  performed  linking  dynamic  strains  to  tube  strength  (specifically, 
permanent  bore  deformation).  The  intent  of  this  study  and  report  i.s  to  formally  make  that  link. 


BACKGROUND:  HRING  TESTS  OF  TWO  EXPERIMENTAL  TUBES 

In  1984  and  1985,  two  different  experimental  tubes  (described  in  more  detail  below)  were  fired  at 
Aberdeen  Proving  Ground,  both  of  which  had  wall  thicknesses  near  the  mu/zJe  that  were  somewhat 
thinner  than  conventional  tubes.  At  that  time,  the  dynamic  strain  phenomenon  had  not  yet  been 
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discovered,  so  the  designers  were  comforted  that  the  static  factor  of  safely  (LSP  divided  by  expected 
pressure)  was  2.0  or  greater.  After  firings  were  completed,  the  tubes  were  inspected,  and  it  was  discovered 
that  the  bores  of  both  had  undergone  a  permanent  radial  expansion  in  the  region  near  the  muzzle.  The 
origin  of  these  failures  was  not  understood  at  the  lime  ihe  tests  were  performed;  however,  during  the 
following  years  as  Simkins  identified  and  explained  the  nature  of  the  dynamic  strain  phenomenon  being 
observed  during  test  firings  of  the  120-mm  XM25  tube  (ref  f),  a  su.spicion  arose  that  the  *wo  failures 
previously  encountered  were  in  some  way  related.  The  data  were  therefore  stored  safely  for  a  later  time 
when  more  advanced  analytical  techniques  might  become  available,  and  the  era  of  conservativism  with 
regard  to  KSP  curves  began. 

Since  that  time,  several  new  capabilities  have  evolved: 

•  The  ABAOLIS  non-linear  finite  element  compuier  code  came  into  widespread  use  within  Benet 
and  became  recognized  as  an  important  design  tool. 

•  Analytical  FEA  techniques  (described  above)  were  developed  that  utilized  the  attributes  of 
ABAQUS.  These  successfully  emulated  the  dynamic  strain  waves,  both  qualitatively  and 
quantitatively,  and  it  was  found  that  they  could  be  applied  to  a  variety  of  specific 
tube/amm  inition  combinations. 

•  Computational  speed  dramatically  increased  with  the  acquisition  of  the  Convex  C220  mini¬ 
supercomputer  at  Benet. 

A1  of  the  above  have  combined  to  make  it  possible  to  perform  "large-scale,  non-linear,  dynamic"  FEA  of 
an  entire  cannon  tube,  emulating  firing  of  ammunition.  In  this  study,  these  capabilities  have  been 
extended  to  also  include  the  term  "elastic-plastic"  in  the  above  descriptor  list,  thus  allowing  the  prediction 
of  possible  plastic  deformations  and  residual  stresses.  With  this,  the  proper  tools  are  now  in  place  to  re- 
study  the  two  tubes  mentioned  in  the  first  paragraph  above.  The  results  are  described  in  the  following 
three  case  studies. 


CASE  STUDY:  120-niai  1T2  TUBE 

The  first  tube  to  be  studied  was  designated  "120-mm  TT2,"  and  it  was  a  pre  prototype  for  the 
120-mm  XM25  tube.  In  many  ways,  it  was  similar  to  the  120-mm  M2.''6  tube,  having  the  same  overall 
length,  same  smooth  btrre,  and  same  chamber;  it  was  therefore  capable  of  firing  the  same  ammunition. 
Moreover,  it  had  the  same  O.D.  details  from  RFT  to  roughly  2000  mm  from  RI-T  (see  comparison  in 
Figure  6).  From  that  point  forward,  the  wall  thickness  for  TEZ  was  significantly  thinner  than  for  the 
M256,  decreasing  to  a  minimum  of  about  12.7  mm  (0.5  inch).  The  liSF  in  this  thinnest  section  was 
approximately  175  MPa  (25  kpsi);  since  the  expected  pressure  during  firing  at  that  axial  location  was  about 
70  MPa  (10  kpsi),  the  static  factor  of  .safety  was  judged  to  be  about  2,5. 

Figure  7  is  a  graph  showing  wall  thickness  of  177  as  a  function  of  distance  from  RFT.  The  tube’s 
critical  vekx:ity  is  directly  related  to  this  parameter,  and  u  U>o  has  l>een  estimated  and  plotted  in  Figure  8. 
It  can  be  seen  that  fie  lowest  critical  velocity  is  in  the  region  of  minimum  wall  thickness.  Superimposed 
on  the  critical  velocity  curve  is  a  seamd  curve  that  shows  the  in  bore  velocity  of  a  projectile  fired  from  this 
tube.  The  latter  was  estimated  using  a  ballistic  aimputer  code  calibrated  to  the  average  muz  Je  velocity 
observed  during  several  test  rounds.  Qualitativ-ly,  it  can  be  observed  that  the  projectile  velocity  and  tube 
critical  velocity  come  into  close  proximity  in  the  I'igion  of  thinnest  wall,  arid  a  near-res<.)nant  aindition 
would  be  expected. 
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As  described  al:>ove,  the  ballistics  and  tube  geo‘-.netry  were  modelled  and  used  as  inputs  to  the 
ABAOUS  non-linear,  elastic-plastic,  dynamic  FEA.  In  an  elastic-plastic  analysis,  material  yield  strength  is 
a  required  input,  and  this  was  estimated  to  be  1117  MPa  (162  kpsi)  based  on  forging  inspection  data.  The 
most  important  results  of  this  FEA  are  summarised  in  the  following  two  figures: 

•  Figure  9  is  a  curve  showing  the  analytical  predictions  of  permanent  bore  enlargement  as  a 
function  of  distance  from  RPE  For  reference,  the  actual  post-firing  bort  inspection  data  are  also 
superposed  as  shaded  circles.  It  can  be  observed  that  the  predicted  and  actual  results  compare  very 
favorably,  both  qualitatively  and  quantitatively. 

•  Figure  10  is  an  interesting  curve  showing  the  plastic  strains  (i.e.,  the  elastic  strain  component 
has  been  subtracted  from  the  total  dynamic  strain)  experienced  by  the  bore  .at  an  axial  location  4850  mni 
from  RFl’  as  a  function  of  time.  It  can  be  seen  for  the  tangential  strain  (solid  line)  that,  as  the  projectile 
approaches,  the  bore  first  deforms  plastically  in  compression,  then  reverses  itself  to  deform  permanently  in 
tension.  ITie  strain  curve  for  the  longitudinal  direction  (dashed  line)  does  just  the  opposite.  This  creates 
an  overall  strain  environment  at  the  bore  that  is  extremely  severe. 

•  Figure  1 1  shows  a  plot  of  tangential  strains  at  the  l.D.  as  a  function  of  distance  from  RFT'.  The 
lower  cuive  shows  the  strains  that  would  lesult  if  the  pressure  created  by  the  combFistion  gases  were 
applied  statically,  and  the  upper  curve  indicates  the  peak  dynamic  strain  response  predicted  by  the  FEA. 

•  Figuic  12  is  a  graph  of  dynamic  strain  amplifications  as  a  function  of  distance  from  RFT.  This 
is  essentially  obtained  by  dividing  the  upper  curve  of  Figure  1 1  by  the  lower  curve. 

•  Figure  13  depicts  the  von  Mises  combined  stresses  in  the  tube  wall  as  a  function  of  distance 
from  RFT  The  three  curves  portray  inside,  outside,  and  midwall  stresses,  respectively.  Note  that  the  l.D. 
stress  achieves  its  theoretical  limit  (the  tube  material’s  yield  strength)  at  about  4600  nun  from  RFf,  the 
location  beyond  which  permanent  bore  enlargements  were  observed.  The  combined  stresses  at  midwall 
and  the  O.D.  lie  well  below  this  limit  except  near  4900  mm  from  RFT  (the  initial  axial  location  of  high 
permanent  bore  deformation)  and  at  the  extreme  muzzle  (the  second  zone  of  high  deformation). 


CASE  STUDY;  105-min  CT2  TUBE 

lire  searnd  tube  to  be  studied  was  designated  "105-mm  (’T2."  Actually,  it  was  the  steel  liner  for 
an  experimental  organic  composite  tube;  during  this  particular  firing  test,  however,  the  composite  jacket 
had  been  removed.  This  tube  was  similar  to  the  105-mm  M68FT,  having  the  same  overall  length,  same 
rifled  bore,  and  same  chamber;  it  was  therefore  capable  of  firing  the  .same  ammunition.  Moreover,  it  had 
the  same  O.D.  details  from  RFF  to  about  3250  mm  from  RF*!  (sec  comparison  in  Figure  14).  From  that 
pv)int  forward,  the  wall  thickne.ss  for  CT2  was  significantly  thinner  than  for  the  M68Fil,  decreasing  to  a 
minimum  of  about  7.6  mm  (0.3  inch)  as  measured  from  the  O.D.  to  the  rifling  grooves.  TTie  ESP  in  the 
thinnest  section  was  roughly  140  MPa  (20  kpsi);  since  the  expected  pres.sure  during  firing  in  that  axial 
location  was  about  70  MPa  1 10  kpsi),  the  static  factor  of  safety  was  judged  to  be  ab<?ut  2.0. 

Figure  15  is  a  graph  showing  wall  thickness  of  Cr2  as  a  function  of  distance  from  RFT.  vSince  this 
is  a  rifled  tube,  wall  thickness  could  have  been  caiculat.:;d  ;3sing  either  the  iand-to  land  or  the  groctve-to- 
gioove  I.D.;  in  thi.s  case,  however,  an  effective  "smoothbore"  l.D.  was  used  that  produced  the  same 
sectional  ma,ss  as  the  rifled  lube.  Based  on  this,  critical  velocities  have  beer  estimated  and  plotted  as  a 
function  of  distance  from  RFT  in  Figure  16.  It  can  be  seen  that  the  lowest  critical  velocity  is  in  the  region 
of  minimum  wall  thickness.  Superimposed  on  the  critical  velocity  curve  is  the  projectile’s  in-l>ofe  velocity; 
the  latter  was  estimated  using  a  balli.stic  computer  code  calibrated  to  the  average  of  rnuzjde  vekveities 
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observed  during  testing.  Qualitatively,  it  can  be  obse.vcd  that  the  projectile  velocity  and  tube  critical 
velocity  come  into  close  proximity  in  the  region  of  thinnest  wall,  and  a  near-resonant  condition  would  be 
expected. 

Again,  the  ballistics  and  tube  geometry  were  modelled  and  used  as  inputs  to  the  ABAQUS  non¬ 
linear,  elastic-plastic,  dynamic  FEA.  Tube  yield  strength  based  on  forging  data  was  estimated  to  be  1 138 
MPa  (165  kpsi).  The  results  of  this  FEA  for  CT2  are  qualitatively  the  same  as  for  TT2  and  will  therefore 
not  be  repeated  here,  with  the  exception  of  the  one  most  crucial  to  this  study; 

o  Figure  17  is  a  curve  that  shows  the  analytical  predictions  of  permanent  bore  deformation  as  a 
function  of  distance  from  RET.  For  reference,  the  actual  post-firing  bore  inspection  data  are  also 
superposed  as  shaded  circles.  It  can  be  observed  that  the  predicted  and  actual  results  compare  very 
favorably,  both  qualitatively  and  quantitatively. 


CASE  STUDY;  nO-mm  lVf256  TUBE 

Test  firings  have  indicated  that  this  tube  does  not  undergo  permanent  bore  deformations  when 
firing  standard  ammunition.  Therefore,  for  completeness,  the  analytical  techniques  described  above  were 
applied  to  this  tube,  emulating  the  firing  of  the  same  ammunition  as  in  the  TT2  case  study.  As  hoped,  the 
FEA  also  predicted  that  no  permanent  bore  deformation  should  be  expected. 


OBSERVATIONS  AND  CONCLUSIONS 

The  most  important  results  of  the  above  study  can  be  seen  in  Figures  9  and  17.  The  FF,A 
aimputer  predictions  agree,  Iwth  qualitatively  and  quantitatively,  with  the  results  of  post-firing  inspection 
reports  for  two  experimental  tubes  test-fired  in  the  mid-1980s.  In  both  cases,  permanent  bore 
deformations  were  oliserved,  and  current  analytical  methods  (if  they  had  been  available  at  that  time) 
would  have  predicted  these  events.  Equally  important  are  the  results  of  a  third  case  study  for  the  120-mm 
M256  tube  in  which  permanent  bore  deformation  is  neither  observed  in  the  field  nor  predicted  by  these 
analytical  techniques. 

It  is  therefore  concluded  that  the  non-linear,  elastic-plastic,  dyn.imic  F'EA  techniques  that  have 
been  developed  can  l>e  used  to  predict  not  only  the  dynamic  strain  response  of  a  cannon  tuf#c  to  firing,  but 
also  whether  or  not  it  should  be  expected  to  undergo  permanent  bt)rc  deformation  as  a  result  of  it. 

It  is  also  concluded  that  the  answer  to  the  question  pursed  near  the  beginning  of  this  repxrrt  (i.e., 
"Is  it  possible  for  dynamic  strain  waves  to  cause  permanent  radial  expansion  of  a  tube’s  bore?")  can  clearly 
be  answered,  "Yes."  This  study  quantitatively  affirms  the  previous  suspicion  that  static  ESP  curves  must 
never  be  used  as  a  final  predictor  of  tube  strength.  An  analysis  such  as  that  described  abtrve  must  also  be 
performed  to  confirm  that  stres-ses  are  not  dynamically  amplified  l>eyond  the  yield  strength  of  the  material, 
thereby  causing  permanent  bore  enlargement.  As  in  static  stress  analyses  of  a  pressurized  cylinder, 

•  it  appears  that  when  the  van  Mises’  combined  (dynamic)  stres,se.s  exceed  .he  static  yield 
strength,  permanent  radial  expansion  of  the  Ixrre  may  rxxur,  and 

•  the  degree  of  permanent  bore  deformation  depends  on  how  much  ol  the  tube  wall  is  in  the 
plastic  regime. 
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ESP  curv'es  still  have  some  intrinsic  value,  particularly  in  assessing  the  strength  of  a  gun  tube 
towards  its  breech  end.  However,  in  the  downbore  regions,  the  curve  may  give  false  comfort  in  this  regard 
since  it  does  not  take  into  aaount  dynamic  amplifications. 

Finally,  the  results  shown  in  Figure  10  must  also  be  carefully  studied.  It  appears  that  if 
ammunition  is  fired  near  the  critical  velocity  of  a  cannon  tube,  causing  its  combined  stresses  to  exceed  the 
static  yield  strength  of  the  material,  the  local  bore  deformations  can  become  quite  severe,  alternately 
undergoing  plastic  tensile  and  compressive  deformations  in  two  orthogonal  directions.  The  intuitive 
implication  is  that  this  may  have  a  significant  effect  on: 

•  the  formation  and  propagation  of  fatigue  cracks,  and 

•  the  adhesion  and  cohesion  of  chromium  near  the  bore  surface. 

These  possibilities  are  offered  here  as  topics  for  further  studies. 
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Figure  1 .  Near-static  tube  wail  dilation  (low  velc*city  firing). 


dynamic  tube  wall  dilation 
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Figure  3.  Representative  dynamic  strain  trace  (strain  gage). 


Figure  5.  120-oim  XItI25  tube  strain  aoiplincations  when  firing  the  M865  TPCSDS-T  cartridge 
conditioned  to  2VC  (analytical  and  experimenisi)  versus  distance  from  RFT. 


TUBE  PROFILE  COMPARISON 
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Comparison  of  diametral  profiles  of  the  120-iiun  TT2  an  i  M256  tubes. 


DISTANCE  FROM  RFT  (METERS) 

Figure  7.  WaU  thicknesses  of  120-mm  TT2  tube. 


TT2  CRITICAL  VELOCITIES 


DISTAreCE  FROM  RFT  (METERS) 

Figure  8.  Estimated  critical  velocities  of  120-mm  TT2  tube  and  reference  projectile  velocity  during  test 


(tangential  and  longitudinal)  versus  time. 


TT2  TUBE  TANGENTIAL  STRAIN  AMPLIFICATION 
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Fig’ire  12.  Tangential  dynamic  strain  ampUficationsdue  to  firing  120-mm  TU  tube  versus  distance  trom  RFT. 


Figure  13.  Peak  von  Mises’  combined  stresses  due  to  firing  120-inin  TTZ 
tube  (inside,  outside,  and  midwall)  versus  distance  from  RFT. 


TUBE  PROFILE  COMPARISON 


Figure  14.  Comparison  of  diametral  profiles  of  the  105-mm  CT2  and  M68E1  tubes. 


DISTANCE  FROM  RFT  (METERS) 

Figure  15.  Wall  thicknesses  of  105-mm  CT2  tube. 


CT2  CRITICAL  VELOCITIES 
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DISTANCE  FROM  RFT  (METERS) 

Figure  16.  Estimated  cntical  veiodties  of  lOS-mci  CT2  tube  and  reference  projectile  velocity  during  test. 


Figure  17.  Pennauent  bore  defonnalioa  due  to  firing  105-nun  CT2  tube 
(analytical  and  experimental)  versus  distance  from  RFT. 
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X  =  y/l2xjh 
W  —  w/h 
T  =  VUvdt/h 
P^p/12kG 
£^= Young’s  modulus 

nudwall  radial  displacement 
«=shear  correction  factor 
/t=tube  radius  at  midwall 
Yc—critical  value  of  Vp—y/^ 


Nomenclature 


zi  =  E/{1  -  u^)p 

^  12/cG  \S) 

62  =  (1  _  i,^)kG/E 

G  ~  —E— 

^  2(1+1/) 

x=distance  from  tube  entrance 
)f=tinie 

i/rrPoisson’s  ratio 
yp=pressure  velocity 
Kc—\/Eq 


Vp  =  Vp/vdi 

+  s^g2 

^1  =  ^9/2 
K  =  kh/\/\2 
A=tubo  wall  thickness 
p=pressure 
p=density 

wave  number 
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Beat  Phenomena  in  Ti'&velJing  Wavee  in  Cylinders 


Thomas  £.  Siinkins 
Research  Mechanical  Engineer 
Benet  Laboratories 
Watervliet  Arsenal 
Watervliet,  NY  1218? 


1.  Introduction  and  Background 

The  problem  of  a  cylinder  cf  infinite  length  subjected  to  a  uniform  pressure  load  moving  at  constant 
velocity  has  been  studied  by  Jones  and  Bhuta  (1964),  Reismann  (1965),  and  Tang  (1965).  These  studies 
have  resulted  in  steady-state  solutions  to  the  problem,  employing  t>omewhat  different  paradigms.  In  his 
publication,  Tang  also  gave  the  solution  to  the  initial  value  problem  of  a  uniform  pressure  entering  and 
travelling  rdong  a  senri-infinite  cylinder  at  a  constant  velocity.  Dorr  (1943)  also  studied  this  problem.  Of 
the  two,  Tang’s  work  will  be  referred  to  in  the  sequel.  Tang’s  solution  to  this  problem,  however,  includes 
an  integral  that  he  was  only  able  to  evaluate  numerically  making  a  qualitative  interpretation  of  the  result 
incomplete.  The  work  herein  makes  use  of  the  method  of  stationary  phase  to  obtain  an  asymptotic  evsduation 
of  this  integral  froui  which  significard  additional  information  is  obtained. 

A  synopsis  of  progrcs.8  to  date  requires  a  brief  review  of  the  steady  state  solution  and  its  physical 
interpretation.  The  physics  involved  cm  be  represented  by  the  simplest  possible  model  of  the  problem.  To 
this  end,  a  thin-walled  cylinder,  extending  to  infinity  in  both  directions,  is  first  assunted.  The  cylinder  is 
subjected  to  a  uniform  and  axisymmetric  steplike  pressure  moving  at  »  constant  velocity,  V),,  in  the  axial 
direction  as  shown  in  figure  1. 


Figure  1  -  lufinite  Cylindev  -voith  Moving  Pressure 
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Using  Tani,’s  uotaiion,  the  equation  of  motioi?  under  these  conditions  is; 


^  (1  -  H{X  -  V,T)) 


(1) 


— oo  <  X  <  oo  and  T  >  0 

F  is  constant  and  represents  the  magnitude  of  the  moving  pressure.  H  is  the  Heaviside  step  function; 

H(X  -  Vf  T)  0  X  <VfT 


=  1  X>VpT 

The  steady-state  solution  to  this  system  has  been  given  in  the  previously  cited  references.  Letting  Vc 
denote  the  lowest  criiical  velocity  of  the  moving  pressure,  Tang’s  results  for  this  problem  appeal'  as  follows; 
For  Vp  <  V^  : 


W(X,T)  =  -  VpT) 

where 

Wi(rt)  ~  ™{2  ~  e""*’[co8  .if?  +  J  sin nsj]};  rj  <  0 

=  •~{c""‘'’[co8n^-  ™~sinn7j]};  tj  >  0 
where  A'  =:  ±n±im  is  a  (complex)  root  of  the  equation; 


K*  -  VJ*A*  +  =  0 


For  Vp  >  V-: 


where 


W{X,T)  =  WoiX  -  VpT) 
>  P 


^Uo(r;)  - 


F6‘ 


n?(nj  -  n|) 

and  where  K  =  ±n\^,±n-i  is  a  real  root  of  Equation  (3). 


cosnif;;  *7  >  0 


(2) 


(3) 


(4) 


Eq.  (3)  is  identical  to  the  dispersion  equation  for  freely  propagating  flexural  waves  i*'  Vpk{K)  is  substi¬ 
tuted  for  Vp,  where  Vph  represents  the  phase  velocity  of  a  flexural  wave  having  real  wave  number  K.  The 
group  velocity  of  such  a  wave  is  then  simply; 

Vp(K)  =  KV;^(K)  +  VpHiK);  Im(K)  =  0  (5) 

As  pointed  out  by  Reismann  (1965),  acondition  for  resonance  is  established  when  V^(A }  -  Vp),{K)  =  Vp. 
From  Equation  (5)  this  rondition  amounts  to  the  vanishing  of  V^f^{K). 
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Setting  v;h  equal  to  zero  gives  a  value  K.  =  y/Eq  such  that  Vph{Ke)  =  >/57g,  »  critical  velocity 

of  the  pressure  load  which  will  cause  Wi  to  become  unbounded.  While  there  are  other  critical  pressure 
velocities,  only  the  lowest,  Ve,  is  available  from  this  elementary  model.  The  curves  representing  Vf^K)  and 
Vph(K)  are  shown  in  Figure  2. 


Figure  2  -  Dispersion  Characteristics  of  the  Infinite  Tube 


Figures  3a  and  3b  show  the  radial  displacement,  Wi,  in  the  neighborhood  of  the  moving  pressure  front 
when  Vp  =  .851^4  and  Vp  =  .985Ve  respectively.  The  plots  have  been  normalized  with  respect  to  P/q^, 
the  deformation  caused  by  a  static  application  of  P  throughout  the  entire  cylinder.  The  abcissa  represents 
the  non-dimensional  distance  measured  from  the  pressure  front.  The  figures  exemplify  the  displacement 
amplification  which  occurs  as  Vp  approaches  1^.  Figure  4  summarizes  this  amplification  as  a  function  of  the 
pressure  velocity,  Vp,  and  somewhat  resembles  that  derived  from  the  harmonic  excitation  of  a  single  degree 
of  freedom  system  in  which  the  abcissa  is  the  forcing  frequency.  Thus  one  is  tempted  to  draw  at  least  a  loose 
analogy  between  the  two  problems. 


Figure  3  -  Radial  Displacement  at  Pressure  Front 
(a)  Vp  =  .85Vc,  (b)  Vp  =  985Yc 
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Once  again  the  ffovermn,,  ^ 

xs5SSr“?"^  “AttS’  5t 

veioci..  ■'««  ..  -non.  .  .  t'.r  ,V  A 

e  at  _  0  at  constant 


^2(7)  =  -^^M~mrf/ 

(coen^. 


n*  — 


sin  n^) 


7')  =  Zlf  AP 


1^3(7)  =  -^e-^cosr, 


-i 

/o  ^fi= 


f4  -  - X  cos  nr  sin  a:  A" 

“  n^  _  {/2/4^2  ^  --^- - 


n^  = 
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Physically  it  can  be  expected  that  the  pressure,  which  enters  the  tube  at  velocity  Vp,  will  excite  astrong 
transient  as  it  suddenly  expands  the  tube  at  the  entrance,  X  —  0.  However,  even  without  damping,  dispersion 
can  be  expected  to  attenuate  the  effect  of  this  transient  deformation  as  it  travels  sufficiently  far  into  the  tube 
at  which  time  the  deformation  near  the  pressure  front  should  appear  very  much  like  the  steady  state  solution 
Wi{X.~  VpT),  given  in  the  previous  section.  This  expectation  is  supported  by  the  explicit  appearance  of  Wi 
in  the  displacement  expression  (6).  Except  for  W\{X  —  VpT)  and  I(X,T),  the  remaining  terms  in  Eq.(6) 
are  needed  to  satisfy  the  diaphragm  boundary  condition  2uid  have  negligible  effects  at  sufficiently  large  X. 
This  restriction  on  X  depends  on  the  difference  between  Vp  and  Vg.  i.e.,  X  must  increase  as  VJ,  — +  Vi  if  the 
same  level  of  approximation  is  to  be  maintained.  The  deformation  near  the  pressure  front,  X  =  VpT,  is  of 
particular  interest. 

As  noted  by  Tang,  all  of  the  terms  in  Equation  (6)  except  I{X,  T)  can  be  interpreted  as  steady-state 
solutions  to  particular  loadings  of  the  infinite  cylinder.  It  follows  that  any  transient  effects  are  contained  in 
I{X,T).  This  term  is  analogous  to  that  which  appears  in  the  solution  to  the  harmonically  forced  oscillator 
and,  in  keeping  with  this  analogy,  can  be  thought  of  as  a  transition  or  start-up  transient  .  Thus  (at  sufficiently 
large  X)  the  two  main  terms  in  the  solution  in  regions  of  the  tube  not  too  close  to  the  entrance,  especially 
in  the  neighborhood  of  the  pressure  front,  are  the  steady-state  solution  corresponding  to  a  moving  pressure 
in  an  infinite  tube  and  the  transition  term,  /(X,T). 

Pursuing  the  analogy  of  the  harmonically  forced  oscillator,  where  the  ‘start-up’  transient  results  in 
the  formation  of  beats  (a  harmonic  modulation  of  the  steady-state  response)  which  become  more  and  more 
apparent  as  the  natural  and  forcing  frequencies  approach  each  other,  it  might  be  expected  that  a  similar 
effect  occurs  for  the  case  at  hand. 

3.  Asymptotic  Expansion  of  /(X,  T) 

Subsr.ituting 

cos  nr  sin  KX  = 

gives; 

I{X,  T)  = - /  F{K)  cos  fir  sin  KX  dK 

Jo 

r2  p  foo  yoo 

= - -Im{  F(  dA'}  (7) 

^  Jo  Jo 

where 

and 

A,(A-)=.  ~+fi(A');  h2{K)=~-Q{K) 

Using  the  method  of  stationary  phase  as  described  by  Whittam  (1974),  the  first  term  of  an  asymptotic 
expan.sion  of  (7)  can  be  obtained.  The  contribution  from  the  first  integral  of  (7)  is  negligible  since  />;(  A') 
has  no  stationary  point  in  the  region  K  >0.  The  major  contribution  from  the  .secor^d  integral  is  from  the 
neighborhood  of  K  ~  Ko  where  Kq  is  the  value  of  K  such  that  h-^iK)  is  stationary,  i.e.; 


or 


h^Ko)  =  ~  -  n  (Ko)  =  0 


fi'fA'o)  = 


A 

T 


(8) 
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It  is  noted  that  fl  {Kq)  is  simply  the  group  velocity  associated  with  the  wave  number  A'o- 
The  stationary  phase  result  for  the  second  integral  of  (7)  can  then  be  written: 


•~/m/  dK 

*■  Jo 


6^P 


-in(Ko)T+iKoX- if-tgn 


n"(A-a)| 


•2 


/  ro)n-P,  /-^,-~^sin[n(7fo)T-  /foX  +  -  sgn  fi  (/To)] 
}•  rn  the  expres'iion  f'r 

2qH^]  >  0 

Thufc  the  a  vmptotic  evalu^  Ic  for  (X.T, 


t  '"o)^  /  77  -  -  nlfi(.  )T  -  KoX  +  7] 

5t  (i'-o  4 


(9) 


4.  Interpretation  of  Resu 

rhe  stationary  phase  result  'ta  “s  tha  e  doiiUL  >«•  o'  the  transient  disturbance  initiated  at 
(X  T  =  0)  that  ar  ivee  a  i  oartr  ul  location  X  at  liu,  a  e  travelled  with  a  group  velocity  X/ T 

ana  will  consist  of  the  domi  lai  t  w>  /*•  nber  Xo  determined  i  01,  Equation  (T).  If  the  motion  at  a  fixed 
vaJue  of  A'  is  observed,  where  A  iaiji*  nougl  '‘or  h'q  (9)  to  be  satisfied  and  f  W3  to  be  ignored, 
the  displacement  will  consist  of  th  steany-stafe  u  s,  (X  —  VpT)  having  frequency  nVp  and  I{X,7') 
o.‘.  illating  with  frequency  Q{  Kq  j  h  rrsng  again  to  Figure  Ko  is  the  wave  number  of  a  freely  propagating 
wave  (excited  at  '  ;  0  by  the  sud  'strance  of  the  pressiue  front)  havmg  V'p  as  its  group  velocity.  The 
figure  -iso  .sli.  .  1  /lai  i-  oha»  «'!  ity  of  'his  free  wave,  V'(/fo)  ia  greater  than  V^.  The  bea*  frequency 
obse  :!d  at  fixed  X  is  1  n  -  (n\  r,  l(Ko))- 


loving  along  'ith 


movin,  pi  «!  ire  front,  X  -  VpJ  q.  (9)  cam  be  written: 


I 


F{Ko)6^P 


\!  nTVJ 


-  {emp'F  +  smdT} 


(10) 


wiiere 

fJ^Qi  Ko)  h  .Vp 

Tnus,  for  !;>  qe  T  '  ’  lat  (9)  i.«  vaiid  nud  A  IV3  c.  1  :  ignored,  the  radial  displacement  response  (6) 

It  be  fjres.‘ture  ;  '.vj  -ntially  consi-n  if  a  h:  luonic  modulation  of  the  ste  idy- state  response  function 
A  X  —  V'j,  > ')  ;  implitude  as  \  T  It  noted  thel  0  vanishes  as  Vp  *  Vc- 


Figii  ■  5  shows  :his  disolaceiTK  nt  at  several  closely  spaced  stations  along  the  tube  at  successive  times 

the  i',/5 =  .  )1H. 
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From  figure  5  a  beat  wavelength  can  be  observed  •  the  distance,  A,  along  the  cylinder  corresponding  to 
one  period  of  the  modulation.  Substituting  T  ■=  X/Vp  in  Eq.  (10): 


Ah.’  engineering  nignifirance  in  that  it  represents  the  distance  between  strain  maxima  along  the  tube.  The 
net  effect  of  the  transient  is  thus  to  periodically  raise  the  strain  levels  in  the  tube  to  vadues  greater  than 
those  predicted  by  the  steady-state  theory  alone. 


Axial  Distance,  X 

Figure  5  ~  Successive  Radial  Displacements  Along  Tube 
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CENTER,  US  ARMY  AMTXOM,  ATTN:  BENE T  !  ABORATORIES ,  SKCAR-CCB-TL , 
WATERyLlET,  NY  12189-4060,  OF  ANY  ADDRESS  CHANGES, 


TECHNICAL  REPORT  EXTERNAL  DISTRIBUTION  LIST  (CONT'D) 


NO.  OF  NO.  OF 

COPIES  COPIES 


COMKANDER 

US  ARMY  LABCOM,  ISA 

ATTN:  SLCIS~IM~TL  1 

2800  POWDER  MILL  ROAD 
ADELPHI,  MD  20783-1145 

COMMANDER 

US  ARMY  RESEARCH  OFFICE 

ATTN:  CHIEF,  IPO  1 

P.O.  BOX  12211 

RESEARCH  TRIANGLE  PARK,  NC  27709-2211 


COMMANDER 

AIR  FORCE  ARMAMENT  LABORATORY 

ATTN:  AFATL/MN  1 

E6LIN  AFB,  FL  32542-5434 

COMMANDER 

AIR  FORCE  ARMAMENT  LABORATORY 
ATTN:  AFATL/MNF 

EQLIN  AFB,  FL  32542-5434  1 


DIRECTOR 

US  NAVAL  RESEARCH  LAB 

ATTN:  MATERIALS  SCI  &  TECH  DIVISION  1 
CODE  26-27  (DOC  LIB)  1 

WASHi''GTON,  D.C.  20375 


NOTE: 


PL  EASE  NOT  IE Y 
CENTER,  US  ARM 
WATERVlIEi ,  NY 


COMMANDER,  ARMAMENT  RESE.xRCH,  DEVELOPMENT,  AND  ENGINEERING 
^  AMCCOM,  ATTN:  BEMET  LABORATORIES,  SMCAR -CCB~ TL , 

1?  1,69  4060,  OF  ANY  ADDRESS  CHANGES. 


